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FOREWORD

Mathematics for the International Student: Mathematics SL has been written to embrace the
syllabus for the two-year Mathematics SL Course, to be first examined in 2014. It is not our
intention to define the course. Teachers are encouraged to use other resources. We have developed
this book independently of the International Baccalaureate Organization (IBO) in consultation with
many experienced teachers of IB Mathematics. The text is not endorsed by the IBO.

In the third edition, chapters are arranged to follow the same order as the chapters in our
Mathematics HL (Core) third edition, making it easier for teachers who have combined classes of SL
and HL students.

Syllabus references are given at the beginning of each chapter. The new edition reflects the new
Mathematics SL syllabus. More lower level questions have been added at the start of the exercises,
to make them more suitable for a range of ability levels. Discussion topics for the Theory of
Knowledge have been included in this edition. See page 12 for a summary.

In response to the introduction of a calculator-free examination paper, a large number of questions
have been added and categorised as ‘calculator’ or ‘non calculator’. In particular, the final chapter
contains over 160 examination-style questions.

Comprehensive graphics calculator instructions for Casio fx-9860G Plus, Casio fx-CG20, TI-84 Plus
and TI-nspire are accessible as printable pages on the CD (see page 16) and, occasionally, where
additional help may be needed, more detailed instructions are available from icons located
throughout the book. The extensive use of graphics calculators and computer packages throughout
the book enables students to realise the importance, application, and appropriate use of technology.
No single aspect of technology has been favoured. It is as important that students work with a pen
and paper as it is that they use their graphics calculator, or use a spreadsheet or graphing package on
computer.

This package is language rich and technology rich. The combination of textbook and interactive
Student CD will foster the mathematical development of students in a stimulating way. Frequent use
of the interactive features on the CD is certain to nurture a much deeper understanding and
appreciation of mathematical concepts. The CD also offers for every worked example.
is accessed via the CD — click anywhere on any worked example to hear a teacher’s
voice explain each step in that worked example. This is ideal for catch-up and revision, or for
motivated students who want to do some independent study outside school hours.

For students who may not have a good understanding of the necessary background knowledge for
this course, we have provided printable pages of information, examples, exercises, and answers on
the Student CD — see ‘Background knowledge’ (page 16).

The interactive features of the CD allow immediate access to our own specially designed geometry
software, graphing software and more. Teachers are provided with a quick and easy way to
demonstrate concepts, and students can discover for themselves and re-visit when necessary.

continued next page



It is not our intention that each chapter be worked through in full. Time constraints may not allow for
this. Teachers must select exercises carefully, according to the abilities and prior knowledge of their
students, to make the most efficient use of time and give as thorough coverage of work as possible.
Investigations throughout the book will add to the discovery aspect of the course and enhance
student understanding and learning.

In this changing world of mathematics education, we believe that the contextual approach shown in
this book, with the associated use of technology, will enhance the students’ understanding,
knowledge and appreciation of mathematics, and its universal application.

We welcome your feedback.

Email: info@haesemathematics.com.au

Web: www.haesemathematics.com.au
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USING THE INTERACTIVE STUDENT CD

The interactive CD is ideal for independent study.

Students can revisit concepts taught in class and undertake their own revision
and practice. The CD also has the text of the book, allowing students to leave
the textbook at school and keep the CD at home.

By clicking on the relevant icon, a range of interactive features can be
accessed:

INTERACTIVE
O =) Self Tutor LINK

-« >
+ Graphics calculator instructions 1')

+ Background knowledge (as printable pages)

+ Interactive links to spreadsheets, graphing and geometry software,
computer demonstrations and simulations

)

CD, as printable pages (see page 16). Click on the icon for Casio fx-9860G
Plus, Casio fx-CG20, TI-84 Plus, or TI-nspire instructions.

GRAPHICS
CALCULATOR

Graphics calculator instructions: Detailed instructions are available on the /\
INSTRUCTIONS

SELF TUTOR is an exciting feature of this book.
The icon on each worked example denotes an active link on the CD.

Simply ‘click’ on the (or anywhere in the example box) to access the worked
example, with a teacher’s voice explaining each step necessary to reach the answer.

Play any line as often as you like. See how the basic processes come alive using
movement and colour on the screen.

m ) Self Tutor

A line passes through the point A(1, 5) and has direction vector (3) . Describe the line using:

Ideal for students who have missed lessons or need extra help.

a a vector equation b parametric equations ¢ a Cartesian equation.

a The vector equationis r = a + tb where

NG
()~ () () v

b r=1+3t and y=5+2t, teR

-1 -5
¢ Now tzxs — =

2
20 —2=3y—15
2z — 3y = —13

See Chapter 13, Vector applications, p. 323
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{1'1,

7+

Q+

Rt

T2, wuun

2
=

~
8

S
3
B

S

Y

IA

N N>DC T Q®m™Mm

S

}

the set of positive integers and zero,
{0,1,2,3,..}

the set of integers, {0, £1, £2, £3, ....
the set of positive integers, {1, 2, 3, ....

the set of rational numbers

the set of positive rational numbers,
{z|z>0, 2€Q}

the set of real numbers

the set of positive real numbers,
{z]z>0, zeR}

the set with elements 7, o, ....
the number of elements in set A
the set of all = such that

is an element of

is not an element of

the empty (null) set

the universal set

union

intersection

is a proper subset of

is a subset of

the complement of the set A

a to the power of l, nth root of a
n
(if @ >0 then {/a > 0)
1
a to the power 5+ square root of a

(if @ >0 then /a > 0)

the modulus or absolute value of z

|m|:{ zforz >0 xzeR
—zforr <0 zeR

identity or is equivalent to

is approximately equal to

is greater than

is greater than or equal to

is less than

is less than or equal to

is not greater than

is not less than

feog
lim f(z)

Tr—a

dy

dx
f'(=)
d?y
dx?
f'(x)
d"y

dx™
Fm ()
f ydz

b
/ ydx

el‘

log,
Inx

sin, cos, tan

a divides b
the nth term of a sequence or series

the common difference of an arithmetic
sequence

the common ratio of a geometric sequence

the sum of the first n terms of a sequence,
Uy +ug + ... +un

the sum to infinity of a sequence,

up + ug + ...

up +ug + ... +un

the 7™ binomial coefficient, r = 0, 1, 2, ....
in the expansion of (a + b)"

f is a function under which each element
of set A has an image in set B

f is a function which maps x onto y
the image of = under the function f
the inverse function of the function f
the composite function of f and g

the limit of f(z) as z tends to a

the derivative of y with respect to x
the derivative of f(z) with respect to x
the second derivative of y with respect to x

the second derivative of f(x) with respect
tox

the nth derivative of y with respect to x

the nth derivative of f(z) with respect to

the indefinite integral of y with respect to x

the definite integral of y with respect to x
between the limits x =a and z =105
exponential function of x

logarithm to the base a of
the natural logarithm of z, log, x

the circular functions
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| AB |
Vvew
P(A)
P(A)

the point A in the plane with Cartesian
coordinates x and y

the line segment with end points A and B

the length of [AB]
the line containing points A and B

the angle at A
the angle between [CA] and [AB]

the triangle whose vertices are A, B, and C

is parallel to

is perpendicular to

the vector v

the vector represented in magnitude and

direction by the directed line segment
from A to B

.. —>
the position vector OA
unit vectors in the directions of the
Cartesian coordinate axes
the magnitude of vector a

. g

the magnitude of AB
the scalar product of v and w
probability of event A
probability of the event ‘not A’

P(A| B) probability of the event A given B

V]

observations of a variable

frequencies with which the observations
L1, L2, L3y eeenn occur

the probability distribution function of
the discrete random variable X

the expected value of the random
variable X

population mean

population standard deviation
population variance

sample mean

sample variance

standard deviation of the sample
unbiased estimate of the population
variance

binomial distribution with parameters
n and p

normal distribution with mean g and
variance o2

the random variable X has a binomial
distribution with parameters n and p
the random variable X has a normal
distribution with mean y and variance o

standardised normal random variable,
T —
g

Pearson’s product-moment correlation
coefficient
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THEORY OF KNOWLEDGE

Theory of Knowledge is a Core requirement in the International Baccalaureate Diploma Programme.

Students are encouraged to think critically and challenge the assumptions of knowledge. Students
should be able to analyse different ways of knowing and areas of knowledge, while considering different
cultural and emotional perceptions, fostering an international understanding.

The activities and discussion topics in the below table aim to help students discover and express their
views on knowledge issues.

Chapter 3: Exponentials .89 MATHEMATICAL PROOF

Chapter 4: Logarithms o 115 IS MATHEMATICS AN INVENTION OR A DISCOVERY?
Chapter 6: Sequences and series o 174 THE NATURE OF INFINITY

Chapter 8: The unit circle and radian measure b 192 MEASURES OF ANGLE - MATHEMATICS IN NATURE
Chapter 10: Trigonometric functions 0. 236 MATHEMATICAL LANGUAGE AND SYMBOLS
Chapter 11: Trigonometric equations and identilgi.citzs72 MATHEMATICS IN SOCIETY

Chapter 13: Vector applications ARE ALGEBRA AND GEOMETRY SEPARATE AREAS

OF LEARNING?
P- 337| |NDEPENDENT DEVELOPMENT OF MATHEMATICS

Chapter 14: Introduction to differential calculu; a7 ZENO’S PARADOX

Chapter 17: Applications of differential calculu; 136 THE SCIENTIFIC METHOD
Chapter 20: Descriptive statistics b, 538 MISLEADING STATISTICS

Chapter 21: Linear modelling 0. 561 MODELLING THE REAL WORLD
Chapter 22: Probability 0. 603 APPLICATIONS OF PROBABILITY

THEORY OF KNOWLEDGE

In the previous exercise we saw examples of data which was non-linear, but for which we could
transform the variables so a linear model could be used.

In other situations we can use quadratic or trigonometric functions to model data.

1 Can all data be modelled by a known mathematical function?

2 How reliable is mathematics in predicting real-world phenomena?

Friedrich Wilhelm Bessel (1784 - 1846) was a German mathematician
and astronomer who described the Bessel functions named after him. The
Bessel functions are the solutions to a particular class of differential
equation, which is an equation involving derivative functions. They are
used in both classical and quantum physics to describe the dynamics of
gravitational systems.

Friedrich Wilhelm Bessel

3 Are the Bessel functions defined by nature or by man?

See Chapter 21, Linear Modelling, p. 561
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WRITING A MATHEMATICAL EXPLORATION

In addition to sitting examination papers, Mathematics SL students are also required to complete a
mathematical exploration. This is a short report written by the student, based on a topic of his or
her choice, and should focus on the mathematics of that topic. The mathematical exploration
comprises 20% of the final mark.

The exploration should be approximately 6-12 pages long, and should be written at a level which is
accessible to an audience of your peers. The exploration should also include a bibliography.

Group work should not be used for explorations. Each student’s exploration is an individual piece
of work.

When deciding on how to structure your exploration, you may wish to include the following
sections:

Introduction: This section can be used to explain why the topic has been chosen, and to include any
relevant background information.

Aim: A clear statement of intent should be given to provide perspective and direction to your
exploration. This should be a short paragraph which outlines the problem or scenario under
investigation.

Method and Results: This section can be used to describe the process which was followed to
investigate the problem, as well as recording the unprocessed results of your investigations, in the
form of atable, for example.

Analysis of Results: In this section, you should use graphs, diagrams, and calculations to analyse
your results. Any graphs and diagrams should be included in the appropriate place in the report, and
not attached as appendices at the end. You should also form some conjectures based on your
analysis.

Conclusion: You should summarise your investigation, giving a clear response to your aim. You
should also reflect on your exploration. Limitations and sources of error could be discussed, as well
as potential for further exploration.

The exploration will be assessed against five assessment criteria. Refer to the Mathematics SL
Subject Guide for more details.

The following two pages contain a short extract of a student’s report, used with the permission of
Wan Lin Oh. Please note that there is no single structure which must be followed to write a
mathematical exploration. The extract displayed is only intended to illustrate some of the key
features which should be included.

The electronic version of this extract contains further information, and can be accessed by clicking

theicon alongside. ELECTRONIC
EXTRACT

-



14  WRITTEN REPORT

This is an extract of a mathematics report used to demonstrate the components of a written report.

1. Title (and author) Population Trends in China  2-Introduction (optional)
Aclear and concise Written by Wan Lin Oh Include background information and
description of the report definitions of key terms or variables used.

Aim
To determine the model that best fits the population of China from 1950 to 2008 by investigating different
functions that best model the population of China from 1950 to 1995 (refer to Table 1) initially, and then re-
evaluating and modifying this model to include additional data from 1983 to 2008.

3. Aim and Rationale

The history class had been discussi S:;“gfctgsc‘mz(:;z?f the task in a clear , cultural and social implications of

China’s "One Child Policy”, introduce . ) ' . This aroused the author’s curiosity
. Justify the exploration choice. .
about the measurable impact that the poncy may nave nau orncnima s population.

Rationale

Table 1: Population of China from 1950 to 1995

Year (i) 1950 | 1955 | 1960 | 1965 | 1970 | 1975 | 1980 | 1985 | 1990 | 1995

Population in| 5548 | 609.0 | 657.5 | 729.2 | 8307 | 927.8 | 9989 |1070.0 | 11553 | 1220.5
millions (P)

Choosing a model
Values from Table 1 were used to create Graph I

Graph 1: Population Trend in China

4. Method, Results and Analysis

- Outline the process followed.

1200 - Display the raw and processed results.

1000 - Discuss the results by referring to the appropriate
table, graph, or diagram eg. Graph 1, Figure 4, etc.

- Rules, conjectures or models may be formed.

Population of China (P) (millions)

n 0 20

2V =10

years elapsed since 1950)

Time (_r) (number of

Graph 1 illustrates a positive correlation between the population of China and the number of years since 1950.
This means that as time increases, the population of China also increases. Graph 1 clearly shows that the model
is not a linear function, because the graph has turning points and there is no fixed increase in corresponding to
afixed increase in P. Simple observation reveals that it is not a straight line. In addition, Graph 1 illustrates that

the function is not a power function (P= at’) because it does not meet the requirements of a power function;
for all positive b values, a power model must go through the origin, however Graph 1 shows that the model’s
function does not pass through the origin of (0, 0).

There is a high possibility that the model could be a polynomial function because Graph 1 indicates that
there are turning point(s). A cubic and a quadratic function were then determined and compared.

Analytical Determination of Polynomial Model

As there is a high possibility that the model could be a cubic function (3 degree polynomial function), an
algebraic method can be used in order to determine the equation of the function. In order to determine this
cubic equation, four points from the model will be used as there are four...
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Conclusion

The aim of this investigation was to investigate a model that best fits the given data from 1950 to 2008. It was
initially found that a 3" degree polynomial function and an exponential function have a good possibility of
fitting the given data from Table 1 which is from year 1950 to 1995 by observing the data plots on the graph.

A cubic function (3" degree polynomial function) was chosen eventually and consequently an algebraic
method using simultaneous equations was developed to produce the equation of the function. Through this
method, the equation of the cubic was deduced to be P (t) = —0.007081¢% + 0.5304¢> + 5.263t + 554.8. In

addition, the use of technology was also included in this investigation to further enhance the development of
the task by graphing the cubic function to determine how well the cubic function fitted the original data. The
cubic graph was then compared with a quadratic function graph of P(t) = 0.13t> + 8.95¢ + 554.8. Ultimately, the

cubic function was seen as the better fit compared to the quadratic model.

A researcher suggests that the population, P at time ¢ can be modelled by P (t) = ﬁ . With the use of

GeoGebra the parameters, K, L and M were found by trial and error to be 1590, 1.97 and 0.04 respectively. This

1590

consequently led to the equation of the logistic function of P(t) = - = -

From the comparison of both the cubic and the logistic model, the cubic function was established to be a more

accurate model for the given 1950 - 1995 data because the data points matched the model better, however the

logisti del produced likely val d feasslation

CgISHE MOde! produiced more kel valtes Ineer e g Conclusion and Limitations

Additional data on population trends in China frc e : id by the
. . . - Summarise findings in response to the stated aim

International Monetary Fund (IMF) was given in Tabl

) o ’ including restating any rules, conjectures, or models. ' graphed
with the additional data points and compared. It v _comment on any limitations to the approach used € model

compared to the cubic model because it was able  or of the findings. Jlation of
China much more precisely. - Considerations of extensions and connections to

Subsequently a piecewise function was used becau  personal/previous knowledge may also contextualise have two
distinctly different parts, each with a correspondir the significance of the exploration. > domain

0<t < 30.Theresearcher’s model was modified to fit the data for 30<¢ < 58.

The piecewise function was then defined as

—0.007081#> + 0.5304¢> + 5.263t + 554.8 0<t<30
1590

1+1.97¢0-04

This modified model matched the data points of the population of China from 1950 to 2008 closely; the model
also passed through both the minimum and the maximum of the given data. In addition, the modified model
exhibited good long-term behaviour and was able to predict a sensible result beyond the known values.

P(t)
30<t <58

Limitations

In this investigation, there were several limitations that should be taken into account. Firstly, the best fit model
which is the piecewise function model does not take into account the possibility of natural disasters or diseases
that may occur in China in the future which will lead to a mass decrease in population. Furthermore, the model
also does not consider the population pressures in China such as the one child policy. The one child policy
introduced in 1978 but applied in 1979 would cause a decrease in the population in the long term. Itis shownin
Graph 14 that after 1979 (P,), the rate at which the Chinese population is increasing is slower compared to the
previous years. This is because this policy leads to an increase in the abortion rate due to many families’
preference for males, as males are able to take over the family name. This will consequently lead to a gender
imbalance, causing a decrease in population because of the increasing difficulty for Chinese males to find
partners. In addition, the model of best fit does not consider the g _References and acknowledgements
countries, allowing more Chinese people to live longer, which wil A list of sources of information either footnoted on
term. the appropriate page or given in a bibliography at
the end of the report.

Thttp://geography.about.com/od/populationgeography/a/onechild.htm
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'BACKGROUND KNOWLEDGE

Before starting this course you can make sure that you have a good understanding

) i ) k BACKGROUND
of the necessary background knowledge. Click on the icon alongside to obtain KNOWLEDGE
a printable set of exercises and answers on this background knowledge. - ﬁ’
Click on the icon to access printable facts about number sets. NUMBER
SETS
(ﬁ)
Click on the icon to access a printable summary of circle properties. CIRCLE
PROPERTIES
(ﬁ)
Click on the icon to access a printable summary of measurement facts. MEASUREMENT
FACTS

-5

'GRAPHICS CALCULATOR INSTRUCTIONS

Printable graphics calculator instruction booklets are available for the Casio fx-9860G Plus,
Casio fx-CG20, TI-84 Plus, and the TI-nspire. Click on the relevant icon below.

CASIO CASIO
x-9860G Plus fx-CG20 TI-84 Plus Tl-nspire
When additional calculator help may be needed, specific instructions can be (\,
printed from icons within the text. GRAPHICS
CALCULATOR

INSTRUCTIONS
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OPENING PROBLEM

Abiola and Badrani are standing 40 metres apart, throwing a ball between them. When Abiola throws
the ball, it travels in a smooth arc. At the time when the ball has travelled = metres horizontally

towards Badrani, its height is y metres.

AY

SIMULATION

(ﬁ)
0]
GRAPHICS
T CALCULATOR
> INSTRUCTIONS

Abiola

Badrani

x (m) 0 5

y (m) | 1.25 | 10

16.25

20 | 21.25 | 20 | 16.25

Things to think about:
a Use technology to plot these points.

b What shape is the graph of y against x?
¢ What is the maximum height reached by the ball?
d

What formula gives the height of the ball when it has travelled x metres horizontally towards

Badrani?

e Will the ball reach Badrani before it bounces?

QUADRATICS

A quadratic equation is an equation of the form ax? +bxr+c =0 where a, b, and c are constants,

a # 0.

A quadratic function is a function of the form y = ax? + bz +¢, a #0.

Quadratic functions are members of the
family of polynomials.  The first few
members of this family are shown in the
table.

Polynomial function Type
y=ar+b a#0 linear
y=ar?+br+c, a#0 quadratic

y=axd+br?+cx+d, a#0 cubic
y=az*+bx®+cx?®+dr+e a#0| quartic
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HISTORICAL NOTE

Galileo Galilei (1564 - 1642) was born in Pisa, Tuscany. He was a philosopher who played a
significant role in the scientific revolution of that time.

Within his research he conducted a series of experiments on the paths of projectiles, attempting to
find a mathematical description of falling bodies.

Two of Galileo’s experiments consisted of rolling a ball down a grooved
ramp that was placed at a fixed height above the floor and inclined at a
fixed angle to the horizontal. In one experiment the ball left the end of
the ramp and descended to the floor. In the second, a horizontal shelf was
placed at the end of the ramp, and the ball travelled along this shelf before
descending to the floor.

In each experiment Galileo altered the release height h of the ball and
measured the distance d the ball travelled before landing. The units of
measurement were called ‘punti’ (points).

Galileo

In both experiments Galileo found that once the ball left the ramp or shelf; its
path was parabolic and could therefore be modelled by a quadratic function.

B QUADRATIC EQUATIONS

Acme Leather Jacket Co. makes and sells x leather jackets each . .
CME ?
LEATHER JAKT (o.

week and their profit function is given by
P = —12.52% 4+ 550z — 2125 dollars.

How many jackets must be made and sold each week in order
to obtain a weekly profit of $3000?

Clearly we need to solve the equation:
—12.522 + 550z — 2125 = 3000

We can rearrange the equation to give
12.522 — 550z + 5125 = 0,

which is of the form ax? 4+ bxr +c=0 and is thus a quadratic equation.

SOLVING QUADRATIC EQUATIONS

To solve quadratic equations we have the following methods to choose from:
e factorise the quadratic and use the Null Factor law:
If ab=0 then a=0 or b=0.

e complete the square
e use the quadratic formula
e use technology.



20  QUADRATICS (Chapter 1)

The roots or solutions of axz?+bx+c =0 are the values of = which satisfy the equation, or make

it true.

For example, consider 22 — 3z +2=0.

When =2, 2% —3z+2=(2)?-3(2) +2

=4-6+2

So, x =2 is a root of the equation z? — 3z +2=0.

SOLVING BY FACTORISATION

Step 1: If necessary, rearrange the equation so one side is zero.

Step 2:  Fully factorise the other side.
Step 3:  Use the Null Factor law:

If ab=0 then a=0 or b=0.

Step 4:  Solve the resulting linear equations.

Caution: Do not be tempted to divide both sides by an expression involving x.
If you do this then you may lose one of the solutions.

For example, consider 2 = 5x.

Correct solution Incorrect solution
2% =5z

22 By —0 By dividing both sides.
by «, we lose the solution

z(x—5)=0 _
xz =0.

z=0o0rb
| Example 1| =) Self Tutor
Solve for x: a 322+5x=0 22 =52+6
a 322 +5:=0 2?2 =52 +6
. z2(3z+5)=0 2 -5z —6=0

wx=0o0r 3x+5=0
=0 or x=—

wlot

(x—6)(z+1)=0
=6 or —1

) Self Tutor

2

Solve for x: a 4r2+1=4zx 622 =11z + 10
a 472 +1 = 4z 622 = 11z + 10
o 4a? -4z +1=0 622 — 11z —10=0
(2z—1)2=0 (22 —5)(3z+2)=0
L r=2 =3 or -2

2
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Solve for x: 3x + 2_ -7
T

o) Self Tutor

3x+z:—7
x

a8 <3x+ 2) =Tz
T

3r2 +2=—Tzx
322+ T +2=0
(x+2)(B3z+1)=0

- _ _1
r = —2o0r 3

{multiplying both sides by «}

{expanding the brackets}
{making the RHS 0}
{factorising}

EXERCISE 1A.1

1 Solve the following by factorisation:

a 422+ T7x=0
d 222 - 11z =0
g z2—-52x+6=0
i 9+ 22 =62

b 622+2x=0 C
e 3z2 =38z f
h z2=2x+8 i
k 224+2=12 |

2 Solve the following by factorisation:

a 922 —-12z+4=0

d 322 +5x=2

g 3z2=10x+38

j 1222 =11z + 15
3 Solve for x:

a (x+1)2=222-5z+11

¢ 5—4r?=32r+1)+2

e 2x—L1=_1
x

b 202 -13z—-7=0 C
e 222 +3="5x f
h 422 +42 =3 i
k 722 +6x=1 I

SOLVING BY ‘COMPLETING THE SQUARE’

RHS is short for
Right Hand Side.

322 —Tx =0
9z = 622

22 +21 =10z
z? + 8z = 33

3z2 = 16z + 12
322 +8x+4=0
422 =11z + 3
1522 + 22 = 56

As you would be aware by now, not all quadratics factorise easily. For example, z? + 4z + 1 cannot
be factorised by simple factorisation. In other words, we cannot write 22 + 4x + 1 in the form

(z —a)(x — b) where a, b are rational.

An alternative way to solve equations like 22 +4x 4+ 1 =0 is by ‘completing the square’.

Equations of the form ax? + bz + ¢ =0 can be converted to the form (x + p)? = ¢ from which the

solutions are easy to obtain.
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| Example 4 <) Self Tutor

Solve exactly forz: a (z+2)2=7 b (z-1)2=-5

a (z+2)?2=7 b (z-1)2%=-5
- 4+ 2=4T has no real solutions since

_1)2
= _924+7 the square (z—1)* cannot
be negative.

Example 5 ) self Tutor

Solve for exact values of x: 22 +4x+1=0 The squared number we
add to both sides is
?4+42+1=0 coefficient of = \?
o G = {put the constant on the RHS} (f)
w2440 422 =-142° {completing the square}

(x+2)3%=3 {factorising LHS} \
T+2==+3 @
c.ox=-2+3

N\

If the coefficient of 22 is not 1, we first divide throughout to make it 1.

<) Self Tutor

Solve exactly for x: 3224122 +5=0
—3z>+122+5=0
2’ —4z—-3=0 {dividing both sides by —3}
o —dz =3 {putting the constant on the RHS}
x? — 4z +2% = 2+ 22 {completing the square}
(z—2)? =14 {factorising LHS}
_ 7
=7 =3t 1?
_ 17
EXERCISE 1A.2
1 Solve exactly for x:
a (z+5)?2=2 b (x+6)?=-11 ¢ (z—-4)3?%=38
d (z—8)?=7 e 2(zx+3)2=10 f 3(x—2)2=18

g (z+1)2+1=11 h (22+1)2=3 i (1-32)2-7=0
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2 Solve exactly by completing the square:
a 22 —4x+1=0

b 22462+2=0

¢ 22142 +46=0

d 22 =4z +3 e 224+6x+7=0 f 22=2r+6
g z2+6x=2 h z?2+10=28z i 224+6x=-11
3 Solve exactly by completing the square:
a 222 4+4x+1=0 b 222 -10x+3=0 ¢ 3224+ 122+5=0
d 322 =6x+4 e 522 —-15x+2=0 f 42 +4x =5

THE QUADRATIC FORMULA

In many cases, factorising a quadratic equation or completing the square can be long or difficult. We

can instead use the quadratic formula:

If ax®2+bx+c=0, then = =

Proof: If az®+br+c=0, a0

then 22+ 22+ =0
a a

—b+ V/b?%2 — 4ac
2a ’

{dividing each term by a, as a # 0}

{completing the square on LHS}

{factorising}

For example, consider the Acme Leather Jacket Co. equation from page 19.

We need to solve: 12.522 — 5502 4 5125 = 0
so in this case a = 12.5, b= —550, c¢=5125

550+ 4/(—550)2 — 4(12.5)(5125)
e 2(12.5)

550 4+ /46 250

o 25

=~ 30.60 or 13.40

However, for this application the number of jackets = needs to be a
whole number, so = = 13 or 31 would produce a profit of around

$3000 each week.

Trying to factorise this
equation or using
‘completing the square’
would not be easy.

\V2
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) Self Tutor

Solve for z: a z2—-2x—6=0 b 222+3z—-6=0
a 22 —2x—6=0 has b 222 +3z—6=0 has
a=1, b=-2, c=—-6 a=2, b=3, c=-6
_ =(=2) £ /(=2)%2 - 4(1)(-6) _ x_—3i\/32—4(2)(—6)
e 2(1) ST 2(2)
xZQi\/;l—k—M x:—3i\/m
4
x:2i\/ﬁ _ x:—3i\/ﬁ
2 oo 4
2427
—
2
r=1+7
EXERCISE 1A.3
1 Use the quadratic formula to solve exactly for z:
a 22—42—-3=0 b 22+4+6z+7=0 ¢ 224+1=4zx

e 22 —4x+2=0 f 222 -2x—-3=0

h (x+3)2x+1)=9

d 22 +4x=1
g Bx+1)?2=-2x

2 Rearrange the following equations so they are written in the form ax? + bz + c = 0, then use the
quadratic formula to solve exactly for x.
a (z+2)(z—1)=2-3 b 22+1)2=3-2 ¢ (z—-2)2%=1+x
d = =2+1 e z—1=1 f2w—L1=3

— X T T

SOLVING USING TECHNOLOGY

You can use your graphics calculator to solve quadratic equations.

If the right hand side is zero, you can graph the expression on the left hand /(\;

side. The z-intercepts of the graph will be the solutions to the quadratic. GRAPHICS

CALCULATOR

If the right hand side is non-zero, you can either: INSTRUCTIONS

e rearrange the equation so the right hand side is zero, then graph the expression and find the
x-intercepts, or

e graph the expressions on the left and right hand sides on the same set of axes, then find the
z-coordinates of the point where they meet.

Use technology to check your answers to Exercise 1A.3.
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"] THE DISCRIMINANT OF A QUADRATIC

In the quadratic formula, the quantity b?> — 4ac under the square root sign is called the discriminant.

The symbol delta A is used to represent the discriminant, so A = b? — 4ac.

b+t VA

a

The quadratic formula becomes x = where A replaces b? — 4ac.

—-b .
o If A=0, z= % is the only solution (a repeated or double root)
a

o If A>0, +A is a positive real number, so there are two distinct real roots
b+ VA —b— VA
- r = ——m—

2a 2a

e If A<0, /A isnotareal number and so there are no real roots.

and

e Ifa, b, and c are rational and A is a square then the equation has two rational roots which can
be found by factorisation.

=) Self Tutor

Use the discriminant to determine the nature of the roots of:
a 2:2—-2x+3=0 b 322—42z—-2=0
a A=10b%—4ac b A=05>—4ac
=(-2)? - 4(2)(3) = (—4)> - 4(3)(-2)
=-20 =40
Since A < 0, there are no real roots. Since A > 0, but 40 is not a square,
there are 2 distinct irrational roots.

=) Self Tutor

Consider 22 —2x+m = 0. Find the discriminant A, and hence find the values of m for which
the equation has:

a a repeated root b 2 distinct real roots ¢ no real roots.
22 —2x4+m=0 has a=1, b=-2, and c=m
A =b? — dac
= (=2)* - 4(1)(m)
=4—4m
a For a repeated root b For 2 distinct real roots ¢ For no real roots
A=0 A>0 A <O
4 —4Am =0 c.4—4m >0 c.4—4m <0
- 4 =4m oo —4dm > —4 s —4dm < —4

m=1 oom<1 coom>1
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Summary: Factorisation of quadratic Roots of quadratic Discriminant value
two distinct linear factors two real distinct roots A>0
two identical linear factors | two identical real roots (repeated) A=0
unable to factorise no real roots A <0

=) Self Tutor

Consider the equation k2?4 (k+3)x = 1. Find the discriminant A and draw its sign diagram.
Hence, find the value of k for which the equation has:

a two distinct real roots b two real roots
¢ a repeated root d no real roots.

kx? +(k+3)z—1=0 has a=k, b=(k+3), and c=—1

A = b — dac
= (k+3)% —4(k)(—-1) and has sign diagram:
= k% +6k+9+4k S I B
=k*>+10k+9 -9 -1
=(k+9)(k+1)
a For two distinct real roots, A>0 . k<-9 or k> —1.
b For two real roots, A>0 . k<-9 or k>-1.
¢ For a repeated root, A=0 . k=-9 or k=-1.
d For no real roots, A<0 . -9<k<-1
EXERCISE 1B
1 By using the discriminant only, state the nature of the solutions of:
a 22+7x-3=0 b 22-3x+2=0 ¢ 32242z —-1=0
d 522 +42-3=0 e 22+2+5=0 f 1622 -8x+1=0
2 By using the discriminant only, determine which of the following quadratic equations have rational
roots which can be found by factorisation.
a 622 —52—-6=0 b 222 -7z —-5=0 ¢ 3224+4z+1=0
d 622470 —-8=0 e 42> -3z +2=0 f 822 +22-3=0
3 For each of the following quadratic equations, determine the discriminant A in simplest form and
draw its sign diagram. Hence find the value(s) of m for which the equation has:
i a repeated root ii  two distinct real roots iii no real roots.
a 22+4x+m=0 b ma?+32+2=0 ¢ ma’—-3r+1=0
4 For each of the following quadratic equations, find the discriminant A and hence draw its sign

diagram. Find all values of k£ for which the equation has:

i two distinct real roots il tworeal roots ili arepeatedroot iv no real roots.
a 202 +kr—k=0 b kx?-22+k=0
¢ 22+ (k+2)z+4=0 d 222 +(k—2)x+2=0

e 22+ (3k—1)z+ (2k+10) =0 f (k+D2?2+kr+k=0
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HISTORICAL NO THE QUADRATIC FORMULA

Thousands of years ago, people knew how to calculate the area of a shape given its side lengths.
When they wanted to find the side lengths necessary to give a certain area, however, they ended up

with a quadratic equation which they needed to solve.

The first known solution of a quadratic equation is written on the Berlin Papyrus from the Middle
Kingdom (2160 - 1700 BC) in Egypt. By 400 BC, the Babylonians were using the method of

‘completing the square’.

Pythagoras and Euclid both used geometric methods to explore the problem. Pythagoras noted that
the square root wasn’t always an integer, but he refused to accept that irrational solutions existed.
Euclid also discovered that the square root wasn’t always rational, but concluded that irrational

numbers did exist.

A major jump forward was made in India around 700 AD, when Hindu
mathematician Brahmagupta devised a general (but incomplete) solution
for the quadratic equation az? + bz = ¢ which was equivalent to

\/Adac+ b2 —b

T = Taking into account the sign of ¢, this is one of
a

the two solutions we know today.

The final, complete solution as we know it today first came around
1100 AD, by another Hindu mathematician called Baskhara. He was
the first to recognise that any positive number has two square roots,
which could be negative or irrational. In fact, the quadratic formula is
known in some countries today as ‘Baskhara’s Formula’.

While the Indians had knowledge of the quadratic formula even at this
early stage, it took somewhat longer for the quadratic formula to arrive
in Europe.

Around 820 AD, the Islamic mathematician Muhammad bin Musa
Al-Khwarizmi, who was familiar with the work of Brahmagupta,
recognised that for a quadratic equation to have real solutions, the
value b?—4ac could not be negative. Al-Khwarizmi’s work was brought
to Europe by the Jewish mathematician and astronomer Abraham bar
Hiyya (also known as Savasorda) who lived in Barcelona around 1100.

By 1545, Girolamo Cardano had blended the algebra of Al-Khwarizmi
with the Euclidean geometry. His work allowed for the existence of
complex or imaginary roots, as well as negative and irrational roots.

At the end of the 16th Century the mathematical notation and symbolism
was introduced by Frangois Viéte in France.

In 1637, when René Descartes published La Géométrie, the quadratic

_ —b=x \/b2 — dac

formula adopted the form we know today: x = 5
a

Brahmagupta also added
zero to our number system!

/

Muhad Al—Kwarizmi

From the name
Al-Khwarizmi we get the

word ‘algorithm’.
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& QUADRATIC FUNCTIONS

A quadratic function has the form y = az? + bx +c¢ where a # 0.

The simplest quadratic function is y = x>

be drawn from a table of values.

-3|-2|-1|0 1 2 3
9 4 1 0 1 4 19

The graph of a quadratic function is called a parabola.

. Its graph can

The parabola is one of the conic sections, the others being circles, hyperbolae,
and ellipses. They are called conic sections because they can be obtained by
) cutting a cone with a plane. A parabola is produced by cutting the cone with

a plane parallel to its slant side.

There are many examples of parabolas in everyday life, including water fountains, suspension bridges,

and radio telescopes.

TERMINOLOGY

The graph of a quadratic function y = ax? + bx + c,
a # 0 is called a parabola.

The point where the graph ‘turns’ is called the vertex.

If the graph opens upwards, the y-coordinate of the
vertex is the minimum or minimum turning point and
the graph is concave upwards.

If the graph opens downwards, the y-coordinate of the
vertex is the maximum or maximum turning peint and
the graph is concave downwards.

The vertical line that passes through the vertex is called
the axis of symmetry. Every parabola is symmetrical
about its axis of symmetry.

The point where the graph crosses the y-axis is the
y-intercept.

parabola

Z€1o

minimum

vertex

N\
/ /axis of symmetry

.

L\ Zero ~

y-intercept

The points (if they exist) where the graph crosses the x-axis are called the x-intercepts. They correspond

to the roots of the equation y = 0.
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GRAPHING y = a(z — p)(z — q)

This investigation is best done using a graphing package or graphics calculator.

GRAPHING
What to do: PACKAGE
-« > 4
1 a Use technology to help you to sketch: 1' 'l

y=@-1(@-3), y=20-1)-3), y=-(-1)(z-3),
y=-3(x—-1)(z-3) and y=—3(z—1)(z—3)
b Find the z-intercepts for each function in a.
¢ What is the geometrical significance of a in  y = a(z — 1)(x — 3)?
2 a Use technology to help you to sketch:
y=2(x—1)(x —4), y=2(z—3)(x —5), y=2(xz+1)(xz—2),
y = 2z(z +5) and  y=2(z+2)(z+4)
b Find the z-intercepts for each function in a.
¢ What is the geometrical significance of p and ¢ in y = 2(z — p)(x — q)?
3 a Use technology to help you to sketch:
y=2(z - 1) y = 2(z — 3)2, y=2(z+2)2, y = 222
b Find the z-intercepts for each function in a.

¢ What is the geometrical significance of p in y = 2(x — p)??

4 Copy and complete:

e If a quadratic has the form y = a(z —p)(x —q) thenit ...... the z-axis at ......
2

e If a quadratic has the form y = a(z —p)® thenit ...... the z-axis at ......

GRAPHING y = a(x — h)> +k

This investigation is also best done using technology.

What to do: %%mgf
- >
1 a Use technology to help you to sketch: W

y=(x-32%+2, y=2z-3)%+2, y=-2x-3)2+2,
y=—(z—3)%2+2 and y=-—3(x—3)?+2

b Find the coordinates of the vertex for each function in a.

¢ What is the geometrical significance of @ in y = a(x — 3)% + 2?

2 a Use technology to help you to sketch:
y=2x—1)2+3, y=2x-22%+4, y=2xz-3)2+1,
y=2(x+1)2+4, y=2x+2)%* -5 and y=2(z+3)?-2
b Find the coordinates of the vertex for each function in a.
¢ What is the geometrical significance of h and k in y = 2(x — h)? + k?

3 Copy and complete:
If a quadratic has the form y = a(z — h)? + k then its vertex has coordinates ......
The graph of y =a(z —h)?>+k isa .. of the graph of y = ax? with vector ......
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From Investigations 1 and 2 you should have discovered that a, the coefficient of 22, controls the width
of the graph and whether it opens upwards or downwards.

For a quadratic function y = ax? +bx+c, a#O0:

e a >0 produces the shape \/ called concave up.

a < 0 produces the shape /\ called concave down.

o If —1<a<1, a#0 the graph is wider than y = 2.
If a<—1 or a>1 the graph is narrower than y = z2.

Summary:
Quadratic form, a # 0 Graph Facts
e y=a(x—p)(z—q) z-intercepts are p and ¢
p, q are real - \ f - axis of symmetry is z = 234
p
\/q vertex is (p_—;q, f(p_;rq))
_Ppta
2
o y=a(zx—h)? r="h touches x-axis at h
h is real axis of symmetry is x = h
vertex is (h, 0)
V(h,0)
o y=alz—h)?+k r=h axis of symmetry is = = h
vertex is (h, k)
V(h, k)
o y=ar’+br+c y-intercept c
axis of symmetry is = = -t
2a
- > . b b?
_b_@\/b+ VA vertex 1 | ——, c— —
_— _— 2a 4a
2a 2a
z-intercepts for A > 0 are
== hEVA here A =% — dac
2a 2a

b
— — is the average of
2a

—b— VA —b+ VA
and
2a 2a
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Using axes intercepts only, sketch the graphs of:
a y=2(z+3)(z—-1) b y=-2(z-1)(z—2) ¢ y=1i(z+2)?
a y=2(z+3)(z—1) b y=-2(z—1)(z—2) ¢ y=1(z+2)?
has z-intercepts —3, 1 has z-intercepts 1, 2 touches z-axis at —2
When z =0, When z =0, When z =0,
y = 2(3)(~1) y = —2(-1)(-2) y = 3(2)?
y-intercept is —6 .. y-intercept is —4 .. y-intercept is 2
by by 4y
{ 1.2 /
- T
— I T 2
B - > T
—6 / -2
J v \
EXERCISE 1C.1 The axis of symmetry

is midway between

1 Using axes intercepts only, sketch the graphs of: :
the x-intercepts.

a y=(z—-4)(z+2) b y=—(z—4)(z+2)

¢ y=2(x+3)(r+5H) d y=-3z(zx+4) \
e y=2(x+3)? fy=—-1(z+2)?
2 State the equation of the axis of symmetry for each graph in question 1. b

3 Match each quadratic function with its corresponding graph.
a y=2(zx—-1)(z—4) b y=—(z+1)(z—4)
c y=(r—1)(z—4) y=(z+1)(x—4)
e y=2x+4)(z—-1) y=-3(x+4)(x—1)
9 y=—(z—1)(z—4) y=-3—1)(z—-4)

d

f
h
C

Y
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Example 12

Use the vertex, axis of symmetry, and y-intercept to graph y = —2(z + 1)? + 4.

) Self Tutor

The vertex is

a < 0 so the

(~1, 4).

=

shape is /\

The axis of symmetry is z = —1.
When z=0, y=-2(1)>+4

V(-1,4) Ay

-/

4 Use the vertex, axis of symmetry, and y-intercept to graph:

a y=(x—-1)>2+3

d y:%(x

—3)242

b

e

y=2z+2)?2+1
y=—5(c—1)7+4

5 Match each quadratic function with its corresponding graph:
a y=—(z+1)2+3
d y=—(x-1)2+1

g y=-=
A

w

2

[\

s

a

/N
A

/

x
5
4
4
z

b

e

h
B

y=—2(x—3)2+2
y=(r—2)?2-2
y=-1(z—-172+1

Y

1-3

;
/

C

f y= (r+2)2-3
c y=a2+2
fy=2(z+3)*-3
i y=2x+2)>2-1
C i
a— -
—31
Y

F
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Determine the coordinates of the vertex of y = 222 — 8z + 1.

y=222—-8x+1 has a=2, b=-8, and c=1

. 2
2a 2x2
the axis of symmetry is = = 2

When = =2, y=2(2)%-8(2)+1
=-7

the vertex has coordinates (2, —7).

The vertex is the maximum
or the minimum depending
on whether the graph is
concave down or concave up.

6 Locate the turning point or vertex for each of the following quadratic functions:

a y=a2—4r+2 b y=a22+22-3
d y=-322+1 e y=22>+8x -7
g y=222+6x—1 h y=222-10z+3

7 Find the z-intercepts for:

y=2x>—6

y = 4o — 22

y = 4a% — 24z + 36
y=x%—6x—2

a y=122-9
d y=a24+2-12
g y=—22%—4x -2

=~ F 0 O

i y=2%+4r -3

¢ y=22>+4
fy=-—a?—42-9

i y:—%:z:2—|—$—5

¢ y=22+7x+10
f y=—22—6x—8
y=2a2—4dzx+1

I y=22+8z+11

Example 14

Consider the quadratic y = 222 + 6z — 3.
a State the axis of symmetry.

¢ Find the axes intercepts.

b Find the coordinates of the vertex.

d Hence, sketch the quadratic.

y=2224+6x—3 has a=2, b=6, and c= —3.
a > 0 so the shape is \/

a _—b:_—6=—% b When 2= -3,
20 4 3\2 3 1
The axis of symmetry is = = —%. y=2(=3)"+6(-3)—3=-T3
The vertex is (—3, —71).
¢ When =0, y=-3 d
y-intercept is —3. v=-3 1Y
When y =0, 222+6x—-3=0
Using technology, - x
x~ —3.44 or 0.436 / 4
—3.44 //_\3 0436
V(71%’77%) y
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8 For cach of the following quadratics:

i state the axis of symmetry il find the coordinates of the vertex
iii  find the axes intercepts, if they exist iv sketch the quadratic.
a y=22-2r+5 b y=a2+4z-1 ¢ y=2x>—-5x+2
d y=—-22+3zx-2 e y=-3z2+4x-1 fy=-222+z+1
g y=6x— x> h y=—-22—-6x—-38 i y=—322+2z+1

Click on the icon to run a card game for quadratic functions. ST

ot

SKETCHING GRAPHS BY ‘'COMPLETING THE SQUARE’

If we wish to find the vertex of a quadratic given in general form gy = az?+bx+c then one approach
is to convert it to the form y = a(z — h)?> + k where we can read off the coordinates of the vertex
(h, k). One way to do this is to ‘complete the square’.

Consider the simple case y = x2 — 4x + 1, for N by ‘
Wthh a:1. y:;p2‘-‘ '.'
2 ; :
y—x2 4:11:—|—12 ) } g
\ ‘3
y= @-2° -3 Wi
1%
To obtain the graph of y = 22 — 4z + 1 from the < 9 W >
x
graph of y = x2, we shift it 2 units to the right 3
and 3 units down.
(25 73)
Y

| Example 15 | =) Self Tutor

Write y = 2% + 4z + 3 in the form y = (z — h)?> +k by ‘completing the square’. Hence
sketch gy = x? 4+ 4z + 3, stating the coordinates of the vertex.

y=z>+4z+3 R
y=x?+4zx+224+3-2°
y=(z+2)7?-1

\ y=a’+4x+3
shift 2 shift 1
units left unit down - -
The vertex is (—2, —1)
and the y-intercept is 3.
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EXERCISE 1C.2

1 Write the following quadratics in the form y = (z — h)? +k by ‘completing the square’. Hence
sketch each function, stating the coordinates of the vertex.

a y=22-2r+3 b y=22+4x-2 ¢ y=2x>—4zx
d y=22+32 e y=a2+5x—2 f y=a2-3z+2
g y=22—-62+5 h y=22+8x -2 i y=22-5zx+1

=) Self Tutor

a Convert y =322 —4x + 1 to the form y = a(z — h)? + k without technology.

b Hence, write down the coordinates of its vertex and sketch the quadratic. Use technology to
check your answer.

a y=3z2—4z+1

=3[z — 2z + 1] {taking out a factor of 3}
=3[z>—2(3)z+(2)° = (2)°+4]  {completing the square}
=3[z—-2)*-3+13 {writing as a perfect square}
=3[(z—3)* -3l
R

b The vertex is (2, —31) Y

and the y-intercept is 1.

>
—0.5 =115
-1 2 1
' V(g, —g)
TI-nspire
Casio fx-CG20 TI-84 Plus 11 Wnsaved w el
V5 |
[J [EXEl:Show coordinates \ ”
Y1=3x2-4x+1 v '.
¢ flc)=3 22 -4+
3 A
2|
% /
2 B
OL' ot MIN Hiniraur 023 / %
X=0.6666666667 [¥=-0.3333333333 W= BEGES Y= - 3TTET 5 2 e 3
(0.667,-0.333)
-2

2 For each of the following quadratics:
i Write the quadratic in the form y = a(z — h)? + k without using technology.
ii State the coordinates of the vertex.
iii Find the y-intercept.
iv Sketch the graph of the quadratic.
v Use technology to check your answers.
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a y=22"+4z+5 b y=2z"—8zr+3 a is always
¢ y=2z2 -6z +1 d y=322—6z+5 the factor to
e y=—a"+4r+2 fy=-222—52+3

be ‘taken out’.

©

3 Use the graphing package or your graphics calculator to determine the vertex of each  grapHING
of the following functions. Hence write each function in the form y = a(z—h)?+k.  PACKAGE

-« »
a y=a2—4x+7 b y=22+6x+3 ¢ y=—-22+4x+5
d y=222+6x—4 e y=-222-10z+1 f y=322-92-5

THE DISCRIMINANT AND THE QUADRATIC GRAPH

The discriminant of the quadratic equation az? +bx+c=0 is A =b? — 4ac.

We used A to determine the number of real roots of the equation. If they exist, these roots correspond

to zeros of the quadratic y = ax? + bx +c. A therefore tells us about the relationship between a
quadratic function and the x-axis.

The graphs of y =22 —-2r+3, y=22—-22x+1, and y =222z —3 all have the same axis
of symmetry, = = 1.

Consider the following table:

y=x>—-2x+3 y=xz2>—-2z+1 y=x%>—-22x-3
Y4 Yy Y4
- >
L —1\ y?)
3N - - )\
- > 1
V 1 Y V
A = b% — dac A =b% — dac A =b% — dac
= (-2)> - 4(1)(3) = (=2)? —4(1)(1) = (=2)> = 4(1)(-3)
—_8 =0 =16
A<O0 A=0 A>0
does not cut the z-axis touches the z-axis cuts the x-axis twice

For a quadratic function y = ax?® + bx + ¢, we consider the discriminant A = b? — 4ac.

If A <0, the graph does not cut the z-axis.
If A =0, the graph touches the x-axis.
If A >0, the graph cuts the z-axis twice.
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POSITIVE DEFINITE AND NEGATIVE DEFINITE QUADRATICS

Positive definite quadratics are quadratics which are positive for all
values of z. So, az?+br+c>0 forall z€R. N

Test: A quadratic is positive definite if and only if ¢ > 0 and A < 0.

Negative definite quadratics are quadratics which are negative for all
values of z. So, ax®’+br+c<0 forall z€R. /\‘

Test: A quadratic is negative definite if and only if a < 0 and A < 0.

|_Example 17

Use the discriminant to determine the relationship between the graph of each function and the

T-axis:
a y=1224+3cx+4 b y=-—2024+5zx+1
a a=1 b=3, c=4 b a=-2, b=5, c=1
A =b? — dac o A= —dac
=9—4(1)(4) =25—4(-2)(1)
= -7 = &3
Since A < 0, the graph does not cut Since A > 0, the graph cuts the z-axis
the x-axis. twice.
Since a > 0, the graph is concave up. Since a < 0, the graph is concave

down.
\/ AA‘ as
-+

The graph is positive definite, and lies
entirely above the z-axis.

EXERCISE 1C.3

1 Use the discriminant to determine the relationship between the graph and z-axis for:

a y=2>4+2-2 b y=22—4z+1 c y=-22-3

d y=a2+72 -2 e y=2>+8r+16 fy=-2224+3x+1

g y=06z>+5x—4 h y=—-224+2+6 i y=922+62+1
2 Show that:

a 22-32+6>0 forallx b 4r—2>-6<0 forallz

¢ 222 —4x +7 s positive definite d —22%2+3z —4 is negative definite.

3 Explain why 322 +kx — 1 is never positive definite for any value of k.

4 Under what conditions is 222 + kx +2 positive definite?
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"1/ FINDING A QUADRATIC FROM ITS GRAPH

If we are given sufficient information on or about a graph we can determine the quadratic function in
whatever form is required.

) Self Tutor

Find the equation of the quadratic function with graph:

a b
Y Y
3 8
-1 3 . 3 o
/] \ P2
a Since the z-intercepts are —1 and 3, b The graph touches the z-axis at = = 2,
y=a(x+1)(z —3). so y=a(z—2)%
The graph is concave down, so a < 0. The graph is concave up, so a > 0.
When z=0, y=3 When =0, y=38
3=a(1)(=3) o 8=a(-2)?
a=—1 Sooa=2
The quadratic function is The quadratic function is
y=—(x+1)(z—3). y = 2(z — 2)2.

) Self Tutor

Find the equation of the quadratic function with graph:

The axis of symmetry = =1 lies midway between the z-intercepts.
the other z-intercept is 4.
the quadratic has the form
y=a(zx+2)(x—4) where a <0
But when =0, y=16
16 = a(2)(—4) -
@ = =2

The quadraticis y = —2(x + 2)(z — 4).
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EXERCISE 1D

1 Find the equation of the quadratic with graph:

a LY b

2 Find the quadratic with graph:

Y
r\\/

2

Y

>
>

S

a y i b
i 236_3 m / x:—l

1\/3 e
A
f
Ly
12
- 2//\3\3
A\
c

Example 20

Find the equation of the quadratic whose graph cuts the z-axis at 4 and —3, and which passes
through the point (2, —20). Give your answer in the form y = az? + bz + c.

) Self Tutor

a # 0.
When =2, y=-20
—20=a(2—4)(2+3)
—20 = a(—2)(5)
a=2

y=2(x —4)(z + 3)
=2(z% —z —12)
=202 22— 24

The quadratic is

Since the z-intercepts are 4 and —3, the quadratic has the form

y = a(x —4)(x +3) where
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3 Find, in the form y = ax? + bz + ¢, the equation of the quadratic whose graph:
cuts the z-axis at 5 and 1, and passes through (2, —9)

(-3

cuts the z-axis at 2 and —1, and passes through (3, —14)
touches the z-axis at 3 and passes through (—2, —25)
touches the z-axis at —2 and passes through (—1, 4)

cuts the z-axis at 3, passes through (5, 12) and has axis of symmetry z = 2

- 0 0O A

cuts the z-axis at 5, passes through (2, 5) and has axis of symmetry z = 1.

) Self Tutor

Find the equation of each quadratic function given its graph:
. by ° V(—4, 2) by
\ 16 - /‘\2 > T
) \0/ o
v V(3, —2) v\

a Since the vertex is (3, —2), the b Since the vertex is (—4, 2), the
quadratic has the form quadratic has the form
y=a(z—3)2—2 where a>0. y=a(x+4)>+2 where a<0.
When =0, y=16 When z=-2, y=0

16 = a(—3)% — 2 s 0=a(2)?+2
16 =9a — 2 cooda= -2
18 =9a Sooa= —%
coa=2 The quadratic is
The quadratic is y = 2(x — 3)% — 2. y=—2(z+4)?+2.

4 If V is the vertex, find the equation of the quadratic function with graph:

a Y b Y ¢ Yy
V(2, 4) T /‘V\(B,S)
- > T 7 - 1 > X
V(2, —1)
d AY e AY f AY
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FINDING QUADRATIC FUNCTIONS

For the quadratic function y = 222 + 3z + 7 we can 1ol 112131 4]s:5
find a table of values for z = 1, 2, 3, 4, 5. y 7 12 21 34 51 79

We turn this table into a difference table by adding
two further rows:

e the row A; gives the differences between
successive y-values

e the row A, gives the differences between Ay fl 4 4 4
successive Aqp-values.

9-5 34-21 72 — 51

What to do:
1 Construct difference tables for x =0, 1, 2, 3, 4, 5 for each of the following quadratic functions:
a y=22+4x+3 b y=322 4z
€ y=>5zr—z° d y=42?-5z+2

2 What do you notice about the A, row for each of the quadratic functions in 1?

3 Consider the general quadratic y = az? +bx+c, a #0.
a Copy and complete the following difference table:

0 1 2 3 4 5
y |© a+b+c da+2b+c . L
Ay O e e
Ay O e

b Comment on the Ay row.
¢ What can the encircled numbers be used for?

4 Use your observations in 3 to determine, if possible, the quadratic functions with the following
tables of values:

alz|o]1]2]3]4 b|z[0o]1]2]3]4
y|6|5(8]15]26 yl8l10]18]32]52

clzfol1] 23] 4 dlz|o]1] 2] 3] 4
yl1l2]-1]-8]-19 yl5(3]-1]-7]-15

5 We wish to determine the maximum number of pieces into which a pizza can be cut using n
cuts across it.

For example, for n =1 we have which has 2 pieces

for n =3 we have which has 7 pieces.

<\
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a Copy and complete:

Number of cuts, n 0|1]2(3]|4]5

Maximum number of pieces, P,

b Complete the A; and Ay rows. Hence determine a quadratic formula for P,,.

¢ For a huge pizza with 12 cuts across it, find the maximum number of pieces which can
result.

"3 WHERE FUNCTIONS MEET

Consider the graphs of a quadratic function and a linear function on the same set of axes.

Notice that we could have:

N N

o~

cutting touching missing
(2 points of intersection) (1 point of intersection) (no points of intersection)

If the graphs meet, the coordinates of the points of intersection of the graphs can be found by solving
the two equations simultaneously.

| Example 22 | =) Self Tutor

Find the coordinates of the points of intersection of the graphs with equations y = 2% —z — 18
and y=ax —3 without technology.

y=x2>—2—18 meets y=x—3 where

?—r—-18=2-3
. 22 —2x—15=0 {RHS = 0}
(z—=5)(z+3)=0 {factorising}
T =5o0r—3
Substituting into y =x —3, when x =5, y=2 and when =z = -3, y= —6.
the graphs meet at (5, 2) and (—3, —6).

EXERCISE 1E
1 Without using technology, find the coordinates of the point(s) of intersection of:
a y=22-2x+8 and y=2x+6 b y=—22+3x+9 and y =22 —3
¢c y=22—-42+3 and y=2r-6 d y=-22+42 -7 and y=>5x—4
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m ) Self Tutor

Consider the curves y =2 +5x+6 and y=2z?+ 2z —4.
a Solve for z: 22+ 5z + 6 = 222 + 2z — 4.
b Solve for z: 22+ 5z + 6 > 222 + 2z — 4.

a Wesolve 22+5r+6=2x2+2z—4 using technology.

TI-nspire
Casio fx-CG20 TI-84 Plus 1 Wnsaved w i |
i 76
L [EXE]:Show coordinates 2 E2
YI=x2%52+6 \ |y M= 45006 f
vo=2xdy2x-4 \ _:_:.(5,56)
\ 5 lNlb]:L.lx Inkerseckion \\\. 5 b Q( )=2-12+2'x—4
¥=-2 n=E ¥=ER e g %,
70 {207 T° 10
" 2o
The solutions are: = = —2 or 5.

y=22>+2x—4

From the graphs we see that
22 +5z+6>2x2+2x—4
when —2 <z <5.

y=2>+52+6

|_Example 24| ) Self Tutor
A tangent

y=2r+k isatangentto y=2x?>—3x+4. Find k. touches a curve.

y=2x+k meets y=2x>—3x-+4 where
222 — 3z +4=2z+k
222 =5z + (4—k)=0

Since the graphs touch, this quadratic has A =0 2"
(=5 —4(2)(4—k)=0

25—8(4—k)=0

26-32+8k=0

8k =17

_ 7
k=g
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2 Use a graphing package or a graphics calculator to find the coordinates of the points of intersection
(to 2 decimal places) of the graphs with equations:

a y=2>-3r+7 and y=x+5

b y=22-52+2 and y=z-7 Gp'i'é'.’('fé'f
¢ y=—22-2r+4 and y=z+38 (1?“
d y=-22+42—-2 and y=5x—-6

3 a i Findwhere y=2? meets y=uz+2.
ii Solve for z: 2% >z +2.
b i Findwhere y=2?+4+2r—-3 meets y=x— 1.
ii Solve forz: z?+2x—-3>x— 1.
¢ i Findwhere y=222—2+3 meets y=2+z+z%
ii Solve forz: 222 —2+3>2+z+ 22

d | Find where y= 4 meets y =x + 3.
€T
. 4
ii Solve for z: - >ax+ 3.
T
4 For which value of ¢ is the line y = 3z + ¢ a tangent to the parabola with equation
y=2a>—5x+T7?
5 Find the values of m for which the lines y = ma — 2 are tangents to the curve with equation
y=2a%—4dx+2.
6 Find the gradients of the lines with y-intercept (0, 1) that are tangents to the curve y = 3z%+5x+4.

7 a For what values of ¢ do the lines y = z + ¢ never meet the parabola with equation
y=2x2—3x—T7?

b Choose one of the values of ¢ found in part a above. Sketch the graphs using technology to
illustrate that these curves never meet.

"7/ PROBLEM SOLVING WITH QUADRATICS

Some real world problems can be solved using a quadratic equation. We are generally only interested in
any real solutions which result.

Any answer we obtain must be checked to see if it is reasonable. For example:
e if we are finding a length then it must be positive and we reject any negative solutions
e if we are finding ‘how many people are present’ then clearly the answer must be an integer.
We employ the following general problem solving method:
Step 1: If the information is given in words, translate it into algebra using a variable such as z for

the unknown. Write down the resulting equation. Be sure to define what the variable x
represents, and include units if appropriate.

Step 2:  Solve the equation by a suitable method.
Step 3:  Examine the solutions carefully to see if they are acceptable.

Step 4:  Give your answer in a sentence.
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A rectangle has length 3 ¢cm longer than its width. Its area is 42 cm?. Find its width.

If the width is = cm then the length is (z + 3) cm.

z(z+3) =42 {equating areas} T cm
T +35—42=0
x~ —8.15 or 5.15 {using technology} (z+3) cm

We reject the negative solution as lengths are positive.

The width is about 5.15 cm.

Example 26 o) Self Tutor

Is it possible to bend a 12 cm length of wire to form the perpendicular sides of a right angled
triangle with area 20 cm??

Suppose the wire is bent z cm from one end.

The area A = 2(12 — )

1 o 2
52(12 — z) =20 sam (12=w) e ) \\;20 cm
— ) = ecomes St
z(12 — z) = 40 ‘ 19 om ‘ T cm
12 — 22 —40=0 (12— ) cm

22— 122+ 40 =0

Now A = (—12)2 — 4(1)(40)
= —16 whichis <0

There are no real solutions, indicating this situation is impossible.

EXERCISE 1F

1

2

Two integers differ by 12 and the sum of their squares is 74. Find the integers.
The sum of a number and its reciprocal is 5%. Find the number.

The sum of a natural number and its square is 210. Find the number.

The product of two consecutive even numbers is 360. Find the numbers.

The product of two consecutive odd numbers is 255. Find the numbers.

The number of diagonals of an n-sided polygon is given by the formula D = g(n - 3).

A polygon has 90 diagonals. How many sides does it have?

The length of a rectangle is 4 cm longer than its width. The rectangle has area 26 cm?. Find its
width.
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10

1

12

13

14

15

A rectangular box has a square base with sides of length x cm. Its height
is 1 cm longer than its base side length. The total surface area of the
box is 240 cm?.

a Show that the total surface area is given by A = 622 + 4z cm?. =

b Find the dimensions of the box. "~ zem

An open box can hold 80 cm?. It is made from a square
piece of tinplate with 3 cm squares cut from each of its
4 corners. Find the dimensions of the original piece of
tinplate.

i?)cm

Is it possible to bend a 20 cm length of wire into the shape of a rectangle which has an area of
30 cm??

The rectangle ABCD is divided into a square and a smaller A Y B
rectangle by [XY] which is parallel to its shorter sides. ‘
The smaller rectangle BCXY is similar to the original
rectangle, so rectangle ABCD is a golden rectangle.

The ratio //:—E is called the golden ratio.

Show that the golden ratio is ! +2\/§.

Hint: Let AB = z units and AD = 1 unit.

Two trains travel a 160 km track each day. The express travels 10 kmh~! faster and takes
30 minutes less time than the normal train. Find the speed of the express.

A group of elderly citizens chartered a bus for $160.
However, at the last minute 8 of them fell ill and had to
miss the trip.

As a consequence, the other citizens had to pay an extra
$1 each. How many elderly citizens went on the trip?

Answer the Opening Problem on page 18.

A truck carrying a wide load needs to pass through the parabolic . —
tunnel shown. The units are metres. C T T8N [ 1
The truck is 5 m high and 4 m wide.

a Find the quadratic function which describes the shape of the
tunnel.

b Determine whether the truck will fit.

s




QUADRATICS (Chapter 1) 47

S0 QUADRATIC OPTIMISATION

The process of finding the maximum or minimum value of a function is called optimisation.

For the quadratic function y = az? + bx + c,

. b
x-coordinate ——.
2a

e If a >0, the minimum value of y occurs at * = ——

e If a <0, the maximum value of y occurs at = = ——.

we have already seen that the vertex has

b
2a

b
2a

value of z:
a y=22+zx-3

Find the maximum or minimum value of the following quadratic functions, and the corresponding

b y=23+3z— 222

a y=z>+2x—3 has
a=1 b=1, and ¢c= —3.

Since a > 0, the shape is \/

The minimum value occurs

when x:_—b:—
2a

and y= (-3 +(-}) -3

=31

=

So, the minimum value of y is —3%,

occurring when z = —31.

b y=-222+3z+3 has

a=-2, b=3, and c= 3.

Since a < 0, the shape is /\

The maximum value occurs

when 3= — = =3 = 3
2a —4
and y=—-2(3)>+3(2)+3
=41

So, the maximum value of y is 4%,

3

occurring when z = 7.

EXERCISE 1G

1 Find the maximum or minimum values of the following quadratic functions, and the corresponding

values of x:
a y=22-22
d y=222+2-1

b y=7-2z— 22
e y=4z>—z+5

¢ y=8+2x— 322
f y="7cr— 222

2 The profit in manufacturing « refrigerators per day, is given by the profit relation

P = —322 4+ 2402 — 800 dollars.

a How many refrigerators should be made each day to maximise the total profit?

b What is the maximum profit?
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=) Self Tutor

A gardener has 40 m of fencing to enclose a rectangular
garden plot, where one side is an existing brick wall.
Suppose the two new equal sides are x m long.

a Show that the area enclosed is given by brick wall
A = x(40 — 27) m?.

b Find the dimensions of the garden of maximum area.

X zm a Side [XY] has length (40 — 2z) m.
' Now, area = length x width
A = (40 — 2) m?

b A=0 when z =0 or 20.
The vertex of the function lies midway
between these values, so z = 10.

Since a < 0, the shape is /\

Y  zm Z

the area is maximised when YZ = 10 m and XY = 20 m.

3 A rectangular plot is enclosed by 200 m of fencing and has an
area of A square metres. Show that:

a A =100z —x> where z m is the length of one of its sides

8
=

b the area is maximised if the rectangle is a square.

4 Three sides of a rectangular paddock are to be fenced, the fourth side being an existing straight
water drain. If 1000 m of fencing is available, what dimensions should be used for the paddock so
that it encloses the maximum possible area?

5 1800 m of fencing is available to fence six identical fe——ym—s
pens as shown in the diagram.

a Explain why 92 + 8y = 1800.
b Show that the area of each pen is given by i
A=—322 4+ 2250 m?, em

¢ If the area enclosed is to be maximised, what are
the dimensions of each pen? T

6 500 m of fencing is available a b
to make 4 rectangular pens
of identical shape. Find the
dimensions that maximise the area
of each pen if the plan is:
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The graphs of y = 22 — 3z and y = 2x — 2

y=x%—3z .
illustrated.

> where £ =0 and z =23.

curves for 0 <z < 21.

right angled triangle shown alongside. One of them is

8 Infinitely many rectangles may be inscribed within the
. I
illustrated.

a Let AB=xzcm and BC =y cm.
Use similar triangles to find y in terms of x.

a Without using technology, show that the graphs meet

b Find the maximum vertical separation between the

b Find the dimensions of rectangle ABCD of D C

maximum area. 8 cm

INVESTIGATION 4 SUM AND PRODUCT OF ROOTS

What to do:
1 Suppose ax?+bxr+c=0 hasroots p and q.

Prove that p—i—q:_—b and pq:E.
a a

2 Suppose 222 —5r+1=0 has roots p and gq.
Without finding the values of p and ¢, find:

a ptgq b g ¢ p?+¢? d

SR
Q=

3 Find all quadratic equations with roots which are:

a one more than the roots of 222 — 5z +1=0
b the squares of the roots of 222 —5z+1=0

¢ the reciprocals of the roots of 2z% — 5z +1 = 0.

REVIEW SET 1A ALCULATOR

1 Consider the quadratic function y = —2(z + 2)(z — 1).
a State the z-intercepts. b State the equation of the axis of symmetry.
¢ Find the y-intercept. d Find the coordinates of the vertex.
e Sketch the function.
2 Solve the following equations, giving exact answers:
a 322 -12x=0 b 322 -2-10=0 ¢ 22— 11z =60
3 Solve using the quadratic formula:
a 22 +55+3=0 b 3z2+11z—-2=0
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4 Solve by ‘completing the square’: z? + 7z —4 =0
5 Use the vertex, axis of symmetry, and y-intercept to graph:
a y=(x-2)?%2-4 b y=—2(z+4)2+6
6 Find, in the form y = az? +bx + ¢, the equation of the quadratic whose graph:
a touches the z-axis at 4 and passes through (2, 12)
b has vertex (—4, 1) and passes through (1, 11).
7 Find the maximum or minimum value of the relation y = —22% 4+ 42 + 3 and the value of
x at which this occurs.
8 Find the points of intersection of y =2 — 32z and y = 32% — 5z — 24.
9 For what values of k does the graph of y = —2z% + 52z +k not cut the x-axis?
10 Find the values of m for which 222 — 3z +m =0 has:
a a repeated root b two distinct real roots ¢ no real roots.
11 The sum of a number and its reciprocal is 23—10. Find the number.
12 Show that no line with a y-intercept of (0, 10) will ever be tangential to the curve with equation
y=3x%+7x 2.
13 The diagram shows a quadratic y = 2% + mx + n.
Ay a Determine the values of m and n.
b Find k& given that the graph passes through the
point (3, k).
(1,3)
- @
A\
REVIEW SET 1B CALCULATOR
1 Consider the quadratic function y = 222 + 6x — 3.
a Convert it to the form y = a(x — h)? + k.
b State the coordinates of the vertex.
¢ Find the y-intercept.
d Sketch the graph of the function.
2 Solve:
a (z-2)(z+1)=3c—4 b 2r—L=5
X
3 Draw the graph of y = —z2 + 2z.
4 Consider the quadratic function y= —3x?+ 8z + 7. Find the equation of the axis of

symmetry, and the coordinates of the vertex.
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5 Using the discriminant only, determine the nature of the solutions of:
a 222 —-5xz—-7=0 b 322242 +48=0

6 a For what values of ¢ do the lines with equations y = 3z + ¢ intersect the parabola
y=ax?+x—5 intwo distinct points?

b Choose one such value of ¢ from part a and find the points of intersection in this case.

7 Consider the quadratic function y = 2x2 + 4z — 1.
a State the axis of symmetry. b Find the coordinates of the vertex.

¢ Find the axes intercepts. d Hence sketch the function.

8 An open square-based container is made by cutting 4 cm square pieces out of a piece of tinplate.
If the volume of the container is 120 ¢cm3, find the size of the original piece of tinplate.

9 Consider y=—22—-5x+3 and y=a2+3z+11.
a Solve for x: —x2 —5x+3 =224 3z + 11.
b Hence, or otherwise, determine the values of = for which 22 4 3z + 11 > —x2 — 52 + 3.

10 Find the maximum or minimum value of the following quadratics, and the corresponding value
of x:

a y=322+4x+7 b y=-222 -5z +2

11 600 m of fencing is used to construct 6 rectangular

animal pens as shown. ym

a Show that the area A of each pen is
_ rm T
A (6009 Sm) m2.

b Find the dimensions of each pen so that it has the
maximum possible area.

¢ What is the area of each pen in this case?

12 Two different quadratic functions of the form y = 922 — kx +4 each touch the z-axis.
a Find the two values of k.
b Find the point of intersection of the two quadratic functions.

1 Consider the quadratic function y = (z —2)? — 4.
a State the equation of the axis of symmetry.
b Find the coordinates of the vertex. ¢ Find the y-intercept.
d Sketch the function.
2 Solve the following equations:
a 22-5x-3=0 b 222 -7r-3=0
3 Solve the following using the quadratic formula:
a 22-7x+3=0 b 222 -5x+4=0
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4 Find the equation of the quadratic function with graph:

a Y b Y : C
VRN ’
- \ 5/ . - —N—
\j\/ @ -2 \ 2
(2, —20) =4 ) =3 l E;
5 Use the discriminant only to find the relationship between the graph and the x-axis for:
a y=222+4+3zx-7 b y=-322-7x+4
6 Determine whether the following quadratic functions are positive definite, negative definite, or
neither:
a y=-222+3z+2 b y=322+z+11
7 Find the equation of the
quadratic function shown: (2,25)

1

>

o

8 Find the y-intercept of the line with gradient —3 that is tangential to the parabola
y =22 — 5z + 1.

Y

For what values of k would the graph of y = 22 — 2z 4+ k cut the z-axis twice?

10 Find the quadratic function which cuts the z-axis at 3 and —2 and which has y-intercept 24.
Give your answer in the form y = az? + bx + c.

11 For what values of m are the lines y = mx—10 tangents to the parabola y = 322 +7x+2?

12 The diagram shows the parabola y = a(z + m)(x +n) where m > n.

Y a Find, in terms of m and n, the:
i coordinates of the x-intercepts A and B
il equation of the axis of symmetry.

b State the sign of:

< 1}' \B > i the discriminant A
ii a.
Y
13 a Determine the equation of: y
i the quadratic function \ I y
il the straight line. 3 T

b For what values of z is the straight line above
the curve?
—27
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"N RELATIONS AND FUNCTIONS

The charges for parking a car in a short-term car park at an airport are shown in the table below. The
total charge is dependent on the length of time ¢ the car is parked.

Car park charges K%{%‘R:gﬁ%a
Time t (hours) | Charge
0 - 1 hours $5.00
1 - 2 hours $9.00
2 - 3 hours $11.00
3 - 6 hours $13.00
6 - 9 hours $18.00
9 - 12 hours | $22.00
12 - 24 hours | $28.00

Looking at this table we might ask: How much would be charged for exactly one hour? Would it be
$5 or $9?

To avoid confusion, we could adjust the table or draw a graph. We indicate that 2 - 3 hours really
means a time over 2 hours up to and including 3 hours, by writing 2 < ¢ < 3 hours.

Car park charges 30 pt

- charge ($) ¢ ®
Time t (hours) Charge
0 < ¢ <1 hours $5.00 20

o—e

1 <t <2 hours $9.00 o exclusion
2 <t<3hours | $11.00 o o inglusion
3<t<6hours | $13.00 10 o
6 <t <9 hours $18.00 e

time (hours)
9 <t <12 hours | $22.00 < -

12 < ¢t < 24 hours | $28.00 v

3 6 9 12 15 18 21 24

In mathematical terms, we have a relationship between two variables time and charge, so the schedule
of charges is an example of a relation.

A relation may consist of a finite number of ordered pairs, such as  {(1, 5), (=2, 3), (4, 3), (1, 6)},
or an infinite number of ordered pairs.

The parking charges example is clearly the latter as every real value of time in the interval 0 < ¢ < 24
hours is represented.

The set of possible values of the variable on the horizontal axis is called the domain of the relation.

For example: e the domain for the car park relationis {¢]0 <t < 24}
e the domain of {(1, 5), (-2, 3), (4, 3), (1,6)} is {-2, 1, 4}.
The set of possible values on the vertical axis is called the range of the relation.

For example: e the range of the car park relation is {5, 9, 11, 13, 18, 22, 28}
e the range of {(1, 5), (=2, 3), (4, 3), (1, 6)} is {3, 5, 6}.

We will now look at relations and functions more formally.
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RELATIONS

A relation is any set of points which connect two variables.

A relation is often expressed in the form of an equation connecting the variables x and y. In this case

the relation is a set of points (z, y) in the Cartesian plane. "

This plane is separated into four quadrants according to the
signs of = and y. 2nd quadrant | 1st quadrant

- a >
T

3rd quadrant | 4th quadrant

2

For example, y =x+3 and =z =y~ are the equations of two relations. Each equation generates a

set of ordered pairs, which we can graph:

Y 1y

y=x+3 9
3 | =
- \KV
- -3
/ z=y
Y Y

However, a relation may not be able to be defined by an equation. Below are two examples which show
this:

s

Fany
3

(1 Y (2) vt
o °
°
°
° e
Vany FanY °
- N » - N >
T o . o T
° e
¥ v
The set of all points in the first quadrant is the These 13 points form a relation.
relation = >0, y >0
FUNCTIONS

A function, sometimes called a mapping, is a relation in which no two
different ordered pairs have the same z-coordinate or first component.

We can see from the above definition that a function is a special type of relation.

Every function is a relation, but not every relation is a function.
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TESTING FOR FUNCTIONS

Algebraic Test:

If a relation is given as an equation, and the substitution of any value for x
results in one and only one value of y, then the relation is a function.

For example:

y=3x —1 is a function, as for any value of x there is only one corresponding value of y

x =1y? isnot a function since if x =4 then y = £2.

Geometric Test or Vertical Line Test:
If we draw all possible vertical lines on the graph of a relation, the relation:

e is a function if each line cuts the graph no more than once
e is not a function if at least one line cuts the graph more than once.

| Example 1 ) Self Tutor

Which of the following relations are functions?
a b C

Ay Y / Ay

/ N E’ - }
T

Y

I |

4y DEMO
(ﬁ)
Y y

a function a function not a function

8
sV

GRAPHICAL NOTE

e If a graph contains a small open circle such as —o——, this point is not included.
e If a graph contains a small filled-in circle such as ———e, this point is included.

e If a graph contains an arrow head at an end such as ———, then the graph continues indefinitely
in that general direction, or the shape may repeat as it has done previously.

EXERCISE 2A
1 Which of the following sets of ordered pairs are functions? Give reasons for your answers.
a {(1.3), (2, 4), (3.5). (4, 6)} b {(L3), (32, (L7), (-1 4)
¢ {2 -1), (2,0, (2, 3), 2 11)} d {(7,6), (5 6), (3, 6), (—4, 6)}

e {(0,0), (1,0),(3,0), (5 0)} f{(0,0), (0, =2), (0, 2), (0, 4)}
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2 Use the vertical line test to determine which of the following relations are functions:

N, AL,
DNEAR |

Sl S

D R PSSR
| . : [\

3 Will the graph of a straight line always be a function? Give evidence to support your answer.

4 Give algebraic evidence to show that the relation z2 +3% =19 is not a function.

S FUNCTION NOTATION

Function machines are sometimes used to illustrate how functions behave.

If 4 is the input fed into the machine,

I double the the output is  2(4) +3 = 11.
input and

then add 3 , {

output

> 22+3
The above ‘machine’ has been programmed to perform a particular function.
If f is used to represent that particular function we can write:

f is the function that will convert z into 2x + 3.

So, f would convert 2 into 2(2)+3=7 and
—4 into  2(—4) +3 = -5b.

This function can be written as:

f:x—2x+4+3 [f(w) isreadas“fofa:”.j
~————
_——
function f such that x is converted into 2z + 3

Two other equivalent forms we use are  f(z) =2x+3 and y=2z+ 3.

f(z) is the value of y for a given value of z, so y = f(z).
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f is the function which converts = into f(x), so we write

/
o f() - 2.7
y = f(z) is sometimes called the function value or image of z. f(@)=2z+3
For f(z)=2z+3: y
e f(2) =2(2)+3 =7 indicates that the point (2, 7) lies on = 5 H

the graph of the function.

e f(—4)=2(—4)+3 = -5 indicates that the point (—4, —5)
also lies on the graph. (=4,-5)

A linear function is a function of the form f(z) = az +b where a, b are real constants.

The graph of a linear function is a straight line.

) Self Tutor

If f:xw 222 -3z, find the valueof: a f(5) b f(-4)

f(x) =22% — 3z

a f(5)=2(5)%-3(5 {replacing = with (5)}
=2x25-15
=35
b f(—4) =2(—4)> —3(—4) {replacing = with (—4)}
= 2(16) + 12
=44

) Self Tutor

If f(x)=5—=z—22 findinsimplest form: a f(-z) b f(z+2)

a f(-z)=5-(-z) — (~2)*
=5+ —122
b fz+2)=5—(z+2)— (z+2)? {replacing = with (z + 2)}
=5—2—2— [z2 + 4z +4]
=3-—z—2°—4z—4

{replacing x with (—z)}

=—z2-5z—1
EXERCISE 2B
1 If f:2+~—3x+2, find the value of:
a f(0) b f(2) < f(=1) d f(-5) e f(-3)
2 If f:xw 3x—2%2+2, find the value of:
a f(0) b f(3) < f(=3) d f(=7) e f(3)
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10

11

12

If g:ax—ao— é, find the value of:
x

a g(1) b g(4) ¢ g(=1) d g(-4) e g(-3)
If f(x)=7-3z, find in simplest form:
a f(a) b f(—a) ¢ fla+3) d f(b—1) e f(z+2) f flz+h)
If F(x)=22?+3z—1, find in simplest form:
a Flx+4) b F(2-2) ¢ F(-x) d F(2?) e F(z2-1) f F(z+h)
Suppose  G(x) = Z;jj.
Evaluate: i G(2) i G(0) i G(-3)

Find a value of z such that G(z) does not exist.
Find G(z +2) in simplest form.
Find z if G(z) = -3.

QO an O o

f represents a function. What is the difference in meaning between f and f(z)?

The value of a photocopier ¢ years after purchase is given by =
V() = 9650 — 860t curos. = {
a Find V(4) and state what V(4) means. - °:‘;l/
b Find ¢t when V(t) = 5780 and explain what this represents. T—_—
¢ Find the original purchase price of the photocopier. _:—l—_.
On the same set of axes draw the graphs of three different functions f(z) such that f(2) =1 and
f)=3.
Find a linear function f(z) =ax+0b for which f(2)=1 and f(-3)=11.

Given f(x)=ax + 2, f(1)=1, and f(2)=>5, find constants a and b.
T

Given T(z)=az?>+bz+c, T(0)= -4, T(1)= -2, and T(2) =6, find a, b, and c.

Ml DOMAIN AND RANGE

The domain of a relation is the set of values of z in the relation.

The range of a relation is the set of values of y in the relation.

The domain and range of a relation are often described using set notation.

For example:

(1

Y All values of = > —1 are included,
/ so the domain is {z | z > —1}.
- . All values of y > —3 are included,

xT
so the range is {y |y > —3}.
(_1’ _3)
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(2) Yy x can take any value,
(2,1) so the domain is {z | € R}.

s

y cannot be > 1,

< \ > T so the range is {y ‘ Yy < 1}~
¥

(3) Ly x can take all values except 2,
so the domain is {z | = # 2}.
y can take all values except 1,

e so the range is {y | y # 1}.

v \x:Z

NUMBER LINE GRAPHS

We can illustrate sets of values on a number line graph. For example:

{z|x>3} is read ‘the set of all = such that x is greater than or equal to 3’
and has number line graph B g—> .

{z |z <2} has number line graph - ‘—g -

{z|-2<z<1} has number line graph - _3—1 >

{z|z<0 or z >4} has number line graph A‘_g Z_ﬁ x

0 _, For numbers between a and b we write a < z < b.

a b
% a For numbers ‘outside’ a and b we write x < a or x > b.

DOMAIN AND RANGE OF FUNCTIONS

To fully describe a function, we need both a rule and a domain.

2

For example, we can specify f(x) = a* where z > 0.

If a domain is not specified, we use the natural domain, which is the largest part of R for which f(z)
is defined.

For example, consider the domains in the table opposite: f(x) | Natural domain
) i i . z? zcR
Click on the icon to obtain software for finding the JE >0
domain and range of different functions. . =
1
DOMAIN " z#0
AND RANGE )
(1? > — x>0
VT
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) Self Tutor

For each of the following graphs state the domain and range:
a y b Ly
(4,3) \ /
‘ \. B ‘ \/ -
(8> _2)
¥ ' (2> _1)
a Domainis {z|z <8} b Domainis {z |z € R}
Rangeis  {y|y > -2} Rangeis  {y|y > -1}
| Example 5| <) Self Tutor
State the domain and range of each of the following functions:
1 1
a f(z)=vaz-5 b flz)=— ¢ flz)=
Tz —5 T —5
a vx—5 1isdefinedwhen z—5>0 Ly
°, B =B
the domain is {x | z > 5}.

the range is

b
5

the domain is

1S never zero.
the range is

{yly >0}

T

{y |y #0}.

A square root cannot be negative.

is defined when = —5#0

£5

No matter how large or small z is, y = f(x)

f

is defined when =z —5 >0 Ly 1
X >b -

{z | x > 5}.

y = f(z) is always positive and never zero. 5

{y|y>o0}

1
V& —5

the domain is

the range is
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EXERCISE 2C

1 For each of the following graphs, find the domain and range:

a Ay b LY < Ay
Y \\ (—-1,1) /%’3) K .

o - —
< > - » T P e Y=
\ \ =2
d AY e AY f Yl
) ) "/ \
S LY

h AY i J AY k\
lULVx ) /ix < — >
272) 3 \
(—4,-3) y=-2 r=—2i ir=2

2 State the values of x for which f(z) is defined, and hence state the domain of the function.

1 -7
3 Find the domain and range of each of the following functions:
a f:rz—2x—-1 b f(x)=3 c fixm /T
1 1 1
d fo)=— e fa)=-— ffram

4 Use technology to help sketch graphs of the following functions. Find the domain
and range of each.

— S5 . 1 DOMAIN
a fla)=vo-2 ® f'xHxZ AND RANGE
¢ fix—d—2x d y=22>-7z+10 (1% -
e f(z)=+Va?+4 f f(z)=+va2—-4
g f:x 5r—3x? h f:ﬂc»—>ﬂc+l

T

| y=2t4 i y=2%-322 -9z +10

z—2
k f:x|—>23$—_9 |l y=a? 4272

T4 —x—2

m y:xs—i—% n f:x—a*+42° 162 +3

xT
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INVESTIGATION 1 FLUID FILLING FUNCTIONS

When water is added at a constant rate to a cylindrical container, the depth of water in the container
is a linear function of time. This is because the volume of water added is directly proportional to the
time taken to add it. If the water was not added at a constant rate, depth of water over time would
not be a linear function.

The linear depth-time graph for a water y

o L : depth
cylindrical container is shown alongside. o
— ’
debih
v =
time
In this investigation we explore the
changes in the graph for different shaped e
containers such as the conical vase.
DEMO
-« >
I ? time

What to do:

1 By examining the shape of each container, predict the depth-time graph when water is added at
a constant rate.

o

2 Use the water filling demonstration to check your answers to question 1.

Write a brief report on the connection between the shape of a vessel and the corresponding shape
of its depth-time graph. First examine cylindrical containers, then conical, then other shapes.
Gradients of curves must be included in your report.

&4 Suggest containers which would have the following depth-time graphs:

a b c d
4depth b depth b depth 4 depth

time_ time_ time_ time_
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Given f: x+— f(x)

x into f(g(z)).

fog is used to represent the composite function of f and g. It means “f following g”.
(f 0 9)(x) = f(g(x)) fog: @ fg(@)).

4

COMPOSITE FUNCTIONS

and ¢: z— g(z), the composite function of f and g will convert

or

Consider f:z+—=x

fog means that g converts z to 2z + 3 and then f converts (2z +3) to (2x + 3)%.

and g¢: x— 2x+ 3.

This is illustrated by the two function machines below.
T

Notice how f is

following g.

l [ g-function machine
I double 2 + 3

and then
add 3 l f-function machine
2% + 3 I raise a \—\
number to ]
the power 4 l

Algebraically, if f(z) = 2* and g(z) =2z +3 then

(fog)(x) = flg(x))

= f(2x +3) {g operates on x first}
= (224 3)*  {f operates on g(z) next} Q
and (go f)(z) =g(f(x)) — T
= g(z*) {f operates on z first}
=2(z*)+3  {g operates on f(x) next}
=224 +3
So, flg(x)) # g(f(2)).
In general, (f o g)(z) # (g9 f)(x).

Example 6

Given f:x—2x+1
a (fog)(z)

) Self Tutor

and g¢: x+— 3 —4z, find in simplest form:

b (g0 f)(z)

f(z)=2z+1 and g(z)=3-—4x
a (fog)(z) = f(g(=))

b (9o f)(x) =g(f(z))

= f(3 — 4z) =gz +1)
=2(3—4z) +1 =3—-4(2x+1)
=6—-8z+1 =3—-8z—4
=7—8x = —8r—1
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In the previous example you should have observed how we can substitute an expression into a function.

If f(r)=2x+1 then f(A)y=2(A)+1
and so f(3 —4x) =2(3 —4z) + 1.

) Self Tutor

Given f(z)=6z—5 and g(z)=x?+z, determine:
a (gof)(=1) b (fof)0)
a (9o f)(=1) =g(f(-1)) b (fof)0)=r(£(0)
Now f(—1)=6(-1)—5 Now f(0) = 6(0) 5
= =11 =-5
(9o f)(=1) =g(-11) s (fof)0) =f(=5)

= (~11)* + (-11) =6(—5)—5
=110 =35

The domain of the composite of two functions depends on the domain of the original functions.

For example, consider f(z) = 2? with domain z € R and g¢(z) = \/z with domain z > 0.

(fog)(x) = flg(x))

= (Vx)? The domain of (fog)(x) is = >0, not R, since (fog)(x)
=z is defined using function g(x).
EXERCISE 2D
1 Given f:x—22x+4+3 and ¢g: xz+— 1—2, findin simplest form:
a (fog)(z) b (g0 f)(x) ¢ (feg)(=3)
2 Given f(z)=2+xz and g¢(z)=3—z, find:
a (fof)(z) b (fog)(z) ¢ (gof)(x)
3 Given f(z)=+v6—x and g(z)=>5z—7, find:
a (gog)(x) b (fog)1) ¢ (go/)(6)

4 Given f:z+—2? and g:2—2—x, find (fog)(x) and (go f)(z).
Find also the domain and range of fog and go f.

5 Suppose f:xzr—22+1 and g:x— 33—z
a Find in simplest form: i (fog)(z) ii (gof)(x)
b Find the value(s) of = such that (go f)(z) = f(x).

6 a If ar+b=cx+d forall values of x, show that a =c¢ and b=d.
Hint: If it is true for all «, it is true for x =0 and x = 1.

b Given f(x)=2x+3 and g(zr)=ax+b andthat (fog)(x)==x for all values of z,
deduce that a =3 and b= —32.

2
¢ Is the result in b true if (go f)(z) =« for all 2?
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7 Given f(z)=+1—=z and g(z)=2% (find:
a (fog)(z) b the domain and range of (f og)(x)

Sometimes we do not wish to draw a time-consuming graph of a function but wish to know when the
function is positive, negative, zero or undefined. A sign diagram enables us to do this and is relatively
easy to construct.

SIGN DIAGRAMS

For the function f(z), the sign diagram consists of:

e a horizontal line which is really the z-axis
e positive (+) and negative (—) signs indicating that the graph is above and below the z-axis
respectively

e the zeros of the function, which are the x-intercepts of the graph of y = f(z), and the roots of
the equation f(z) =0 DEMO
e values of z where the graph is undefined. (W)

Consider the three functions given below.

Function y=(zx+2)(z—-1) y=—-2(z~-1) vy=2
Y Yy YN
‘ 1 z
Graph - ) T ) f z
-2 1

¥ Y
Sign I e - -, - N B — + _
diagram | = —2 1 T | T 1 g ) 0 z

From these signs you should notice that:

e A sign change occurs about a zero of the function for single linear factors such as (x +2) and
(x —1). This indicates cutting of the z-axis.

e No sign change occurs about a zero of the function for squared linear factors such as (x — 1)2.
This indicates touching of the z-axis.

° : indicates that a function is undefined at z = 0.

In general:

e when a linear factor has an odd power there is a change of sign about that zero
e when a linear factor has an even power there is no sign change about that zero.
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Example 8

) Self Tutor

Draw sign diagrams for:
a by b y B=3
-2 1 4 o
T ) N1 i
2
J wm==2
a b
il R S M N I S Bl I S
=2 1 4 = 3
EXERCISE 2E
1 Draw sign diagrams for these graphs:
y b j’\ y
} 5 / z L1 3 g
- Z
I\_/2
d y e f

V=

—9 x
Y
- z
-1 l 2\
o y‘ L
r=3

j @
A\

Ay
—3 4
/ \’
w
r=-2i Y% r=2
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Example 9

Draw a sign diagram for:
a (z+3)(z—-1)

) Self Tutor

b 2(2z +5)(3 - 1)

a (r+3)(x—1) has zeros —3 and 1.
| +

- I ¥ » T

-3 1

We substitute any number > 1.
When z =2 we have (5)(1) >0,
so we put a + sign here.

As the factors are single, the signs

b 2(2z+5)(3—1) has zeros —5 and 3.

| TR

3

o —

We substitute any number > 3.
When = =5 we have 2(15)(—2) <0,
so we put a — sign here.

As the factors are single, the signs
alternate.

alternate.
= = 0 ¥ S I S I
- » T -+ > T
-3 1 -3 .
Example 10 o) Self Tutor
Draw a sign diagram for:
a 12— 322 b —4(z—3)2
a 12-3x% = -3(z* - 4) b —4(x —3)? has zero 3.
— —3(z+2)(c—2)
which has zeros —2 and 2.
- | LT ., - | T e

=2 2

We substitute any number > 2.
When =3 we have —3(5)(1) <0,
so we put a — sign here.

As the factors are single, the signs

3

We substitute any number > 3.
When = =4 we have —4(1)2 <0,
so we put a — sign here.

As the factor is squared, the signs do

alternate. not change.
3 I B - | - .
-2 2 3
2 Draw sign diagrams for:

a (z+4)(x—2) b z(zx—3) ¢ z(z+2)
d —(z+1)(z—3) e 2z-1)3-1x) f (5—x)(1-2x)
g 22-9 h 4— 22 i 5r— a2
j 22 —-3x+2 e 2 —8z2 | 622 +2—2
m 6 — 16z — 622 n —2z2+9z+5 o —152% —x+2
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3 Draw sign diagrams for:

a (z+2)? b (x-3)? ¢ —(r+2)2
d —(z—4)? e z2-2r+1 f —2?+4z—4
g 422 —4x+1 h —22—-6z—-9 i —422+122 -9
| Example 11| «) Self Tutor
Draw a sign diagram for —— L
2z + 1
d is zero when x = 1 and undefined when x = —%.
2z + 1
e _ r—1 _ 9
- - 1| -z When z = 10, 2$+1—21>0
-2

Since (z —1) and (2z + 1) are single factors, the signs alternate.

=) = L
1
-1 1
4 Draw sign diagrams for:
a T+ 2 b T c 2z + 3 d 4 — 1
x—1 r+3 4 —x 2—x
_ —_1)2
e 3z f 8z g (z—1) h 4z
xz—2 3—z T (z+1)2
. (z+2)(xz—1) . oz(z—1) 2 —4 3—z
I —_— j —= k e
3—z 2—z - 222 — 2 —6

Ui RATIONAL FUNCTIONS

We have seen that a linear function has the form y = ax + b.
When we divide a linear function by another linear function, the result is a rational function.

Rational functions are characterised by asymptotes, which are lines the function gets closer and closer
to but never reaches.

ax +b

The rational functions we consider in this course can be written in the form y = —a
CcT

These

functions have asymptotes which are horizontal and vertical.

RECIPROCAL FUNCTIONS

A reciprocal function is a function of the form =z — k or f(z)= k where k # 0.
T x

>

The simplest example of a reciprocal function is f(z) = l.
€T
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The graph of f(z) = 1 is called a rectangular hyperbola.
xT
Y Notice that:

o f(x)= 1 is undefined when z =0
x

e The graphof f(z) = L exists in the first
X

and third quadrants only.

o f(x)= i is symmetric about y = x and

x y=—u.

e as z — oo, f(xr)— 0 (from above)
as x — —oo, f(x) — 0 (from below)
as x — 0 (from the right), f(z) — oo
as x — 0 (from the left), f(z) — —0

e The asymptotes of f(x) = 1 are the
T

v z-axis and the y-axis.

GRAPHING
— reads “approaches” PACKAGE
or “tends to” (ﬁ >

I RECIPROCAL FUNCTIONS

In this investigation we explore reciprocal functions of the form y = E, k #0. DEMO
v (ﬁ)
What to do:

1 Use the slider to vary the value of k for £ > 0.

a Sketch the graphs of y = l, Yy = z, and y = 4 on the same set of axes.
x x x

b Describe the effect of varying k on the graph of y = E
x

2 Use the slider to vary the value of k£ for k < 0.

a Sketch the graphs of y = —l, Y= —z, and y= 4 on the same set of axes.
X x T

b Describe the effect of varying k& on the graph of y = k

T
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RATIONAL FUNCTIONS OF THE FORM y = %212, ¢ 5 ¢

x + d’
The graph of f(z) = 22+ 1 s shown below.
Y Notice that when = =1, f(x) is undefined.
Y- 2z +1
r—1 The graph approaches the vertical line x =1, so z =1 isa

vertical asymptote.

y=2 Notice that  £(0.999) = —2998 and f(1.001) = 3002.
:\/ - We can write: as x — 1 (from the left), f(z) — —o0
-3 ) as x — 1 (from the right), f(x) — oo
-1
or  as r—17, f(z)— -0
r=1 as — 17,  f(z) — 0.

To determine the equation of a vertical asymptote, consider the values of x which make the function
undefined.

The sign diagram of y = i e VO il Il W

N |1 ! »2 and can be used to discuss the function
z _1
2

near its vertical asymptote without having to graph the function.

The graph also approaches the horizontal line y =2, so y =2 is a horizontal asymptote.

Notice that f(1000) = 2% ~2.003 and f(—1000) = —222 ~ 1.997
999 —1001
We can write:
as x — 00, y — 2 (from above) or as r — oo, y-—2"
as x — —oo, y — 2 (from below) or as r — —oo, Yy — 2.

We can also write: as |z| — oo, f(z) — 2.

This indicates that as = becomes very large (either positive or negative) the function approaches the
value 2.

To determine the equation of a horizontal asymptote, we consider the behaviour
of the function as |z| — co.

INVE FINDING ASYMPTOTES
What to do:
GRAPHING
1 Use the graphing package supplied or a graphics calculator to examine the PACKAGE
following functions for asymptotes: (ﬁ’
_ 3 3z +1 _2x—9
ay= 1+x—2 R y_x—|—2 ©cv= 3—z

2 State the domain of each of the functions in 1.

3 How can we tell directly from the function, what its vertical asymptote is?
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| DISCUSSI

Can a function cross a vertical asymptote?

) Self Tutor

Consider the function y = LQ +4.
P

a Find the asymptotes of the function. b Find the axes intercepts.

¢ Use technology to help sketch the function, including the features from a and b.

a The vertical asymptote is = = 2. C Y
The horizontal asymptote is y = 4.
b When y =0, 6 —
x—2
—4(x—2)=6
—4x+8=06 y=4
. 4z =2
_ 1 ‘\
xr== - -
5 . = 7 7
When =0, y=—=5+4=1 .
So, the z-intercept is & and the 2
y-intercept is 1.
Y B=2%
a8 B HemRadfiomy
¥

20ty
15
10

5

b4

0 3 1
-10 B
15| x
_og) -20 -1 -10 & Dﬂ 5 o 15 a0

Further examples of asymptotic behaviour are seen in exponential, logarithmic, and some trigonometric
functions.

EXERCISE 2F

1 For the following functions:

w e oo

i determine the equations of the asymptotes
ii state the domain and range
iii find the axes intercepts
iv discuss the behaviour of the function as it approaches its asymptotes
v sketch the graph of the function.

3r—1
x—2 x+1 ’ x—2 d f<x)_a:+2
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ar +b
cx+d’

a State the domain of the function.

2 Consider the function y =

where a, b, ¢, d are constants and ¢ # 0.

b State the equation of the vertical asymptote.

ad
+b o b7
¢ Show that for ¢ # 0, ar == .
7 cr+d c+ca:+d

Hence determine the equation of the horizontal asymptote.

ACTIVITY

Click on the icon to run a card game for rational functions.

GAME

(W)
[N INVERSE FUNCTIONS

The operations of + and —, x and +, squaring and finding the square root, are inverse operations as
one undoes what the other does.
For example, z+3—-3=xz, zx3+3=xz and V8 =38.

-3

The function y =2z + 3 can be “undone” by its inverse function y = mT

We can think of this as two machines. If the machines are inverses then the second machine undoes what
the first machine does.

No matter what value of = enters the first machine, it is returned as the output from the second machine.

1
input l[
y=2r+3 ,—li output

N T
y== \lrll\

A function y = f(x) may or may not have an inverse function.

If y= f(x) has an inverse function, this new function:

f£~1 is not the

o is denoted f~!(x) reciprocal of {

e must indeed be a function, and so must satisfy the vertical line test =) # @

e is the reflection of y = f(z) in the line y ==
o satisfies (fof !)(z)=2 and (f~lof)(z)==x.

The function y =z, definedas f: z — z, is the identity function.
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If (x, y) lies on f, then (y, x) lies on f~!. Reflecting the function in the line y = x has the algebraic

effect of interchanging x and y.

For example, f:y=>5z+2 becomes f~1:z=>5y+2.

The domain of f~! is equal to the range of f.

The range of f~! is equal to the domain of f.

y/ SYTT y= f"Y(z) is the inverse of y = f(z) as:

) e it is also a function
/ =/ e it is the reflection of y = f(z) in the
< g5 > line y = =.

The parabola shown in red is the reflection of y = f(x)
in y =z, butitis not the inverse function of y = f(x)
as it fails the vertical line test.

In this case the function y = f(x) does not have an

inverse.

Y

Now consider the same function y = f(z) but with
the restricted domain x > 0.

The function does now have an inverse function, as
shown alongside. However, domain restrictions like this
are beyond this course.

y=v |

Example 13
Consider f :
a On the same axes, graph f and its inverse function f—!.
b Find f~!(z) using:
i coordinate geometry and the gradient of y = f~!(x) from a

ii variable interchange.

¢ Check that (fof ) (@)= (f"of)(z)=2x

T +— 2x + 3.

o) Self Tutor
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a f(z) =2x+3 passes through (0, 3) and (2, 7).
f~Y(x) passes through (3,0) and (7, 2).

E y=1) If f includes point
2,7) y=a (a,b) then f~1
includes point (b, a).
(0,3) y=f"(z) \
(7.2)
(3.0) g
b i y=f"'(z) has gradient 7%2 = % i fis y=2z+3,
.. y—0 1 f~lis z=2y+3
Its equation is il z—3—2y
z—3 _
y="5 oy
_ x—3 €T —
IOEES fHe) =52

< (fof and (f "o f)(x)

= f(f}(z)) =f71(f(=))

—p(x=3 =f71(2z +3)

f( 23) (2z+3)—3
v =
B 2( 2 ) 3 2z ’
=z 7
=

The reciprocal function f(z) = l, x #0, is said to be a self-inverse function as f = f— .
x

This is because the graph of y = 1

xT

is symmetrical about the line y = x.

Any function which has an inverse, and whose graph is symmetrical about the line y = z,

is a self-inverse function.

Graphics calculator tip:

When graphing f, f~!, and y = x on the same set of axes, it is best to set the scale so that y = z

makes a 45° angle with both axes.

EXERCISE 2G

1 For each of the following functions f:

i On the same set of axes, graph y =, y = f(z), and y= f~1(z).

ii Find f~!(x) using coordinate geometry and the gradient of y = f~!(z) from i.

iii Find f~!(z) using variable interchange.
T+ 2

a f:rx—3r+1 b f:z—
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2 For each of the following functions f:

i find f~1(x)

ii sketch y= f(x), y=f"1(x), and y = on the sameset of axes
iii show that (f~'o f)(z)=(fof 1) (z) =x, the identity function.

3 — 2z

a f:x—2x+5 b f:z— ¢ frx—ax+3

3 Copy the graphs of the following functions and draw the graphs of y =z and y = f~!(z) on
the same set of axes.

a b c PRINTABLE
Y ry GRAPHS
i
y=f(z) L, 3 1 /;
. x ~
A V

4 For the graph of y = f(x) given in 3 a, state:
a the domain of f(x) b the range of f(x)
¢ the domain of f~!(z) d the range of f~!(x).

5 a Comment on the results from 3 e and f.

Draw a linear function that is a self-inverse = funcfilon is self-inverse
function. if f(z) = f(=).

. . 1
¢ Draw a rational function other than y = —, \ @
x

that is a self-inverse function.

6 If the domain of H(z) is {z | —2 < x < 3}, state the range of H ~'(z).
7 Given f(z)=2x—5, find (f~')~!(x). What do you notice?

8 Sketch the graph of f:z+ 2% and its inverse function f~1(x).

9 Given f:x+— l, x#0, find f~! algebraically and show that f is a self-inverse function.
x

10 Show that f:z— 3z _38, x # 3 s a self-inverse function by:
z —
a reference to its graph b using algebra.

11 Consider the function f(z) =z — 1.

a Find f(z). b Find: i (fof Y i (flof)(z).
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12 Consider the functions

a Find g71(-1).

13 Consider the functions
a Find: i f(2)
14
15
a f(z)=2x
2
d f(z)= >

16

88—«

frx—2x+5 and gz ——.

b Show that f~1(-3)—g~1(6) =0.
¢ Find z such that (fog~!)(z) =9.

frx— 5"
i g7(4).

and g:xz— /x.

b Solve the equation (g~ ! o f)(x) = 25.

Which of these functions is a self-inverse function?

b f(z)==x
e flo)=-2

The horizontal line test says:

c f(z)=—2

Given f:z+ 2z and g:x > 4z —3, show that (f~tog ') (z) = (go f) ().

For a function to have an inverse function, no horizontal line can cut its graph more than once.

a Explain why this is a valid test for the existence of an inverse function.

b  Which of the following functions have an inverse function?

i Y

ii yd iiil 17
1 /
- *1/ r - T %
/ ’
Y Y Y
REVIEW SET 2A ALCULATOR
1 For each graph, state:
i the domain ii the range iii whether the graph shows a function.
b
a Y N
2
- > T
/ - -
- =y
Y
Y
C Y d AY
\/ /\ 5
1
< N > <} 4y x
! —5
Y
2 If f(xr)=2z—2?% Cfind: a f(2) b f(-3) ¢ f(-3%)
3 Suppose f(xz)=ax+b wherea and b are constants. If f(1) =7 and f(3) = —5, find

a and b.
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4 If g(z) =22—3x, find in simplest form:

5 For each of the following graphs determine:

i the domain and range
iii whether it is a function.

| \ | /
R S =
s
g (29—5)

6 Draw a sign diagram for:

a (3z+2)(4—2)

a g(z+1)

b g(2?

—92)

ii the x and y-intercepts

r—3
x2 + 4z +4

7 If f(x)=ax+b, f(2)=1, and f~1(3)=4, finda andb.

8 Copy the following graphs and draw the inverse function on the same set of axes:

a Y

9 Find f~!(z) given that f(z) is: a 4z +2 b

10 Consider f(z)=2? and g(z)=1- 6z.

a Show that f(—3) = g(—%).
¢ Find z such that g(z) = f(5).

11 Given f:x—3x+6 and h:x»—>§,

REVIEW SET 2B

b

Y

b Find (fog)(-2).

1 For each of the following graphs, find the domain and range:

a
Y

y=(z—1)(z-5)

IR SZ

b )

—

>

show that (f~toh™1)(x) = (ho f) (z).

CALCULATOR

.

2 If f(z)=2x-3 and g(z)=12%+2, find in simplest form:

a (fog)(x)

b (g0 f)(x)
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3 Draw a sign diagram for:
z2 — 6z — 16 p Z+9 N
=3 x+5

4 Consider f(z)= ig
X
a For what value of z is f(x) undefined, or not a real number?
b Sketch the graph of this function using technology.

¢ State the domain and range of the function.

axr + 3
z—b

5 Consider the function f(z) =

a Find a and b given that y = f(x) has asymptotes with equations = —1 and y = 2.
b Write down the domain and range of f~!(x).

. . 4 1
6 Consider the function f:z +— —; 1
— X
Determine the equations of the asymptotes.
State the domain and range of the function.
Discuss the behaviour of the function as it approaches its asymptotes.
Determine the axes intercepts.

Sketch the function.

® O an O o

7 Consider the functions f(z) =3z +1 and g(z) = 2
T

a Find (go f)(z).
b Given (go f)(z)=—4, solve for x.
¢ Let h(z)=(gof)(z), z=#—3.
i Write down the equations of the asymptotes of A(x).
ii Sketch the graph of h(z) for —3 < a <2
ili State the range of h(z) for the domain —3 <z < 2.

8 Consider f:x—2x—T.
a On the same set of axes graph y =z, y = f(z), and y= f~1(z).
b Find f~!(z) using variable interchange.
¢ Show that (fof 1) (z)=(f"tof)(z) == the identity function.
9 The graph of the function f(z) = —32z2, 0<x <2 Ay
is shown alongside.
a Sketch the graph of y = f~1(x).

b State the range of f~1. (1,-3)
¢ Solve: =0 ’
i f(z)=-10 i fi(z)=1 0
(2,~12)
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REVIEW SET 2C

1 For each of the following graphs, find the domain and range:
a Yy b YA

3

2 Given f(z)=2?+3, find:

a f(-3) b z such that f(z)=4.
3 State the value(s) of « for which f(x) is undefined:
a f(x):10+2m_1 b f(x)=vVx+7

4 Draw a sign diagram for:

a f(z) =xz(z+4)(3z+1) b f(z)= ng
5 Given h(z)=7—3z, find:

a h(2x—1) in simplest form b 2 such that h(2z—1)=-2.
6 If f(x)=1—2z and g(z)=+/z, find in simplest form:

a (fog)(z) b (90 f)(x)

7 Suppose f(z)=az?’+bzr+c. Finda, b, andcif f(0)=5, f(—2) =21, and f(3) = —4.

8 Copy the following graphs and draw the graph of each inverse function on the same set of axes:

a Yy b yi
3/ /
2 .
T

4/

/_2
3 3

9 Find the inverse function f~!(z) for:

sY

a f(z)=7-4a ) f(m):“:m

10 Given f:x+— 5z —2 and h:xH%, show that (f~toh 1) (z) = (ho f) ().

11 Given f(z)=2x+11 and g(z) =22 find (go f~1)(3).
12 Sketch a function with domain {z |  # 4}, range {y |y # —1}, and

sign diagram  — | * i —
1 4

» T
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OPENING PROBLEM

The interior of a freezer has temperature —10°C. When a packet of peas is placed in the freezer, its
temperature after + minutes is given by 7T(t) = —10 + 32 x 2702t °C,

Things to think about:
a What was the temperature of the packet of peas:
i when it was first placed in the freezer ii after 5 minutes
iii after 10 minutes iv after 15 minutes?
b What does the graph of temperature over time look like?

¢ According to this model, will the temperature of the packet of peas ever reach —10°C? Explain
your answer.

We often deal with numbers that are repeatedly multiplied together. Mathematicians use exponents, also
called powers, or indices, to construct such expressions.

Exponents have many applications in the areas of finance, engineering, physics, electronics, biology, and
computer science. Problems encountered in these areas may involve situations where quantities increase
or decrease over time. Such problems are often examples of exponential growth or decay.

Al EXPONENTS

Rather than writing 3 x 3 x 3 X 3 x 3, we can write this product as 3°. 5
If n is a positive integer, then a™ is the product of n factors of a. 3
a® =aXaXaxaX ... X a ?
n factors r power,
. . index or
We say that a is the base, and n is the exponent or index. base  exponent
NEGATIVE BASES
(-1 =1 (-2)! = -2
(-1)2=—-1x 1= (-2)2=-2x-2=4
(1)} =-1x-1x—-1=-1 (-2 = -2x 2x-2=-8
(-1)*=-1x-1x-1x-1=1 (—2)* = -2x —2x —2x —2=16
From the patterns above we can see that:
A negative base raised to an odd exponent is negative.
A negative base raised to an even exponent is positive.
CALCULATOR USE
Although different calculators vary in the appearance of keys, they all perform S
operations of raising to powers in a similar manner. Click on the icon for GRAPHICS

instructions for calculating exponents. CALCULATOR
INSTRUCTIONS
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m ) Self Tutor

Find, using your calculator: a 65 b (-5)* ¢ -7
a Casio fx-CG20 b TI-84 Plus (4 TI-nspire
B ¢ -5 [11] HUnsaved v x|
6° E23 4 -2401
q 7776 v

JUMP JDELETE] PMAT ] MATH

1/49

6° = 7776 (—=5)* =625 -4 = -2401
Example 2 ) Self Tutor
Find using your calculator: a 52 b L. Comment on your results.
52
a Casio fx-CG20 b TI-84 Plus
B 152
52 « 84
0.04
O

JUMP DELETE MATH

5-2 = .04 5i2 —0.04

.. 1
The answers indicate that 572 = =

EXERCISE 3A

1 List the first six powers of:

a 2 b 3 c 4
2 Copy and complete the values of these common powers:

a fl=..., 52=...., B®=.., B*=..

b 6l=..., 62=..., 62=...., 6*=...

¢ t=..., ’=.., B=.., T=..
3 Simplify, then use a calculator to check your answer:

a (-1)° b (—1)¢ ¢ (-1 d (-1t e (—1)8 f —18

g —(-1D° h (=2 i —2° i —(=2° Kk (-5 I —(-5)*
4 Use your calculator to find the value of the following, recording the entire display:

a 47 b 7 ¢ —5° d (-5)5 e g§° f (—8)°

g —86 h 2.13° i —2.139 i (—2.13)°
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5 Use your calculator to find the values of the following:

1 1 _9
a9 b9_1 c 6 d6—2

g 17° h (0.366)°
What do you notice?

6 Consider 3!, 32, 33,34, 3% ..

7 What is the last digit of 72172

HISTORICAL NOTE

Nicomachus discovered an interesting number pattern involving cubes
and sums of odd numbers. Nicomachus was born in Roman Syria
(now Jerash, Jordan) around 100 AD. He wrote in Greek and was a
Pythagorean.

The exponent laws for m, n € Z are:

374 f =

Look for a pattern and hence find the last digit of 3101,

1=13
3+5=8=23
7+9+11=27=3°

LAWS OF EXPONENTS

a™ X a® = a™t"

To multiply numbers with the same base, keep the base
and add the exponents.

—=a""", a #0 To divide numbers with the same base, keep the base and
@ subtract the exponents.
(a™)™ = a™>"™ When raising a power to a power, keep the base and
multiply the exponents.
(ab)™ = a™b™ The power of a product is the product of the powers.
a\n a™
(3) = b#0 The power of a quotient is the quotient of the powers.
a®=1, a#0 Any non-zero number raised to the power of zero is 1.
1 . , L, 1
a " =— and = a" and in particular a=* = —, a # 0.
a™ a " a

o) Self Tutor

T . 5 3
. 5 . a4 4
Simplify using the exponent laws: a 3’x3 b =5 c (m )
3
a 35 x 3¢ b > < (m4)3
55
= 35+4 _ 53_5 — m4)<3
=39 _ 52 — mi2
_ 1
25
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) Self Tutor

Write as powers of 2:
a 16 b L ¢ 1 d 4x2n e Z-
8
a 16 b L ¢ 1 d ax2* e I
—2x2x2x2 1 =2° =22 % 2" om
_ 24 - 2_4 _ 22+n = 2—3
= 2_4 2m—3
EXERCISE 3B
1 Simplify using the laws of exponents:
a 5*x5” b d?xds ¢ & a ’ e ( 2)5 f (34)4
K3 76 v
3 3
p 3. 9 3 z o 72 10 4\m
s = h n®xn i (5% j T"x7 k (Y
2 Write as powers of 2:
1 1 1
a 4 b ; ¢ 8 d 3 e 32 f
g 2 h 3 i 64 i 5 128 I &
3 Write as powers of 3:
1 1 1
g 81 h & i1 j 243 7=
4 Write as a single power of 2:
a 2x2° b 4x2b ¢ 8x2t d (27t1)2 e (2t=m)~t
2¢ 2m 4 . 2ot .47
f Z S 2—m h 21—n ! 2T | 21—z
5 Write as a single power of 3:
a 9x3 b 27¢ ¢ 3x9” d 27 x 3¢ e 9x27
3v 3 9 .9° .oogntl
f ) S 3y h o7t ' 3l—a l 32n—1

Write in simplest form, without brackets:

a (~3a%)* b (

3
_ 2q2
b

2 (-3a)" b
= (=3)* x (a¥)*

= 81 x g?*4

= 81a8 _

)

b3

_ (=23 x (a?)?

b3

—8ab
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6 Write without brackets:

a (20)? b (3b)? ¢ (ab)*

6 NI C) RN € N )

7 Write the following in simplest form, without brackets:

a (—2a)? b (—6b%)2 ¢ (—2a)? d (—3m?n?)3
3 2
N4 —2q2 —4qa3 —3p2
e (—2ab*) f < ® > g ( 3 h o
Example 6
Write without negative a 3= ig and él =@
_3.9 a C
exponents: % CoaT3?
c .. C_l -
8 Write without negative exponents:
a?b—1
a ab=? b (ab)~? ¢ (2ab71)? d (3a=2b)? e 5
(&
a?b~! 1 h a2 2¢~1 . 12a
c—2 s a3 =3 : d? ! m—3
- : : 1 5—(a-n)
Write in non-fractional =
21—n 21—n
form. =2 l4n
. 2n—1
9 Write in non-fractional form:
1 1 1 a” a "
a_n b b—_n < 32—n d p—m e a2+n
10 Simplify, giving your answers in simplest rational form:
5 0 7\ —1 1\ 1 33
a (3) b (3) ¢ (3) d %

e (%)_2 f 2t 4271 S (1%)_3

11 Write as powers of 2, 3 and/or 5:

1 1 1
aj b 1 <
k

4 2¢ 9

e = f —
27 8 x 9 9 10

3
5
6P
75

12 Read about Nicomachus’ pattern on page 84 and find the series of odd numbers for:

a 53 b 73 ¢ 123
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S RATIONAL EXPONENTS

The exponent laws used previously can also be applied to rational exponents, or exponents which are
written as a fraction.

1 1 1 1
. 5 5 5+3
For a >0, notice that a% x aZ =a? 2 =a' =a {exponent laws}
and +a x/a=a also
1
So, a? =+/a {by direct comparison}
L L L
Likewise a® x a® x a® =a' =a
and Vax Jax Ya=a

1
suggests a® = ¥a

In general, a

/a  where /a reads ‘the nth root of a’, for n € Z*.

We can now determine that vam

= (a™)
:a% a™ = Yam™ for a>0, n€ZT, meZ
Example 8 o) Self Tutor
Write as a single power of 2: a V2 b % < V4
1
a V2 b ¢ V4
1 \/5 =
=23 1 = (22)5
" = 92%%
1 2
—972 =P
EXERCISE 3C
1 Write as a single power of 2:
1 1
a V2 b — c 2v/2 d 4v/2 e —
V2 % V2 V2 7
f2x2 g = h (v2)? P i =
7z 716 7

2 Write as a single power of 3:

a 3 b

-
5
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=) Self Tutor

Use your calculator to evaluate:

v 1
a 25 b
N2
a Casio fx-CG20 b TI-84 Plus
B _Hetifdfen 4-1( -1-33
2% L BZI9EAS2ED
2.639015822
0
K4 1 2
2% ~ 2.639016 — =4 3 =0.629961
4

) Self Tutor

Without using a calculator, write in simplest rational form:

= _2
a 8§83 b 27 3
4
a 83 b 27 3
é _2
= (@)} = ()77
2
_ 23)(— {(am)n _ amn} _ 33X7§
=24 =32
= 1 _1
9

3 Write the following in the form a® where a is a prime number and x is rational:

a V7 b V27 ¢ V16 d /32 e V49
1 1 1 1 1
f — — h i i
V7 S = V16 V/32 7
4 Use your calculator to find:
3 7 _1 _3
a 37 b 25 ¢ 273 d 477 e V8
1
f V27 —
P 7
5 Without using a calculator, write in simplest rational form:
3 5 3 3 2
a 42 b 83 ¢ 16¢ d 252 e 32°

1 3 4 4 2

8
f 472 g 9°° h 872 i 277 i 12577
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THEORY OF KNOWLEDGE

A rational number is a number which can be written in the form £ where p and g are integers,
q

q # 0. It has been proven that a rational number has a decimal expansion which either terminates
or recurs.

If we begin to write the decimal expansion of v/2, there is no indication that it will terminate or
recur, and we might therefore suspect that /2 is irrational.

1.414 213562 373 095 048 801 688 724 209 698 078 569 671 875376 948 073 ...

However, we cannot prove that 4/2 is irrational by writing out its decimal expansion, as we would

have to write an infinite number of decimal places. We might therefore believe that /2 is irrational,
but it may also seem impossible to prove it.

1 If something has not yet been proven, does that make it untrue?

2 Is the state of an idea being true or false dependent on our ability to prove it?

In fact, we can quite easily prove that \/2 is irrational by using a method called proof by
contradiction. In this method we suppose that the opposite is true of what we want to show is true,
and follow a series of logical steps until we arrive at a contradiction. The contradiction confirms that
our original supposition must be false.

Proof: Suppose /2 is rational, so /2 = P for some (positive) integers p and ¢, g # 0.
q

We assume this fraction has been written in lowest terms, so p and ¢ have no
common factors.

2
Squaring both sides, 2="1

22
p’=2¢ .. (1)
p? is even, and so p must be even.
Thus p = 2k for some k € Z™.

Substituting into (1), 4k* = 24°
q2 _ 2k2

¢? is even, and so ¢ must be even.

Here we have a contradiction, as p and ¢ have no common factors.

Thus our original supposition is false, and /2 is irrational.

3 Is proof by contradiction unique to mathematics, or do we use it elsewhere?
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'[*) | ALGEBRAIC EXPANSION AND FACTORISATION

EXPANSION

We can use the usual expansion laws to simplify expressions containing exponents:

a(b+c) =ab+ ac
(a+b)(c+ d) = ac + ad + be + bd
(a +b)(a — b) = a® — b?

(a—l—b)2:(12—|—2ab—|—b2

(a — b)? = a®? — 2ab + b®

) Self Tutor

1 3

1 1
Expand and simplify: = % (22 +2z% — 3z ?)

1 3 1 1

z (2?4222 -3z ?)

_1 S _1 1 _1 _1 _1
=z 2xz2+4+x ?2x2z%>—x 2x3z 2 {eachtermis x byz 2}
=z! +22° — 3271 {adding exponents}
T
Example 12 ) Self Tutor
Expand and simplify: —a (2 +3)(2°+1) b (7®+77°)2
a  (2°+3)(2°+1) b (7T +770)?
=2"x2% 42"+ 3x2°43 = ("2 +2x 7" x 7T+ (77%)?2
:22w+4x2z+3 :721+2X70+7—2w
:4x+22+z+3 :721+2+7—2$

EXERCISE 3D.1
1 Expand and simplify:

a z3(23+ 222 +1) b 27(2% 4 1) ¢ z2(z? +x 2)
1 3 1
d 77" +2) e 3"(2-377) f z2(x® +222 + 3z 2)
g 27%(2* +5) h 572(5% + 5%) iz 7(2? —|—a:+a:2)
2 Expand and simplify:
a (2*-1)(2*+3) b (3" 4+2)(3* +5) c (5* —2)(5* —4)
d (2% +3)2 e (3°—1)2 f (4 +7)2
g (27 +2)(z? —2) h (2% 43)(2% - 3) i (22 +2 2)(22 —x ?)
i (x4 ) k (7% —77%)2 I (5—27%)2
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FACTORISATION AND SIMPLIFICATION

| Example 13 | <) Self Tutor
Factorise: a 2713 427 b 273 +8 @ @ L ge
a 2n+3 + on b 2n+3 —|—8 ¢ 2371 + 22n
—_ 2n23 4 2n _ 277,23 4 8 _ 22n2n o+ 2271
=27(22 +1) =8(2") +8 =2mm(2" 4 1)
=27 x9 =8(2" +1)
| Example 14 «) Self Tutor
Factorise: a 4% —9 b 9% 4+4(3%)+4
a 4* —9
= (2%)% - 32 {compare a® —b*> = (a+b)(a—b)}

= (2% +3)(2* - 3)
b 97 +4(3%) +4

= (3%)% +4(3%) + 4

= (3% 42)2

{compare a® + 4a + 4}

{as a® +4a+4=(a+2)?}

EXERCISE 3D.2

1 Factorise:

a 5% 45" 3nt? 4 3n ™4 T
d 5rtl_—5 6"1t2 —6 4n+2 _ 16
2 Factorise:
a 9% -4 4% — 25 16 — 9%
d 254~ 97 — 4* 4" +6(2%)+9
g 9*+10(3%)+25 h 4% —14(2%)+49 25% — 4(5%) + 4
3 Factorise:
a 4*+9(2%)+ 18 b 47 —27—-20 9% +9(3%) + 14
d 97 +4(3%) -5 e 257 +5% -2 49 — 7=+l 412
| Example 15| ) Self Tutor
. . 6™ 4m
Simplify: a 30 o
6™ 6™ 4n 4n
a — or — b — or —
e Sy L L
2"’3’” 6 n _ 2%277' _ 4 n
= = (3) = Sgn =(3)
_ 2n _ 271 _ on _ o\n
=— =(3)
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Example 16

) Self Tutor

. 3" + 6™ am+2 _ gm 2m+3 4 gm
Simplify: a + . R
S 22 9
] 3n + 6" b 2m+2 _om 2m+3 + om
S 2 9
_ 3n 4 gngn _ 2m22 _om _ 2m23 4 om
0 T om -9
_3a+2m) _2"4-1 _ 2™ (8 4T)
e, 7 9,
4 Simplify:
12m 20 b 4qn
a — b L c 6_ d —
6™ 2@ 2b 20m
352 f 69 g 5n+1 h 5n+1
™™ 8a 5m 5
5 Simplify:
6" 4 2™ b 2m 4 12™ 8™ 4 4"
m n ¢ n
127 — 3% 67 + 127 sntl _ 5n
4 = T i
5n+1 _5n h qn _ on .oon 271—1
5m 2n ' n
6 Simplify:

> () - (557)
"3 EXPONENTIAL EQUATIONS

An exponential equation is an equation in which the unknown occurs as part of the index or exponent.

a 2%(n+1)+2"(n—1)

For example: 2* =8 and 30 x 3 =7 are both exponential equations.

There are a number of methods we can use to solve exponential equations. These include graphing, using
technology, and by using logarithms, which we will study in Chapter 4. However, in some cases we
can solve algebraically by the following observation:

If 22 =8 then 2* =23 Thus x =3, and this is the only solution.

If the base numbers are the same, we can equate exponents.
If a®* =aF then x==k.
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o) Self Tutor

Solve for z:
a 2 =16 b 3°t2 =L
a 2% =16 b 3 =4
2¢ = 24 gr+2 _ 3-3
T =4 r+2=-3
T=-5
Example 18 ) Self Tutor
Solve for z:
a 4°=38 b 9o 2=1
a 4* =8 b 9* 7% =3
(22);10 _ 23 (32)95—2 _ 3—1
92x _ 93 32(z—2) _ 3-1
2 =3 2z —2) = -1
=3 2r—4=-1
g =
r=3
EXERCISE 3E
1 Solve for z:
a 2*=8 5% =25 3% =81
e 3v=1 2° =2 g 5% ==
i 2772 = 3ot = & 7T = 343
2 Solve for x:
a 8" =32 47 =3 ¢ 9" =45
e 27 =1 16° = & g 47+2 =128
it =4 9e—3 =27 k (3)*tt =38
m 817 =277 (5 =32 o (3)"=49

3 Solve for z, if possible:

a 42m+1 — 81—:E

L Solve for x:
a 3x22=24
d 12x3"=3

b 92—:E — (%)2r+1

7% 2% =56
4x ()7 =36

Once we have the
same base we then
equate the exponents.

\

)
7 =
h 4>+t =64
—2z __ 1
| 51 2 =z
rz 1
d 257 =1
— 1
h 251 x:m

| (%)m+2 =9
1
3

p ()l =243

T 11—z 1
c 2" x8 =17

¢ 3x2*tl =24
f 5x(3)*=20
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=) Self Tutor

Solve for x: 4% 42 —20=0

4% +2%—-20=0

(2°)2+2°-20=0 {compare a® +a —20 =0}
(2° —4)(2° +5) =0 {a®>+a—-20=(a—4)(a+5)}
2" =4 or 2* = -5
o =9 {2% cannot be negative}
=%

5 Solve for x:

a 4*—6(2*)+8=0 b 4*—-2"-2=0 c 97 —12(3")+27=0
d 97=3"4+6 e 257 —23(5%) —50=10 f 497 +1=2(7")
Check your answers using technology. You can get instructions for doing this “\
by clicking on the icon.
GRAPHICS
CALCULATOR

INSTRUCTIONS

"7 EXPONENTIAL FUNCTIONS

We have already seen how to evaluate 0™ when n € Q, or in other words when n is a rational number.
But what about ™ when n € R, so n is real but not necessarily rational?

To answer this question, we can look at graphs of exponential functions.

The most simple general exponential function has the form y = b* where b >0, b# 1.

For example, y = 2% 1is an exponential function. Ly
We construct a table of values from which we graph the
function: i
x| -3|-2|-1|0]1|2]3 6
|33 ]3]2]e v
4

When z=-10, y= 2710 ~ 0.001.
When x = —50, y=27°0~8.88x 10716, 9

As x becomes large and negative, the graph of y = 27 «_//‘ 1 .

approaches the z-axis from above but never touches it, since T 5 &
2% becomes very small but never zero.

So,as x — —oo, y — 0.

13

We say that y = 2% is ‘asymptotic to the z-axis’ or ‘y = 0 is a horizontal asymptote’.

We now have a well-defined meaning for b" where b, n € R because simple exponential functions
have smooth increasing or decreasing graphs.



EXPONENTIALS (Chapter 3) 95

GRAPHS OF EXPONENTIAL FUNCTIONS

In this investigation we examine the graphs of various families of exponential functions. ~ DYNAMIC
GRAPHING

Click on the icon to run the dynamic graphing package, or else you could use your =~ PACKAGE

graphics calculator. = % -

What to do:

1 Explore the family of curves of the form y =b* where b > 0.
For example, consider y = 2%, y=3%, y=10%, and y = (1.3)%.
a What effect does changing b have on the shape of the graph?
b What is the y-intercept of each graph?
¢ What is the horizontal asymptote of each graph?

2 Explore the family of curves of the form y = 2% +d where d is a constant.
For example, consider y =2*, y=2*+1, and y =2% — 2.
a What effect does changing d have on the position of the graph?
What effect does changing d have on the shape of the graph?
What is the horizontal asymptote of each graph?
What is the horizontal asymptote of y = 2% + d?

® & A O

To graph y =2 +d from y =2 what transformation is used?

3 Explore the family of curves of the form y = 2*"¢.
For example, consider y =27, y=2""1 y =22 and y =273,
a What effect does changing ¢ have on the position of the graph?
b What effect does changing ¢ have on the shape of the graph?
¢ What is the horizontal asymptote of each graph?
d

To graph y =2*"¢ from y =2% what transformation is used?

4 Explore the relationship between y =50 and y=0"% where b> 0.
For example, consider y =2* and y =277
a What is the y-intercept of each graph?
b What is the horizontal asymptote of each graph?

¢ What transformation moves y =2 to y=27%?

5 Explore the family of curves of the form y =a x 2* where a is a constant.
a Consider functions where a > 0, suchas y = 2% y=3x2% and y = % x 27,
Comment on the effect on the graph.
b Consider functions where a < 0, suchas y=—-2% y=-3x2% and y= —% X 2%,
Comment on the effect on the graph.
¢ What is the horizontal asymptote of each graph? Explain your answer.
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From your investigation you should have discovered that:

For the general exponential function y =a X b*~¢+d where b>0, b#1, a#0:

e b controls how steeply the graph increases or decreases
e ¢ controls horizontal translation

e d controls vertical translation

e the equation of the horizontal asymptote is y = d

o if a>0, b>1

the function is
increasing.

the function is
decreasing.

We can sketch reasonably accurate graphs of exponential

e the horizontal asymptote
e the y-intercept

e two other points, for example, when
r=2, x=-2

e if a>0, 0<b<1
the function is
decreasing.

the function is
increasing.

e if a<0, b>1 \ e if a<0, 0<b<1

: - All exponential

functions using: graphs are similar

in shape and have
a horizontal

asymptote.

-
/

Example 20

Sketch the graph of y =27% — 3.
Hence state the domain and range of f(z) =27% — 3.

o) Self Tutor

For y=27% -3,
the horizontal asymptote is y = —3.

When z=0, y=2"—3

=1-3
= —2 >
the y-intercept is —2.
When z=2 y=2"2-3
_1
=1_-3
_ _93
=23

When z=-2, y=22-3=1
The domain is {x | z € R}. Therangeis {y|y > —3}.
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Consider the graph of y = 2” alongside. We
can use the graph to estimate:

e the value of 2% for a given value of x, for
example 28~ 3.5 {point A}

the solutions of the exponential equation
2% = b, for example if 2* = 5 then
x ~ 2.3 {point B}.

EXERCISE 3F

1

Use the graph above to estimate the value of:

1
a 2% or V2 b 208 c 215

Use the graph above to estimate the solution to:
a 22=3 b 27 =0.6

Use the graph of y =27

to explain why 2% =0 has no solutions.

d 22

Draw freehand sketches of the following pairs of graphs using your observations from  grapHING
the previous investigation:

a y=2" and y =27 -2
¢ y=2% and y =22

Draw freehand sketches of the following pairs of graphs:

a y=3* and y=3""
¢ y=3% and y=—-3

For each of the functions below:

i
ii
iiil
iv
v

sketch the graph of the function
state the domain and range
use your calculator to find the value of y when = = /2

discuss the behaviour of y as « — +o0
determine the horizontal asymptotes.

a y=2"+1 b y=2-2° ¢ y=2""+3

b y=2% and y=27°7
d y=2" and y=2(2%)

b y=3" and y=3*+1
d y=3% and y=3*"1

PACKAGE

-

d y=3-27°
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] B GROWTH AND DECAY

In this section we will examine situations where quantities are either increasing or decreasing
exponentially. These situations are known as growth and decay modelling, and occur frequently in
the world around us.

Populations of animals, people, and bacteria usually grow in an exponential way.

Radioactive substances, and items that depreciate in value, usually decay exponentially.

GROWTH

Consider a population of 100 mice which under favourable ip,
conditions is increasing by 20% each week.

To increase a quantity by 20%, we multiply it by 1.2. 400

If P, is the population after n weeks, then:
300
Py =100 {the original population}

P, =Py x12=100x 1.2

P, = P; x 1.2 =100 x (1.2)*

Py = P, x 1.2 =100 x (1.2)®, and so on.

From this pattern we see that P, = 100 x (1.2)™.

200

1009

So, the graph of the population is a smooth curve given by & n (weeks)

the exponential function P, = 100 x (1.2)". 12 3 4 5 6

) Self Tutor

An entomologist monitoring a grasshopper plague notices that the area affected by the grasshoppers
is given by A, = 1000 x 202" hectares, where n is the number of weeks after the initial
observation.

a Find the original affected area.
b Find the affected area after: i 5 weeks ii 10 weeks il 12 weeks.
¢ Draw the graph of A,, against n.

a Ag=1000 x 2°

= 1000 x 1
= 1000 .. the original affected area was 1000 ha.
b i A5 =1000x 2" € 80004 4 ()
= 2000
The affected area is 2000 ha. 6000
ii A = 1000 x 22
= 4000 4000
The affected area is 4000 ha.
iiil A5 = 1000 x 20-2%12 2000
= 1000 x 2%4 A
~ 5280 n (weeksl

The area affected is about 5280 ha. 2 4 g SRS
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EXERCISE 3G.1

1 The weight W, of bacteria in a culture ¢ hours after establishment GRAPHING
i 3 — 0.1t PACKAGE
is given by W, =100 x 2 grams.

-« >
a Find the initial weight. W
b Find the weight after: i 4 hours ii 10 hours iii 24 hours.
¢ Sketch the graph of W; against ¢ using the results of a and b only.
d Use technology to graph Y; = 100 x 2°-X and check your answers to a, b, and ¢.

2 A breeding program to ensure the survival of pygmy possums is established with an initial population
of 50 (25 pairs). From a previous program, the expected population P, in n years’ time is given
by P, = Py x 203",

a What is the value of Py?
b What is the expected population after: i 2 years i 5 years iii 10 years?
¢ Sketch the graph of P,, against n using a and b only.

d Use technology to graph Y; = 50 x 293X and check your answers to b.

3 A species of bear is introduced to a large island off Alaska where previously there were no bears.
6 pairs of bears were introduced in 1998. It is expected that the population will increase according
to By = By x 2918 where t is the time since the introduction.

a Find B,. b Find the expected bear population in 2018.
¢ Find the expected percentage increase from 2008 to 2018.

4 The speed V; of a chemical reaction is given by V; = Vi x 2095 where ¢ is the temperature

in °C.
a Find the reaction speed at: i 0°C il 20°C.
b Find the percentage increase in reaction speed at 20°C compared with 0°C.
¢ Find (M) x 100% and explain what this calculation means.
20
DECAY
Consider a radioactive substance with original weight 25 W, (grams)
20 grams. It decays or reduces by 5% each year. The
multiplier for this is 95% or 0.95. 20
If W, is the weight after n years, then:
Wo = 20 grams 15
W1 =Wy x0.95 =20 x 0.95 grams
Wy = Wi x 0.95 = 20 x (0.95) grams 10
W3 = Wy x 0.95 = 20 x (0.95)% grams
: 5
Wao = 20 x (0.95)2° ~ 7.2 grams
n (years)
10 20

Wioo = 20 x (0.95)%° ~ 0.1 grams

and from this pattern we see that W,, = 20 x (0.95)™.
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| Example 22 | =) Self Tutor

When a diesel-electric generator is switched off, the current dies away according to the formula
I(t) =24 x (0.25) amps, where ¢ is the time in seconds after the power is cut.

a Find I(t) when ¢t=0, 1, 2 and 3.
b What current flowed in the generator at the instant when it was switched off?
¢ Plot the graph of I(¢) for ¢ >0 using the information above.
d Use your graph or technology to find how long it takes for the current to reach 4 amps.
a I(t) =24 x (0.25)" amps
1(0) I(1) 1(2) 1(3)
=24x (0.25)° =24x (025" =24x(0.25?% =24x(0.25)°
= 24 amps = 6 amps = 1.5 amps = 0.375 amps
b When t=0, I(0)=24
When the generator was switched off, 24 amps of current flowed in the circuit.
¢ 4 I (amps)
25
20
15
10
5
04 ; t (seconds2
1 13 2 3 4
d From the graph above, the time to reach 4 amps is
about 1.3 seconds. or \

By finding the point of intersection of
Y; =24 x (0.25)"X and Y =4 on a graphics

1 s ~ Interseckion
calculator, the solution is 1.29 seconds. Intepacction

a
b

=) Self Tutor

The weight of radioactive material remaining after ¢ years is given by
W, = Wy x 279001t grams,

Find the original weight.
Find the percentage remaining after 200 years.

When ¢ =0, the weight remaining is Wy x 2° = W)
W is the original weight.
When ¢ =200, Wagg = Wy x 270:001x200
=Wy X 2702
~ Wy x 0.8706
~ 87.06% of Wy

After 200 years, 87.1% of the material remains.
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EXERCISE 3G.2
1 The weight of a radioactive substance ¢ years after being set aside is given by
W (t) =250 x (0.998)" grams.
a How much radioactive substance was initially set aside?
b Determine the weight of the substance after:
i 400 years ii 800 years iii 1200 years.
¢ Sketch the graph of W (t) for ¢ >0 using a and b only.

d Use your graph or graphics calculator to find how long it takes for the substance to decay to
125 grams.

2 The temperature 7" of a liquid which has been placed in a refrigerator is given by
T(t) =100 x 279028 °C  where ¢ is the time in minutes.
a Find the initial temperature of the liquid.
b Find the temperature after:
i 15 minutes il 20 minutes iii 78 minutes.
¢ Sketch the graph of T'(¢) for ¢ >0 using a and b only.

3 Answer the Opening Problem on page 82.
4 The weight W, grams of radioactive substance remaining after ¢ years is given by
Wy = 1000 x 279:03¢ grams.
a Find the initial weight of the radioactive substance.
b Find the weight remaining after:
i 10 years ii 100 years iii 1000 years.
¢ Graph W, against ¢ using a and b only.
Use your graph or graphics calculator to find the time when 10 grams of the substance remains.
e Write an expression for the amount of substance that has decayed after ¢ years.

5 The weight W, of a radioactive uranium-235 sample remaining after ¢ years is given by the formula
W, = Wy x 2700002t grams ¢ > 0. Find:

a the original weight b the percentage weight loss after 1000 years

1

¢ the time required until {5

of the sample remains.

I I THE NATURAL EXPONENTIAL c-
We have seen that the simplest exponential functions are y=(02)" y=5"
of the form f(x) = b® where b >0, b# 1. ) +Y

Graphs of some of these functions are shown alongside.

We can see that for all positive values of the base b, the
graph is always positive.

Hence b* >0 forall b> 0.

There are an infinite number of possible choices for the
base number.
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However, where exponential data is examined in science, engineering, and finance, the base e ~ 2.7183

is commonly used.

e is a special number in mathematics. It is irrational like 7, and just as 7 is the ratio of a circle’s
circumference to its diameter, e also has a physical meaning. We explore this meaning in the following
investigation.

CONTINUOUS COMPOUND INTEREST

A formula for calculating the amount to which an investment grows is  w, = ug(1 +4)" where:

u, 1s the final amount, ug 1s the initial amount,

1 is the interest rate per compounding period,
n is the number of periods or number of times the interest is compounded.

We will investigate the final value of an investment for various values of n, and allow n to get
extremely large.

What to do:

1 Suppose $1000 is invested for one year at a fixed rate of 6% per annum. Use your calculator
to find the final amount or maturing value if the interest is paid:

a annually (n=1, i =6% = 0.06) b quarterly (n=4, i =% =0.015)
¢ monthly d daily
e Dby the second f by the millisecond.
2 Comment on your answers from 1.
If r is the percentage rate per year, ¢ is the number of years, and N is the number of

interest payments per year, then ¢ = % and n = Nt.

Nt
The growth formula becomes u,, = ug (1 + %) .

aqrt
If we let azﬁ, show that w,, = ug [(1+l) } .
a

T

4 For continuous compound growth, the number of interest NG
payments per year N gets very large. a (1 + Z)
a Explain why a gets very large as IV gets very large. 10
b Copy and complete the table, giving your answers as 100
accurately as technology permits. 1000
You should have found that for very large values of a, 10000
(1 + 1) ~ 2.718 281 828 459.... 100000
a 1000000
Use the key of your calculator to find the value of e!. What 10000000

do you notice?

For continuous growth, u, = uge”® where wug

is the initial amount

r 1is the annual percentage rate

t is the number of years

Use this formula to find the final value if $1000 is invested for 4 years at a fixed rate of 6%

per annum, where the interest is calculated continuously.
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From Investigation 2 we observe that:

If interest is paid continuously or instantaneously then the formula for calculating a compounding amount
un = up(1 +14)" can be replaced by wu, = upe™, where r is the percentage rate per annum and ¢ is

the number of years.

HISTORICAL NOTE

The natural exponential e was first described in 1683 by Swiss
mathematician Jacob Bernoulli. He discovered the number while
studying compound interest, just as we did in Investigation 2. 0

The natural exponential was first called e by Swiss mathematician
and physicist Leonhard Euler in a letter to the German
mathematician Christian Goldbach in 1731. The number was then
published with this notation in 1736.

In 1748 Euler evaluated e correct to 18 decimal places. ":;? N

One may think that e was chosen because it was the first letter of

Euler’s name or for the word exponential, but it is likely that it Leonhard Euler

was just the next vowel available since he had already used a in
his work.

EXERCISE 3H

1 Sketch, on the same set of axes, the graphs of y =27, y =e€”,
and y = 3”. Comment on any observations.

2 Sketch, on the same set of axes, the graphs of y =¢e* and y =e™ 7.
What is the geometric connection between these two graphs?

kx

3 For the general exponential function y = ae™, what is the y-intercept?

L Consider y = 2e”.

a Explain why y can never be < 0. b Findyif: 1 z=-20 i
5 Find, to 3 significant figures, the value of:

a e? b ¢ ¢ 07 d e e
6 Write the following as powers of e:

a /e b % c eiZ d ee
7 Simplify:

a (60.36)§ b (60.064)% c (670.04)§ d (670.836)%

8 Find, to five significant figures, the values of:

2.31 b 6_2'31 4.829

a e c e
d 6_4‘829 e 506_0‘1764 f 806—0.6342
g 100061'2642 h 0.25673.6742

GRAPHING
PACKAGE

-

x = 20.

e~
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9 On the same set of axes, sketch and clearly label the graphs of:
fixz—e®, g: T et T2, h:x—e*+3
State the domain and range of each function.

10 On the same set of axes, sketch and clearly label the graphs of:
fixz—er, g:x+— —e”, h:xzw—10—¢"
State the domain and range of each function.

11 Expand and simplify:
a (e*+1)2 b (1+e*)(1—¢e") c e%(e®—3)

t
12 The weight of bacteria in a culture is given by W (¢) = 2¢® grams where ¢ is the time in hours
after the culture was set to grow.

a Find the weight of the culture when:
i t=0 ii t=30min i ¢ =14 hours iv t =6 hours.

t
2

b Use a to sketch the graph of W (t) = 2e?.

13 Solve for z:

a e®=./e b e =~

14 The current flowing in an electrical circuit ¢ seconds after it
is switched off is given by () = 75¢~-15¢ amps.
a What current is still flowing in the circuit after:
i 1 second il 10 seconds?
b Use your graphics calculator to sketch
I(t) =75¢7 %1% and I =1.

¢ Hence find how long it will take for the current to fall
to 1 amp.

15 Consider the function f(x) = e*.
a On the same set of axes, sketch y = f(z), y =, and y = f~!(z).
b State the domain and range of f~*.

ACTIVITY

Click on the icon to run a card game for exponential functions.

CARD GAME

2
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RESEARCH RESEARCHING e

What to do:

1 The ‘bell curve’ which models statistical distributions is AY
shown alongside. Research the equation of this curve.

x
Y
2 The function f(z) = 1+ x + 222 4+ 5252% + 5=—a* + ... has infinitely many terms.
It can be shown that f(z) = e”.
Check this statement by finding an approximation for f(1) using its first 20 terms.
REVIEW SET 3A CULATOR
1 Simplify:
a —(-1)1 b —(-3)3 ¢ 30-371
2 Simplify using the laws of exponents:
a a’b® x a?v? b 6xy° + 9x?y° 5(a%y)?
y M y (51}2)2
3 Let f(x)=3"
a Write down the value of: i f(4) i f(—1)
b Find the value of k such that f(x+2) =k f(z), k€ Z.
4 Write without brackets or negative exponents:
a r72xzx3 b 2(ab) 2 ¢ 2ab?
5 Write as a single power of 3:
g b (\/g)l—ac x 9l—2z
6 Evaluate:
2 2
a 8% b 273
7 Write without negative exponents:
mZn—1
a mn 2 b (mn)=3 c — d (4m~1n)?
p

8 Expand and simplify:
a (3—e¢%)2 b (Vz+2)(vz-2) ¢ 277(2% 4 27)
9 Find the value of z:

a 223 =4 b 97 =272 % ¢ =

A
e
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10 Match each equation to its corresponding graph:
a y=—¢€ b y=3x2" c y=e*+1 d y=3"° e y=—e7"
A B C

\\é
N
A
D
| S
—
s

[
2
A
) —1

D Yy E Y
L .
3
< l >
11 Suppose y =a”. Express in terms of y:
a a* b o ” c \/Z_z
REVIEW SET 3B CALCULATOR

1 a Write 4 x2" asa power of 2.
Evaluate 7-1 — 70,

¢ Write (2)™® in simplest fractional form.

2
. 201 . .
d Write ( 122 > without negative exponents or brackets.

2 Evaluate, correct to 3 significant figures:

a 31 b 27" ¢ V100
3 If f(z)=3x2" (find the value of:

a £(0) b f(3) ¢ f(=2)
4 Suppose f(zr)=2""+1.

a Find f(3). b Find a such that f(a) = 3.

5 On the same set of axes draw the graphs of y = 2* and y = 2* — 4. Include on your
graph the y-intercept and the equation of the horizontal asymptote of each function.

6 The temperature of a dish ¢ minutes after it is removed from the microwave, is given by
T =80 x (0.913)t °C.

Find the initial temperature of the dish.

Find the temperature after: i t =12 ii t=24 i ¢= 36 minutes.

Draw the graph of 1" against ¢ for ¢ > 0, using the above or technology.

Hence, find the time taken for the temperature of the dish to fall to 25°C.

Q an C o
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7 Consider y=3%—5.
a Find y when =z =0, £1, +2. b Discuss y as = — Foo.
¢ Sketch the graph of y = 3* — 5. d State the equation of any asymptote.

8 a On the same set of axes, sketch and clearly label the graphs of:
fixr—e®, g:x—e*l, h:izxr3—e°

b State the domain and range of each function in a.

9 Consider y=3-—2"7.
a Find y when z =0, +1, £2. b Discuss y as x — +oo.
¢ Sketch the graph of y =3 —27". d State the equation of any asymptote.

10 The weight of a radioactive substance after ¢ years is given by W = 1500 x (0.993)" grams.
a Find the original amount of radioactive material.
b Find the amount of radioactive material remaining after:
i 400 years ii 800 years.
¢ Sketch the graph of W against ¢, ¢t > 0, using the above or technology.
d Hence, find the time taken for the weight to reduce to 100 grams.

REVIEW SET 3C

1 Given the graph of y = 3” shown, estimate by
solutions to the exponential equations:
a 3*=5
b 37 =3 4
¢ 6x3"=20
y=3"
il
‘4——// E
< = i >
A\
2 Simplify using the laws of exponents:
7\3 2 o 34 8ab®
a (a’) b pg® xp’q o
3 Write the following as a power of 2:
a 2x274 b 16273 ¢ 8t

4 Write without brackets or negative exponents:
a b3 b (ab)! c ab!
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11

Simplify

2w+1

91—z "

Write as powers of 5 in simplest form:

1
al b 5v5 < —
V5 VB
Expand and simplify:
a e“(e®+e") b (2% +5)? ¢ (z?
Solve for z:
a 6x2%=192 b 4x(3)*=324

The point (1, v/8) lies on the graph of gy = 2=,

Solve for z without using a calculator:

2241 — 32 b 4ot = ()"

Consider y =2e % + 1.

b
<
d

Find y when = =0, +1, +2.
Discuss y as x — Fo0.
Sketch the graph of y = 2e™% + 1.

State the equation of any asymptote.

Find the value of k.

d 25%+3

— (@ +7)
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OPENING PROBLEM

In a plentiful springtime, a population of 1000 mice will
double every week.

The population after ¢ weeks is given by the exponential
function P(t) = 1000 x 2¢ mice.

Things to think about:
a What does the graph of the population over time look
like?
b How long will it take for the population to reach
20000 mice?

¢ Can we write a function for ¢ in terms of P, which
determines the time at which the population P is
reached?

d What does the graph of this function look like?

ESEE0 LOGARITHMS IN BASE 10

Consider the exponential function f : z +— 10%
or f(z)=10".

The graph of y = f(x) 1is shown alongside, along with
its inverse function f~1!.

Since f is defined by y = 107,

f~"is defined by = = 10%. /

{interchanging x and y} -

y is the exponent to which the base 10 is raised in order
to get x.

g
5
¥

Y
We write this as  y =log,yx and say that y is the logarithm in base 10, of x.

Logarithms are thus defined to be the inverse of exponential functions:
If f(z)=10" then f~!(z)=log,z.

WORKING WITH LOGARITHMS

Many positive numbers can be For example: 10000 = 10*
easily written in the form 10”. 1000 = 103
100 = 10?
10 = 10*
1=10°

0.1=10""

0.01 =102

0.001 =103



LOGARITHMS (Chapter 4) 111

Numbers like /10, 10v/10 and ,1 can also be written in the form 10* as follows:

V10
1 1
V10 = 10" 10v/10 = 10* x 10%3 L 073
¥/10
— 10045 — 101'5 — 10—0.2

In fact, all positive numbers can be written in the form 10” by using logarithms in base 10.

The logarithm in base 10 of a positive number is the exponent when the number is written
as a power of 10.

For example:
e Since 1000 = 103, we write log;,1000 =3 or log1000 = 3.

e Since 0.01 =1072, we write log;;(0.01) = —2
or log(0.01) = —2.

If no base is indicated we
assume it means base 10.

log a means logg a.
a =108 forany a > 0.

Notice that @ must be positive since 10° >0 for all z € R.

Notice also that  1og 1000 = log 10% = 3

and log0.01 =log10™% = —2.
We hence conclude that log10* = x forany z € R.
|__Example 1 <) Self Tutor
a Without using a calculator, find: i log100 i log(+/10).
b Check your answers using technology.
1
a 1 logl100=1og10? =2 ii log(v/10) = log(107) = 1
b i Casio fx-CG20 ii TI-84 Plus
?o ; logdd =[1@) e =
. / GRAPHICS
CALCULATOR
INSTRUCTIONS
log 100 = 2 log(+/10) = 0.25
EXERCISE 4A
1 Without using a calculator, find:
a log 10000 b log0.001 ¢ logl0 d logl
e log+v10 f log(+/10) g log <4L10> h log (10\/ 10)
i log ¥/100 i log <%> k log (10 x ¥/10) 1 log (1000/T0)

Check your answers using your calculator.
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2 Simplify:

a logl10™ b log (10" x 100) c log (13)—?”) d log (%)

| Example2

Use your calculator to write the following in the form 10* where z is correct to 4 decimal places:
a 8 b 800 c 0.08
a 8 b 800 c 0.08
= 1010g8 = 1010g 800 = 1010g 0.08
~ 100-9031 ~ 1029031 ~ 10~ 1-0969

3 Use your calculator to write the following in the form 10* where x is correct to 4 decimal places:
a 6 b 60 ¢ 6000 d 0.6 e 0.006
f 15 g 1500 h 1.5 i 0.15 j 0.00015

| Example3

a Use your calculator to find: i log2 il log20
b Explain why log20 = log2 + 1.

a i log2~0.3010 b log20 = log(2 x 10)
ii log20~1.3010 {calculator} ~ log(10°-3010 x 101)

~ log 10'-391%  fadding exponents}
~ 1.3010
~log2+1

4 a Use your calculator to find: i log3 i log300

Explain why log 300 = log 3 + 2.
5 a Use your calculator to find: i logh il log0.05

Explain why log 0.05 = logb — 2.

) Self Tutor

Find zx if:
a logz=3 b logx ~ —0.271
a x = 1082 b x = 1082
T = 103 T A~ 10—0.271
x = 1000 o, 1 ~0.536
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6 Find zx if:
a logzx =2 b logzx=1
d logx =-1 e logm:%
g logx =14 h logx =-5
] logx =~ 2.1457 k logx ~ —1.378

¢ logx=0

f logz = —%

i logz ~ 0.8351
I logzx ~ —3.1997

LOGARITHMS IN BASE a

In the previous section we defined logarithms in base 10 as the inverse of the exponential function

f(z) =10".
If f(z)=10° then f~!(x)=1log,z.

We can use the same principle to define logarithms in other bases:

If f(r)=a* then f~1(x)=log,x.

If b=a", a#1, a>0, we say that « is the logarithm in base a, of b,

and that b=a" & z =log,b, b>0.

b=a* & x=1log,b isread as “b=a” if and only if x =log, b”. It is a short way of writing:
“if b=a" then z =log,b, andif = =log,b then b= a"".

b=a" and x =log, b are equivalent or interchangeable statements.

For example: e 8 =23 means that 3 =log, 8 and vice versa.

e log; 25 =2 means that 25 =52 and vice versa.

If y=a" then z =log,y, and so z = log, a®.

If x=a" then y=log,z, and so

x = a'°8 ? provided = > 0.

Example 5

a Write an equivalent exponential equation for log;, 1000 = 3.

b Write an equivalent logarithmic equation for 3* = 81.

o) Self Tutor

b From 3% =81 we deduce that log; 81 = 4.

a From log;,1000 =3 we deduce that 103 = 1000.
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EXERCISE 4B

1 Write an equivalent exponential equation for:

a log;;100 =2
d log,,v10=1
g logy(3) = -2

b log;,10000 = 4 <
e log,8=3
h logs 27 =15

2 Write an equivalent logarithmic equation for:

a 22=4 b 43 =64 ¢ 52=25
d =49 e 20 =64 f273=21
g 1072 =0.01 h 271=1 i 379=1
Example 6 o) Self Tutor
Find:
a log,16 b logs 0.2 ¢ logy, /100 d log, (%)
a log, 1? b logs 01.2 < log,, V100 1 d log, (%)
—log, 2 = logs(3) = log, (10%)° —log, 27
=4 = logs 571 2 — e
=-1 = log;( 10° =-1
_2
5
3 Find:
a log,, 100000 b log;,(0.01) ¢ log;V/3 log, 8
e log, 64 f log, 128 g logs 25 logs 125
i log,(0.125) j logy3 ¢ log, 16 logss 6
m logs 243 n log, V2 o log,a” logg 2
q log, (%) r logg 616 s log, 1 logy 9
4 Use your calculator to find:
a log;,152 b log,,25 ¢ logy, 74 log,( 0.8
5 Solve for x:
a logyz =3 b logyz =3 ¢ log,81 =4 log,(z —6) =3
6 Simplify:
a log, 16 b log,4 ¢ logs (%) log;o v/1000
e log; (%) f logs(25V/5) g log, (\/%—7) log, (2—\1/5)
i log, x? j log, = k log,, m3 log,, (/)
m log, (l> n log, (%) o log, <L> log,,, Vmb
n a Va
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THEORY OF KNOWLEDGE

Acharya Virasena was an 8th century Indian mathematician. Among other areas, he worked with the
concept of ardhaccheda, which is how many times a number of the form 2™ can be divided by 2.
The result is the integer n, and is the logarithm of the number 2™ in base 2.

In 1544, the German Michael Stifel published Arithmetica Integra which contains a table expressing
many other integers as powers of 2. To do this, he had created an early version of a logarithmic
table.

In the late 16th century, astronomers spent a large part of their
working lives doing the complex and tedious calculations of
spherical trigonometry needed to understand the movement of
celestial bodies. In 1614, the Scottish mathematician John Napier
formally proposed the idea of a logarithm, and algebraic methods
for dealing with them. It was said that Napier effectively doubled
the life of an astronomer by reducing the time required to do
calculations.

Just six years later, Joost Biirgi from Switzerland published
a geometric approach for logarithms developed completely —
independently from John Napier. John Napier

1 Can anyone claim to have invented logarithms?

2 Can we consider the process of mathematical discovery an evolution of ideas?

Many areas of mathematics have been developed over centuries as several mathematicians have
worked in a particular area, or taken the knowledge from one area and applied it to another field.
Sometimes the process is held up because a method for solving a particular class of problem has not
yet been found. In other cases, pure mathematicians have published research papers on seemingly
useless mathematical ideas, which have then become vital in applications much later.

In Everybody Counts: A report to the nation on the future of Mathematical Education by the National
Academy of Sciences (National Academy Press, 1989), there is an excellent section on the Nature
of Mathematics. It includes:

“Even the most esoteric and abstract parts of mathematics - number theory and logic, for
example - are now used routinely in applications (for example, in computer science and
cryptography). Fifty years ago, the leading British mathematician G.H. Hardy could boast
that number theory was the most pure and least useful part of mathematics. Today, Hardy’s
mathematics is studied as an essential prerequisite to many applications, including control of
automated systems, data transmission from remote satellites, protection of financial records,
and efficient algorithms for computation.”

3 Should we only study the mathematics we need to enter our chosen profession?

4 Why should we explore mathematics for its own sake, rather than to address the needs of
science?
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"9l LAWS OF LOGARITHMS

INVESTIGATION DISCOVERING THE LAWS OF LOGARITHMS
What to do:

1 Use your calculator to find:
a log2-+log3 b log3+log7 ¢ log4 + log20
d log6 e log2l f log80
From your answers, suggest a possible simplification for loga + logb.
2 Use your calculator to find:
a log6 — log?2 b logl12 —1log3 ¢ log3—1logh
d log3 e log4 f log(0.6)
From your answers, suggest a possible simplification for loga — logb.
3 Use your calculator to find:
a 3log2 b 2logh ¢ —4log3
d log(2%) e log(5%) f log(37%)

From your answers, suggest a possible simplification for nloga.

From the Investigation, you should have discovered the three important laws of logarithms:

If A and B are both e log A+ log B = log(AB)
positive then: A
e log A —log B = log (E)

e nlog A =log (A"™)

More generally, in any base ¢ where ¢ # 1, ¢ > 0, we have these laws of logarithms:

If A and B are both o log. A+ log. B =log.(AB)
positive then: A
o log. A —log. B = log, (E)

e nlog, A =log,. (A™)

Proof:
o clogc A+ log, B . Clogc A—log,. B
_ ClogCA % CIOch _ ClogcA
=AxB cloge B
_ clogc(AB) — é
B
.. log, A+log,. B =log.(AB) _ Clogc(%)

log. A —log,. B = log, (%)
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o o log. A

_ (Clogc A)n
— clog.(A™)

nlog, A = log.(A")

Use the laws of logarithms to write the following as a single logarithm or as an integer:
a logh+log3 b log; 24 —logs 8 ¢ logy5—1
a log5 + log 3 b logs 24 — log4 8 (4 logy 5 — 1
= log(5 x 3) = logs (2_84) = log, 5 — log, 2*
= log15 =logs 3 =log, (2)
=1

) Self Tutor

Simplify by writing as a single logarithm or as a rational number:
a 2log7 —3log2 b 2log3+3 ¢ los8
log4
3
a  2log7—3log2 b 2log3+3 g L T
2 3 2 3 log4d log2
=log(7%) — log(2°) = log(3%) + log(10°) 3log 2
= log49 — log 8 = log 9 + log 1000 = 2log2
=log (£) = log(9000) _3
EXERCISE 4C.1
1 Write as a single logarithm or as an integer:
a log8+log2 b log4 + logh ¢ log40 —logh
d logp —logm e log, 8 —log,2 f logh+ log(0.4)
g log2 +log3 + log4 h 1+log,3 i logd—1
j log5+log4 —log2 k 2+41log2 I t+4logw
m log,, 40 — 2 n logs 6 —logs2 —logs 3 o logh0—4
p 3 —logs50 q log; 100 — log; 4 r log (%) +log 3 + log 7
2 Write as a single logarithm or integer:
a blog2+log3 b 2log3+ 3log2 ¢ 3log4 —log8
d 2logy 5 — 3logs 2 e 3logg4+logs3 f %log(3)

g 3—log2—2logh h 1—3log2+ log20 i 2—%logn4—logn5
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3 Simplify without using a calculator:
log4 b logs 27 c log 8 d log3 log3 25 f logy 8
log 2 logg 9 log 2 log9 log3(0.2) log,4(0.25)

Check your answers using a calculator.

) Self Tutor

Show that:
a log(3) =—2log3 b log500 =3 —log2
a log(3) b log500
— log(372) = log (13°)
= —2log3 = log 1000 — log 2
= log 10% — log 2
=3 —log2
4  Show that:
a log9=2log3 b logﬁ:%10g2 c log(%):—3log2
d log($) =—logh e logh=1—log2 f log5000 =4 — log 2
5 If p=log,2, q=1log,3, and r = log,5 write in terms of p, g,
and 7:
a log, 6 b log, 45 ¢ log, 108 0.2 means
= 0.222 222 ....
d log, (52—‘/§> e log, (%) f log,(0.2)

6 If logybP=x, logy@ =1y, and log, R =2z writein terms of z, y,

and z:
a logy(PR) b log,(RQ?) ¢ log, (28 ;
Q N

Q? R*V/Q
d log,(P?V/Q) e log, (ﬁ) f log, ( P3
7 If log; M =129 and log, N> =1.72 find:
N2
a log, N b log,(MN) ¢ log, T

LOGARITHMIC EQUATIONS

We can use the laws of logarithms to write equations in a different form. This can be particularly useful
if an unknown appears as an exponent.

For the logarithmic function, for every value of y, there is only one corresponding value of . We can
therefore take the logarithm of both sides of an equation without changing the solution. However, we
can only do this if both sides are positive.
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) Self Tutor

Write these as logarithmic equations (in base 10):

a y=a% b y:b% c P:%

a y = a’b b Y=

logy = log(a?®) "
logy = loga® + logb 08Y =108 (b_?’)

logy = 2loga +logb o, logy =loga —logh®

logy =loga — 3logb
20
c P = (—\/ﬁ)

20
logP =log | T
n2

log P = log 20 — logn
log P =1log 20 — 3 logn

=

|_Example 11 ) Self Tutor

Write the following equations without logarithms:

a log A =1logb+2logc b log, M =3log,a—2
a log A =logb+ 2logc b logo M = 3log,a —2
log A = logb + log ¢? o logy M =log, a® — log, 22
log A = log(bc?) ) a3
A b2 o, logy M = log, T
M=
4

EXERCISE 4C.2

1 Write the following as logarithmic equations (in base 10), assuming all terms are positive:

a y=2° b y =200 ¢ M= ad* d T=5V/d

e R=b/1 P Q== g y=ab® h F:%

i =2 i N:\/E kS =200x 2 | y=2
c b b

2 Write the following equations without logarithms:

a logD =loge + log?2 log, F' =log, b5 —log,t
¢ logP =1logx log,, M = 2log, b+ log,, c
log N = —% logp

log, Q@ =2—1log,z

e logB =3logm —2logn
g logP =3logx+1

> - 20 O
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3 a Write y=3x2" as a logarithmic equation in base 2.
b Hence write = in terms of y.
¢ Find z when:
i y=3 i y=12 il y=230

L Solve for x:

a logs 27 +logs(3) =logg x b log; z = logs 8 — log;(6 — x)
¢ logs 125 — logs /5 = logs = d logyyz =1+ logy, 10
e logz +log(z+ 1) =log30 f log(z+2) —log(x — 2) =logh

20 NATURAL LOGARITHMS

In Chapter 3 we came across the natural exponential e ~ 2.71828.

Given the exponential function f(x) = e®, the inverse function f~! =log,z is the logarithm in
base e.

We use Inz to represent log, z, and call Inx the natural logarithm of .
y = Inxz is the reflection of y = e® in the mirror line y = z.

Notice that: e Inl=Ine®=0
e Ine=Ilnel =1

e Ine?2=2

e In\/e=Ine

[N

1

2

e In (1) =lne l=-1

e

Ine® =2 and e™* = .

. T
Since a® = ()" =¢e*a,  a® =e*m%, 4> 0.

m ) Self Tutor

Use your calculator to write the following in the form e* where k is correct to 4 decimal places:

a 50 b 0.005
a 50 b 0.005
_ elr150 {using T = 6lnx} _ eln0.005

~ 63'9120 ~ 6—5.2983




LOGARITHMS (Chapter 4) 121

EXERCISE 4D.1

1 Without using a calculator find:

a Ine? b Ined ¢ Iny/e
1 1
e In (—) f Inde g In (—2>
& e
Check your answers using a calculator.
2 Simplify:
a eln3 b 621113 ¢ e In5

3 Explain why In(—2) and In0 cannot be found.
4 Simplify:

a Ine” b In(e x e%) ¢ In (e“ X eb) d In(e?)?

|_Example 13 <) Self Tutor

Find z if:
a Inzx =217 b Inzx=-0.384
a Inz=217 b Inz=-0.384
g = 217 g 0384
z ~ 8.76 o~ 0.681

5 Use your calculator to write the following in the form e*
a6 b 60 ¢ 6000 d 0.6
f 15 g 1500 h 15 i 0.15
6 Find x if:
a lnx=3 b lnz=1 ¢ Inz=0
e lnx=-5 f Inxz~0.835 g Inz~2145

LAWS OF NATURAL LOGARITHMS

The laws for natural logarithms are the laws for logarithms written in base e:

For positive A and B:

If Inz =a
then z = e?.

d Inl

where k is correct to 4 decimal places:

e 0.006
i 0.00015

d Inz=-1
h Inz~ —3.2971

A
e nA+1InB =In(AB) e nA—InB=1In (E) e nlnA =1n(A")
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Example 14 o) Self Tutor
Use the laws of logarithms to write the following as a single logarithm:
a In5+In3 b In24 —In8 ¢ In5-1
a In5+1n3 b In24 —In8 < In5 -1
=In(5 x 3) =1In (%) =In5—1In €
=In15 =In3 =In ()
Example 15 o) Self Tutor
Use the laws of logarithms to simplify:
a 2ln7—-3In2 b 2In3+3
a 2ln7—3In2 b 2In3+3
= In(7?) — In(2%) =1In(3?) + Iné?
=1n49 —In8 =In9+Ined
=In(2) = In(9¢?)
Example 16 ) Self Tutor
Show that:
a In(§)=—2In3 b In500 ~ 6.9078 — In2
a In(g) b In500 = In (192)
=1n(37?%) =1n1000 — In2
= 92In3 ~ 6.9078 —In2
EXERCISE 4D.2
1 Write as a single logarithm or integer:
a In15+1In3 b In15—In3 ¢ In20—1nb
d In4+1In6 e In5+1n(0.2) f n2+In3+1Inb
g 1+1In4 h In6-1 i In54+In8—1In2
] 2+1In4 Ik In20—2 I n12—1In4—1n3
2 Write in the form Ina, a € Q :
a 5In3+1In4 3In2+42Inb ¢ 3ln2—-1In8
d 3In4—2In2 +In8+1In3 f 3in(3)
g —1In2 h —In(3) i —2In()
3 Show that:
a In27=3In3 b Inv3=1m3 ¢ In(5) = —4In2
d In()=—In6 e ln(%):—%hﬂ f 1n(§):1—ln5
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4 Show that:
a Inv5=1In5 b In(35) = —5In2
2

¢ In <%> = —%1112

|_Example 17_|

=2-3In2

o
=2
TN w
|}
N————

Write the following equations without logarithms:
a InA=2Inc+3 b InM =3Ina—2
a InA=2Inc+3 b InM =3Ilna—2
InA—2lnc=3 o, InM—3lna=-2
InA—Inc®>=3 o, InM—Ina®=-2
A : MY _ _
M
A oM
5= o3 S3
o3
A = c2e? S M= 3

5 Write the following equations without logarithms, assuming all terms are positive:

a mhD=lnz+1 b nF=—Inp+2 C lnP:%lnx
d InM=2lny+3 e mhB=3Int—-1 f lnN:—%lng
g InQ~3lnx+2.159 h InD~0.4Inn — 0.6582

" 1 [EXPONENTIAL EQUATIONS USING LOGARITHMS

In Chapter 3 we found solutions to simple exponential equations where we could make equal bases and
then equate exponents. However, it is not always easy to make the bases the same. In these situations
we use logarithms to find the exact solution.

=) Self Tutor

Consider the equation 2% = 30.

a Solve for x, giving an exact answer, by using: a Dbase 2 b Dbase 10.
b Comment on your answers.

a i 2% =30
. =logy 30
ii 2 =30
log 2® =log 30 {find the logarithm of each side}
. zlog2 =log30 {log(A") =nlog A}
= log 30

If a® = b then
z = log, b.

log 2
log 30

b From a, log,30= og 2
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Example 19

) Self Tutor

Find x exactly: )
a e =30 b 3¢’ =21
a =30 b 3¢ =21
x =1n30 z
Sooe =
L —In7
2
x=2In7
EXERCISE 4E
1 Solve for z, giving an exact answer in base 10:
a 2 =10 b 37 =20 ¢ 4* =100
d ()" =0.0625 e (3)"=01 f 107 = 0.00001
2 Solve for x, giving an exact answer:
a =10 b €* =1000 ¢ 2" =0.3
d e>=5 e e =18 fe2=1

Example 20

Consider the equation P = 200 x 20-04,
a Rearrange the equation to give ¢ in terms of P.
b Hence find the value of ¢t when P = 6.

o) Self Tutor

a P =200 x 20-04
90-04t _ 2_1;0 {dividing both sides by 200}
0.04t P : : :
log 2 = log (ﬁ) {finding the logarithm of each side}
0.04¢ x log2 = log (TI:O) {log(A)" =nlog A}

1 P
o (a0

"~ 0.04 x log 2

1 6
b When P =6, tzmz—l%
0.04 x log2

3 Consider the equation R = 200 x 2°-25¢,
a Rearrange the equation to give ¢ in terms of R.

b Hence find ¢ when: i R=600 ii R=1425

4 Consider the equation M = 20 x 570027,
a Rearrange the equation to give = in terms of M.
M =100 ii

b Hence find = when: i M = 232
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Check your solution using technology.

Find algebraically the exact points of intersection of y=e* -3 and y=1—3e *.

) Self Tutor

The functions meet where
er —3=1—-3e""
e? —4+3e =0
e?® —4e®+3=0  {multiplying each term by e*}
(e —=1)(e®*—=3)=0
e® =1 or 3
z=Inl or In3
z=0 or In3
When =0, y=¢"—3=-2
When z=1In3, y=e"3-3=0

the functions meet at (0, —2) and at (In3, 0).

GRAPHING
PACKAGE

=

l =g~ (H-2

YE=1-Ze™0=H)

5 Solve for z, giving an exact answer:

a 4x27%*=0.12 b 300 x 5% = 1000

d 20 x 2 =840 e 50 x e 003z — .05
6 Solve for x:

a e =2¢" b e"=¢"

d e*+2=3e"" e 1+12e % =¢"

7 Find algebraically the point(s) of intersection of:

€ 32x37027 =4
f 4103 —27 =0

¢ e —be*+6=0
f e*+e =3

a y=e¢® and y=e2*—6 b y=2"+1 and y=7-—¢€"

¢ y=3—¢€® and y=5e"—-3

Check your answers using technology.

Proof: If logya=z, then b" =a

log,. b® =log,.a {taking logarithms in base c}

zlog,.b=1log.a {power law of logarithms}
_ log.a
- log. b
log, a = log.a
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| Example 22 | =) Self Tutor

Find log, 9 by:
a letting log,9 ==z b changing to base 10 ¢ changing to base e.
logm 9
a Let log,9==x b log, 9= —""—
logyg 2
oo 9= ~ 3.17
log 2* = log 9 e
zlog2 = log9 ¢ log,9 =22
2 : gg 82V = 15
r=—5"~317 ~ 3.17
log 2
|_Example 23 <) Self Tutor
Solve for z exactly: 8% —5(4%) =0
8 —5(4%) =0 252 =0
22%(2* —5) =0
. 2°=5  {as 2" >0 forall z}
- _logb
x =logy b = log 2
EXERCISE 4F
1 Use the rule log,a = lfg% to find, correct to 3 significant figures:
0810
a logs12 b log: 1250 ¢ log4(0.067) d log, 4(0.006 984)
2
2 Use the rule log,a = lln—z to solve, correct to 3 significant figures:
n
a 2% =0.051 b 47 =213.8 ¢ 32+ =4.069
3 Solve for = exactly:
a 25" —3(5*)=0 b 8(9)—-3*=0 c 27 —-2(4")=0

4 Solve for z exactly:  log, 2® + log, /= = 8

W77 GRAPHS OF LOGARITHMIC FUNCTIONS

Consider the general exponential function f(z) =a*, a >0, a# 1.

The graph of y = a” is:

For 0<a<1: VY For a>1: by
1
(-1, =) 1
a (-1, =) 1, a
1\(1’\60‘ ‘/a-v/ 1 o
= " = T
A\ i A\

The horizontal asymptote for all of these functions is the xz-axis y = 0.
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The inverse function f~! is given by = = a¥,

so y = log, x.

If f(x) =a® where a >0, a#1, then f~(z)=log, x.

Since f~!(x) =log,x is an inverse function, it is a reflection of f(x) = a® in the line y = .
We may therefore deduce the following properties:

Function f(x) =a® fYz) =log,
Domain {z |z € R} {z |z >0}
Range {yly>0} {yly eR}

Asymptote | horizontal y =0 | vertical z =0

The graph of y =log, « for 0 <a < 1:

The graph of y = log, « for a > 1:

y:az \ 1\ y=log,z

(E 5 71)

Yk

y=a” 4

I
v

The vertical asymptote of y = log, = is the y-axis = = 0.

Since we can only find logarithms of positive numbers, the domain of f~1(z) =log, z is {z | z > 0}.

In general, y = log,(g(z))

is defined when g(z) > 0.

When graphing f, f~!, and y = x on your graphics calculator, it is best to set the scale so that

y =« makes a 45° angle with both axes.

Consider the function f(z) = logy(z — 1) + 1.

b
c
d

Find the domain and range of f.

Find any asymptotes and axes intercepts.

Sketch the graph of f showing all important features.

Find f~! and explain how to verify your answer.

) Self Tutor

z—1>0 when =z >1

So, the domain is {z | x > 1} and the range is y € R.
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b As x — 1 from the right, y — —oo, so the vertical asymptote is « = 1.
As x — 00, Yy — 0.
When z =0, y is undefined, so there is no y-intercept.
When y =0, logy,(xz —1)=—1
z—1=271
= 1%

. . 1
So, the z-intercept is 15.

¢ To graph the function using your calculator, yh
it may be necessary to change the base to
base 10 or base e. 6
So, we graph y:w+l 4
log 2
d f is defined by y =logy(x —1)+1 9
o f71 isdefined by z =log,(y—1)+1
z—1=logy(y—1) e
y—1=2""1 2
Y= 2m—1 +1 v rx=1

i) =2"""+1
which has the horizontal asymptote y =1
Its domain is {z | z € R}, and its range is {y |y > 1}.

m ) Self Tutor

Consider the function f: x +— e 3.

Find the equation defining f—!.
Sketch the graphs of f and f~! on the same set of axes.

State the domain and range of f and f~1!.

Q an O o

Find any asymptotes and intercepts of f and f~!.

a flz)=e"3 b Y4 L uts
flis z=ev3
y—3=Inz (1,3) y=3+Inz
y=3+Inz <

So, f~l(x)=3+Inz

< Function f ft (31)

Domain | xeR | >0 T
Range y>0|yelR Y=g

o

For f: Horizontal asymptote is y = 0, For f~!: Vertical asymptote is = = 0,
y-intercept is (0, e=3). x-intercept is (e =3, 0).
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EXERCISE 4G

1 For the following functions f:
i Find the domain and range.
ii  Find any asymptotes and axes intercepts.
ili Sketch the graph of y = f(z) showing all important features.
iv Solve f(z)= —1 algebraically and check the solution on your graph.
v Find f~! and explain how to verify your answer.

a f:zx—logg(r+1), z>-1 b f:xz—1-logg(x+1), z>-1

¢ frax—logs(z—2)—2, >0 d f:z—1-logs(xr—2), z>2
e f:x—1-2logyx, >0

2 For the following functions f:

i Find the equation of f~1.
ii Sketch the graphs of f and f~! on the same set of axes.
iii State the domain and range of f and f~1.

iv Find any asymptotes and intercepts of f and f~!.
a f(x)=e€*+5 b f(z)=e*t1-3
¢ f(x)=Inz—4, >0 d f(r)=In(z-1)+2, z>1
2z

3 Given f:zw—e and ¢g:x+— 2x—1, find:

a (fTlog)(x) b (g0f)7 (x)

4 Consider the graphs A and B. One of them is the graph of 4
y=1Inz and the other is the graph of y =1In(z — 2).

A

a Identify which is which. Give evidence for your
answer. /lg
b Copy the graphs onto a new set of axes and add to - >

1 3 T
them the graph of y = In(x + 2).
¢ Find the equation of the vertical asymptote for each il
graph.
5 Kelly said that in order to graph y = In(z?), x > 0, by

you could first graph y = Inxz and then double the
distance of each point on the graph from the z-axis.
Is Kelly correct? Explain your answer.
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6 Consider the function f: 2 +— "3 4+ 2.
a Find the defining equation for f~!.
b Find the values of « for which:
i f(z)<21 il f(z) <201 il f(x) <2.001 iv f(z) < 2.0001
Hence conjecture the horizontal asymptote for the graph of f.
¢ Determine the equation of the horizontal asymptote of f(z) by discussing the behaviour of
f(z) as = — £oo.

d Hence, determine the vertical asymptote and the domain of f—!.

ACTIVITY

Click on the icon to obtain a card game for logarithmic functions. CARD GAME

(W)
H] GROWTH AND DECAY

In Chapter 3 we showed how exponential functions can be used to model a variety of growth and decay
situations. These included the growth of populations and the decay of radioactive substances. In this
section we consider more growth and decay problems, focussing particularly on how logarithms can be
used in their solution.

POPULATION GROWTH

A farmer monitoring an insect plague notices that the area affected by the insects is given by
A, = 1000 x 2°7™ hectares, where n is the number of weeks after the initial observation.

a Draw an accurate graph of A, against n and use your graph to estimate the time taken for
the affected area to reach 5000 ha.

b Check your answer to a using logarithms and using suitable technology.

a b When A, = 5000,
1000 x 2™ = 5000
6000 90 _ &
5000 — . log2%™ =log5
4000 0.7nlog2 = log5
_ logh
T 0.7 x log 2
2000 n~ 3.32
: .. it takes about 3 weeks and
o 1 2 3 4 2 G

n (weeks)

Using technology we find the intersection of y = 1000 x 27 and y = 5000. This confirms
n~3.32.
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FINANCIAL GROWTH

Suppose an amount u; is invested at a fixed rate for each compounding period. In this case the value of
the investment after n periods is given by wu,+1 = u; X r™ where r is the multiplier corresponding
to the given rate of interest. In order to find n algebraically, we need to use logarithms.

|_Example 27 ) Self Tutor

Iryna has €5000 to invest in an account that pays 5.2% p.a. interest compounded annually. Find,
using logarithms, how long it will take for her investment to reach €20 000.

Up+1 = 20000 after n years Now  Upt1 =ug X r"”
w1 = 5000 . 20000 = 5000 x (1.052)"
r = 105.2% = 1.052 oo (1.052)" =4

log(1.052)" =log4
n x log1.052 = log 4
_ log4
log 1.052
Rounding up here, it will take about 28 years to reach €20 000.

~ 27.3 years

EXERCISE 4H

1

The weight W; of bacteria in a culture ¢ hours after establishment is given by
W, = 20 x 2915t grams. Find, using logarithms, the time for the weight of the culture to reach:

a 30 grams b 100 grams.

The mass M; of bacteria in a culture ¢ hours after establishment is given by

M; = 25 x €% grams. Show that the time required for the mass of the culture to reach 50 grams
is 101n 2 hours.

A biologist is modelling an infestation of fire ants. He determines that the area affected by the
ants is given by A, = 2000 x e®®7" hectares, where n is the number of weeks after the initial
observation.

a Draw an accurate graph of A,, against n.
b Use your graph to estimate the time taken for the infested area to reach 10000 ha.

¢ Check your answer to b using: i logarithms il suitable technology.

A house is expected to increase in value at an average rate of 7.5% p.a. If the house is worth
£160 000 now, when would you expect it to be worth £250000?

Thabo has $10000 to invest in an account that pays 4.8% p.a. compounded annually. How long
will it take for his investment to grow to $15000?

Dien invests $15000 at 8.4% p.a. compounded monthly. He will withdraw his money when it
reaches $25 000, at which time he plans to travel. The formula w,.11 = u; x r™ can be used to
model the investment, where n is the time in months.

a Explain why r =1.007. b After how many months will Dien withdraw the money?

The mass M; of radioactive substance remaining after ¢ years is given by
M; = 1000 x =994 orams. Find the time taken for the mass to:

a halve b reach 25 grams ¢ reach 1% of its original value.
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1

12

13

14

A man jumps from an acroplane. His speed of descent is given by V = 50(1 — e~ %2!) ms™1,

where ¢ is the time in seconds. Show that it will take 51n5 seconds for the man’s speed to reach
40 ms~1.
Answer the Opening Problem on page 110.
The temperature of a liquid ¢ minutes after it is placed in a refrigerator, is given by
T =4+96xe %9 °C, Find the time required for the temperature to reach:
a 25°C b 5°C.
The weight of radioactive substance remaining after ¢ years is given by
W = 1000 x 27994 grams,
a Sketch the graph of W against ¢.
b Write a function for ¢ in terms of W.

¢ Hence find the time required for the weight to reach:
i 20 grams il 0.001 grams.

The weight of radioactive uranium remaining after ¢ years is given by the formula
W(t) = Wy x 27000028 gramg, ¢ > 0. Find the time required for the weight to fall to:
a 25% of its original value b 0.1% of its original value.
The current I flowing in a transistor radio ¢ seconds after it is switched off is given by
I =1y x 27992 amps.  Show that it takes % seconds for the current to drop to 10% of its
original value.

A parachutist jumps from the basket of a stationary hot air balloon. His speed of descent is given

by V =60(1-27%2%) ms~! where t is the time in seconds. Find the time taken for his speed

to reach 50 ms™1!.

REVIEW SET 4A N-CALCULATOR

1 Find the following, showing all working.

a log, 64 b log, 256 ¢ log,(0.25) d log,s 5

e loggl f logg 3 g logy(0.1) h log, vk
2 Find:

a logv10 b log% ¢ log(10% x 10°*1)
3 Simplify:

a 4In2+2In3 b 1In9—1In2 ¢ 2In5-1 d 1ln8l
4 Find:

a In(e/e) b In (e%) ¢ In(e??) d In (e%)
5 Write as a single logarithm:

a logl6+2log3 b log, 16 — 2log, 3 ¢ 2+log, b
6 Write as logarithmic equations:

a P=3x1b° b m=2
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7 Show that log; 7 x 2log, x = 2log; .
8 Write the following equations without logarithms:
a logT =2logx —logy b log2K210g2n+%log2t
9 Write in the form alnk where a and k are positive whole numbers and k is prime:
a In32 b Inl25 ¢ InT729
10 Copy and complete: Function | y =logyx | y = In(x + 5)
Domain
Range
11 If A=log;2 and B =logy3, writein terms of A and B:
a log; 36 b log; 54 ¢ log;(8v/3) d log;(20.25) e log;(0.8)
12 Solve for x:
a 3¢*—5=—2" b 21nx—31n(1):10
X
REVIEW SET 4B CALCULATOR
1 Write in the form 10* giving = correct to 4 decimal places:
a 32 b 0.0013 ¢ 8.963 x 107°
2 Find z if:
a logoz=-3 b log;x ~ 2.743 ¢ log,z~ —3.145
3 Write the following equations without logarithms:
a log, k~1.699+ z b log, @ =3log, P +log, R
¢ log A~ 5logB — 2.602
&4 Solve for x, giving exact answers:
a =7 b 20 x 2221 = 640
_t_
5 The weight of a radioactive isotope after ¢ years is given by W, = 2500 x 3 3% grams.
a Find the initial weight of the isotope.
b Find the time taken for the isotope to reduce to 30% of its original weight.
¢ Find the percentage weight loss after 1500 years.
d Sketch the graph of W, against t.
6 Show that the solution to 16* —5 x 8 =0 is z = log, 5.
Solve for z, giving exact answers:
a Inxz=5 b 3lnz+2=0 ¢ e =400
d e>tl—11 e 25¢° =750
8 A population of seals is given by P, = Py2® where ¢ is the time in years, ¢ > 0.

a Find the time required for the population to double in size.

b Find the percentage increase in population during the first 4 years.
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9

Consider g : x> 2e” — 5.

a Find the defining equation of ¢g~!.

b Sketch the graphs of g and g—! on the same set of axes.

¢ State the domain and range of g and ¢~ !'.

d State the asymptotes and intercepts of g and g¢g—'.

Consider f(z) =e® and g¢g(z)=In(x+4), v > —4. Find:

a (fog)5) b (g0 f)(0)

REVIEW SET 4C

10

11

Without using a calculator, find the base 10 logarithms of:

10
a /1000
V1o
Simplify:
a etlnz b In(ed)
d 1010g z+log 3 e In (i)
ea;
Write in the form e®, where « is correct to 4 decimal places:
a 20 b 3000
Solve for z:
a logz=3 b logs(xz+2) =1.732
Write as a single logarithm:
a In60—1n20 b In4+1Inl
Write as logarithmic equations:
5
a M=ab" b T=—
! Vi
Solve for z:
a 3” =300 b 30x57*=0.15
Solve exactly for x:
a e =3e" b 2 T +12=0

Write the following equations without logarithms:
a mP=15m@Q+InT
For the function g¢:z — logg(z +2) —2:

a Find the domain and range.

-

10@
10—°

In(y/e)

log3 9

0.075

log, (1%) — _0.671

In200 —In8 +1Inb

b nM=12-05InN

b Find any asymptotes and axes intercepts for the graph of the function.

¢ Find the defining equation for g~1.

d Sketch the graphs of g, ¢!, and y =z on the same axes.

Explain how to verify your answer.

The weight of a radioactive isotope remaining after ¢ weeks is given by

t

W = 8000 x e ° grams. Find the time for the weight to:

a halve b reach 1000 g ¢ reach 0.1% of its original value.



Transforming functions

Syllabus reference: 2.2, 2.3

Contents: A Graphing functions

B Transformation of graphs

C Translations y = f(x)+b and
y=f(z—a)
Stretches y=p f(x), p>0
and y = f(qz), ¢>0
Reflections y = —f(x) and
y = f(—=)

Miscellaneous transformations
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OPENING PROBLEM

Blood glucose levels are measured in millimoles per litre
(mmol/L) of blood. In most people, blood glucose levels
range from about 4 to 6 mmol/L, depending on food
intake. For patients with Type 1 diabetes, blood glucose
levels are frequently outside the normal range. Regular
monitoring of glucose levels is important to assist with
management of the condition.

The blood glucose levels of a patient are modelled by
G(t) = 19te™* + 4 mmol/L, where ¢ is the time in
hours since the evening meal, for 0 < ¢ < 12.

Things to think about:

a Sketch the graph of G(¢) on the domain 0 < ¢ < 12.
b What is the highest blood glucose level reached during this time period? When does it occur?

é\

¢ Guidelines state that blood glucose levels should be less than 8 mmol/L before sleep. For how
many hours should the patient wait following their meal before they sleep?

S GRAPHING FUNCTIONS

There are several families of functions that we are already familiar with:

Name General form

Function notation

Linear fx)=ax+0b, a#0
Quadratic f(z)=az?+bx+c, a#0
Cubic fl@)=az3 +bx®+cx+d, a#0

(z)
(z)
Exponential | f(z) =a*, a >0, a#1
Logarithmic | f(z)
(z)

Reciprocal flz

f
f
f
f
f
f

cx—ard+ bz’ +cx+d, a#0
cx—a®, a>0, a#£l

rx—log.x or frx—lnzx

s ar = =
g

x—ar+b, a#0
Tz ar?+br+c, a#0

K 240, E#£0

These families of functions have different and distinctive graphs. We can compare them by considering

important graphical features such as:

e the axes intercepts where the graph cuts the = and y-axes

e turning points which could be a local minimum or local maximum

e values of x for which the function does not exist

e the presence of asymptotes, which are lines or curves that the graph approaches.

Many real world situations are modelled by mathematical functions which are difficult to analyse using
algebra. However, we can use technology to help us graph and investigate the key features of an

unfamiliar function.

If there is no domain or range specified, start with a large viewing window. This ensures we do not miss

any features of the function.
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T

Consider the function y = z 2. Use technology to help answer the following:
T

) Self Tutor

¢ As x — —oo, y— —2 from below.

So, the vertical asymptote is = = 0.
The domain is {z | z # 0}.

The range is

{y|ly< -2 or y>—0.116}.

So, the horizontal asymptote is y = —2.
As x — 0 from the left, y— —oc.
As x — 0 from the right, y — oco.

a Find the axes intercepts. )
b Find any turning points of the function. / GRAPHICS
i i CALCULATOR
¢ Find any asymptotes of the function. e
d State the domain and range of the function.
e Sketch the function, showing its key features.
a When z =0, y is undefined. There is no y-intercept.
@Fﬂh\. ¥=i m ¥=i
The z-intercepts are 1 and 2.
b
"‘“'-um-
There is a local minimum
at (1.44, —0.116).
—
Ei_nimum‘\ .
Hel44Egeyl [v=- 1188306

Yi
X
a8
= 1Y2 .......................... >
=_2

(1.44,-0.116)

If we are asked to sketch a function, it will show the graph’s general shape and its key features.

If we are asked to draw a function, it should be done more carefully to scale.
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WHERE GRAPHS MEET

Suppose we graph two functions f(z) and g(x) on the same set of axes. The z-coordinates of points
where the graphs meet are the solutions to the equation f(z) = g(z).

We can use this property to solve equations graphically, but we must make sure the graphs are drawn
accurately.

| Example2 ) Self Tutor

. 1 . .
a Draw the functions y = — and y = 2 —x on the same set of axes, with the domain
€T

—4 < x <4

. . 1 .
b Hence find any solutions to the equation 2 —x = — on the domain —4 < z < 4.
T

¢ On the domain z € R, for what values of k does = + 1_ k have:
T

i one solution ii no solutions iii two solutions?

(—4,6) The Table menu on your

calculator can be used to
find endpoints.

l N\

b The graphs of y=2—2z and y:l meet when z = 1.
X

the solution of 2 —z = ! is x=1.
az

¢ If 24 ~—F then k—m—=-,
aB

T

The graph of y =k —x has y-intercept k and gradient —1.
\
‘\ym i Using b as a guide, we see there is one
\ solution if k=2 or —2.
{green lines}

x (1,1) ii There are no solutions if —2 < k < 2.
\ {blue lines}

\\m iii There are two solutions if
\\\‘ k< -2 or k>2.
N

{red lines}
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EXERCISE 5A

1 For each of the functions given, use technology to answer the following:

i Find the axes intercepts.
ii Find any turning points of the function.
iii Find any asymptotes of the function.
v State the domain and range of the function.
v Sketch the function, showing its key features.

¢ y=a27° d y= Lo on —-5<z<5h
($+2)2 X X
1 22
= f - _
ey 14+2—7% Y o 1

2 a Sketch the graphs of f(z) = 2% — 2 and g(z) = —22+11 for —6<x <6.
T

b One of the solutions to  f(z) = g(z) is x = 2.51. Use technology to determine the two
negative solutions.

3 Find the maximum value of:
a y=—a*+223+522+2+2 ontheinterval 0<x <4

b y=-22*4+522+2+2 on the interval:
i 2<2r<2 i 2<z2<0 iii 0<z <2

& Sketch the graphs of f(x) = e " and g(z) = 2® on the same set of axes.

2
Hence solve 22 =e %"

5 Part of the graph of y = f(z) is shown alongside. AY

a Copy the graph, and on the same set of axes draw (4,8)
the graph of g¢g(x) = -1, —-5<z <4

b Hence state the number of solutions of

f(z) =g(z) onthe domain —5 <z < 4. y=f(z)
¢ Consider the function h(z) =k on the domain =21
—5 < x < 4. For what values of k does “ >
f(z) = h(x) have: /
i three solutions ii two solutions (=5,-3)
iii one solution iv no solutions?

6 Answer the Opening Problem on page 136.
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"3l TRANSFORMATION OF GRAPHS

Having studied the key features of graphs, we now consider how the graphs of different members of a
family of functions are related.

INVESTIGATION 1 FUNCTION FAMILIES

In this investigation you are encouraged to use the graphing package supplied.
Click on the icon to access this package.

GRAPHING
What to do: PACKAGE
- > 4
1 From the menu, graph on the same set of axes: 1 :|
y=2r+1, y=2z+3, y=2z-1
Comment on all lines of the form y = 2z + b.
2 From the menu, graph on the same set of axes:
Y=mart, p=2%arr Y=Luad, P=—m@F% y:—%x+2
Comment on all lines of the form y = az + 2.
3 On the same set of axes graph:
Y= 1’2, Yy = 23729 Yy = %IQS Yy = —1'2, Yy = _33729 Y= _%:EQ
Comment on all functions of the form y = az?, a #0.
4 On the same set of axes graph:
y=2% y=@-1°+2, y=@E+1)°>-3 y=(=-27°-1
and other functions of the form y = (z — h)? +k of your choice.
Comment on the functions of this form.
5 On the same set of axes, graph these functions:
1 3 10 =l =2 —5
a y=-, == Y=— b Yy=—— Yy=— Yy=—
X x x x x
1 1 1 1 1
2 2
S U= USETh USem=

Write a brief report on your discoveries.

From the Investigation you should have observed how different parts of a function’s equation can affect
its graph.

In particular, we can perform transformations of graphs to give the graph of a related function. These
transformations include translations, stretches, and reflections.

In this chapter we will consider transformations of the function y = f(x) into:
e y=f(z)+0b, bisaconstant e y=f(r—a), aisa constant

e y=npf(x), pisa positive constant e y= f(qzr), ¢ is a positive constant

o y=—f(z) o y=f(—x)



TRANSFORMING FUNCTIONS  (Chapter 5) 141

Example 3

) Self Tutor

If f(z) =%, find in simplest form:
a f(22) b f(%) ¢ 2f(x) +1 d flz+3)-
a  f(2) b f(§> ¢ 2f@)+1 d flz+3)—4
= (2z2) 2\ 2 =222 +1 =(z+3)*-4
= 4z? :(§> =a?+6z+9—4
_ 93_2 =224+6x+5
9
EXERCISE 5B
1 If f(z)=w=, find in simplest form:
a f(2x) b f(x)+2 ¢ 3f(x) d 2f(z)+3
2 If f(x)=a22 find in simplest form:
a f(32) b f (g) ¢ 3f(z) d 2f(z—1)+5
3 If f(x)=23 find in simplest form:
a f(4x) b 1f(22) ¢ flx+1) d 2f(z+1)—-3

Hint: (z+1)>=23+32% + 3z + 1.

4 If f(x)=2",

a f(2x) b f(—z)+1
5 If f(x)= l, find in simplest form:

a f(- b (2

find in simplest form:

See the binomial theorem in Chapter 7.

¢ flz—2)+3

¢ 2f(z)+

d 2f(z)+3

d 3f(z—1)+2

[ OS5 1) 4500 1o

INVESTIGATION 2
What to do:

1 a For f(z) =23, find in simplest form:

i f(z)+2

il f(z)-3

b Graph all four functions on the same set of axes.
¢ What effect does the constant b have when y = f(z) is transformed to y = f(x) + b?

2 a For f(z)=a2 find in simplest form:

i flz-2)

ii f(z+1)

b Graph all four functions on the same set of axes.

i f(x)+6

TRANSLATIONS

GRAPHING
PACKAGE

=

il f(z—5)

¢ What effect does the constant a have when y = f(z) is transformed to y = f(x — a)?
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e For y= f(x)+b, the effect of b is to translate the graph vertically through b units.
» If b> 0 it moves upwards. » If b<0 it moves downwards.

e For y= f(x —a), the effect of a is to translate the graph horizontally through a units.
» If a >0 it moves to the right. » If a <0 it moves to the left.

e For y= f(x —a)+b, the graph is translated horizontally a units and vertically b units.
We say it is translated by the vector (} ).

EXERCISE 5C

1 a Sketch the graph of f(z) = 22 GRAPHING
PACKAGE
b On the same set of axes sketch the graphs of: - -
i y=f(z)+2 or y=a%+2 i y=f(z)—3 or y=a2-3. I)
¢ What is the connection between the graphs of y = f(z) and y = f(x) +b if:
i b>0 i b<0?

2 For each of the following functions f, sketch on the same set of axes the graphs of y = f(z),
y=f(x)+1, and y= f(x)—2.

a fx)=2° b f(z) =4 ¢ flo)=- d f(z)=(z—1)

3 a On the same set of axes, graph  f(z) =22, y= f(r—3), and y= f(z +2).
b What is the connection between the graphs of y = f(x) and y= f(z—a) if:
i a>0 i a<0?
4 For each of the following functions f, sketch on the same set of axes the graphs of y = f(x),
y=f(zx—1), and y= f(z+2).
a f(z) =25 b f(z)=Inz ¢ flz)=2 d flz)=(z+1)%+2
X
5 For each of the following functions f, sketch on the same set of axes the graphs of y = f(x),
y=f(zx—2)4+3, and y= f(z+1)—4.
a f(z)=a? b f(z)=e" ¢ flw)=-

T

6 Copy these functions and then draw the graph of y = f(z —2) — 3.
a Y b YA

Y Y

7 The graph of f(z) = 2% — 2z +2 is translated 3 units right to g(z). Find g(z) in the form
g(z) = az® + bx + c.
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8 Suppose f(z)=a? is transformedto g(z)= (z —3)? +2.
a Find the images of the following points on f(x):

i (0,0) ii (—3,9) ili where x =2
b Find the points on f(z) which correspond to the following points on g(z):
i (1,6) i (—2,27) i (13, 41)

pf(xz), p>0 AND
y= f(qz); ¢ >0

INVESTIGATION 3 STRETCHES
What to do: GRAPHING
PACKAGE

1 a For f(x)=x+2, find in simplest form: - .
i 3f(x) i 1f(z) ili 5f(x) ﬁ
b Graph all four functions on the same set of axes.
¢ What effect does the constant p have when y = f(z) is transformed to y = pf(z),
p>0?

2 a For f(z)=2?% find in simplest form:
i f(2x) il f(3z) i f(%)
b Graph all four functions on the same set of axes.

¢ What effect does the constant ¢ have when y = f(z) is transformed to y = f(qx),
q>0?

e For y=pf(z), p>0, the effect of p is to vertically stretch the graph by the scale factor p.
» If p>1 it moves points of y = f(z) further away from the z-axis.
» If 0<p<1 it moves points of y = f(x) closer to the z-axis.

. . 1
e For y= f(qz), g > 0, the effect of g is to horizontally stretch the graph by the scale factor —.
q

» If ¢>1 it moves points of y = f(x) closer to the y-axis.
» If 0<g<1 it moves points of y = f(z) further away from the y-axis.

EXERCISE 5D
1 Sketch, on the same set of axes, the graphs of y = f(z), y = 2f(z), and y = 3f(z) for each of:

a f(x) =22 b f(z) =23 c f(z)=¢€"
d f(z)=lx e f(x):i
2 Sketch, on the same set of axes, the graphs of y = f(z), y = 1f(z), and y = 1f(z) for each
of:
a f(x) =22 b f(x)=2° ¢ flz)=e"
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3 Sketch, on the same set of axes, the graphs of y = f(z) and y = f(2z) for each of:

y = 22 b y=(r—1)?2 ¢ y=(x+3)?

4 Sketch, on the same set of axes, the graphs of y = f(x) and y = f(%) for each of:

y:xQ b y:2III < y:($+2)2

5 Sketch, on the same set of axes, the graphs of y = f(z) and y = f(3z) for each of:

6 Consider the function f:z+— z°.

y=a b y==2? c y=¢€"

2

On the same set of axes sketch the graphs of:

a
b

C

y=f(z), y=3f(x—2)+1, and y=2f(z+1)—3
y=[f(2), y=flx=3), y=f(§-3), y=2f(5-3), and y=2f(5—-3)+4
y = f(z) and y:%f(2$+5)+1.

Given that the following points lie on y = f(x), find the coordinates of the point each moves
to under the transformation y = 3f(2x):

i (3,-5) i (1, 2) i (—2,1)
Find the points on y = f(x) which are moved to the following points under the transformation
y=3f(2z):

i (2,1) i (-3,2) i (—7,3)

I3 =7 (=) AND y = f(~=)

INVESTIGATION 4 REFLECTIONS
What to do:
GRAPHING
1 Consider f(z) = a3 —2. PACKAGE

. . . ( >
a Find in simplest form: 15

i —f(2) i f(—x)
b Graph y = f(z), y=—f(x), and y = f(—x) on the same set of axes.

2 Consider f(z) = e".

a Find in simplest form:
i —f(z) i f(—z)
b Graph y = f(z), y=—f(x), and y = f(—z) on the same set of axes.

3 What transformation moves:

a y=f(z) to y=—f(z) b y=f(z) to y=f(-2)?

e For y=—f(x), wereflect y= f(z) in the z-axis.
e For y= f(—=x), we reflect y = f(x) in the y-axis.
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EXERCISE 5E

1 On the same set of axes, sketch the graphs of y = f(x) and y = —f(z) for:

a f(z)=3=z b f(z)=¢€" ¢ flx) =2
d f(z)=Inx e f(x)=a%-2 f flz)=2(x+1)?
2 a Find f(—=z) for
i flz)=2z+1 i flx)=22+22+1 i f(z) =2
b Graph y = f(z) and y = f(—xz) for:
i flz)=2zx+1 i flx)=22+2z+1 i f(z) =23

3 The function f(z) =% —Inz is reflected in the z-axis to g(z). Find g(z).
4 The function f(z)=2*—22% —32? + 52 — 7 is reflected in the y-axis to g(z). Find g(x).

5 The function y = f(z) is transformed to g(z) = —f(x).

a Find the points on g(x) corresponding to the following points on f(x):

i (3,0) i (2,-1) iii (=3, 2)
b Find the points on f(z) that have been transformed to the following points on g(z):
i (7,-1) ii (-5,0) i (-3, —2)

6 The function y = f(x) is transformed to h(z) = f(—=x).
a Find the image points on h(z) for the following points on f(z):

i (2,-1) ii (0, 3) iii (-1, 2)
b Find the points on f(z) corresponding to the following points on h(z):
i (5, —4) ii (0, 3) iii (2, 3)
7 Copy the graph of y = f(z) alongside, then draw the Y4
graph of: A
a y=—f(z) b y=f(-z)
0—.\
y=f(z) \ /
EEEER SAVARE
—2
Y

8 A function f(x) is transformed to the function g(x) = —f(—x).
a Describe the nature of the transformation.
b If (3, —7) lieson y = f(z), find the transformed point on y = g(z).
¢ Find the point on f(x) that transforms to the point (—5, —1).
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"7 MISCELLANEOUS TRANSFORMATIONS

A summary of all the transformations is given in the printable concept map. CONCEPT
MAP
(ﬁ)
|_Example 4| ) Self Tutor

Consider f(z) = %a: + 1. On separate sets of axes graph:

a y=f(r) and y= f(z+2) b y=f(z) and y= f(z)+2
¢ y=f(z) and y=2f(z) d y=f(x) and y=—f(z)
a

(4

EXERCISE 5F

. 2
1 Consider f(z) =z L Invariant points do not move
a Graph y = f(x) and state its axes intercepts.

under a transformation.

b Graph the functions:
i y=f(z)+3 ii y=f(z—-1)
i y=2f(x) v y=—f(z)
¢ What transformation on y = f(z) has occurred in each case in b?
d On the same set of axes graph y = f(z) and y = —2f(x).
Describe the transformation.
e What points on y = f(x) are invariant when y = f(z) is
transformed to y = —2f(x)?




TRANSFORMING FUNCTIONS  (Chapter 5)

147

2 On each of the following f(x) is mapped onto g¢(z) using a single transformation.

i Describe the transformation fully.

3 Copy the following graphs for y = f

/M

y=f(z)

Y

1
4—/
Y

T

il Write g(z) in terms of f(x).

\ Y

2
&2

‘/\

A

N

and sketch the graphs of y = —f(z) on the same axes.

Y

A

4 Given the following graphs of y = f(z), sketch graphs of y = f(—x):

.

b i

Y

A\ &S]

4—4"'/1

C

yl

\J

5 The scales on the graphs below are the same. Match each equation to its graph.
D y=6z*

A y=2*

B y=2z*

C yzlx‘l

\

Il
\]

JUBVRIIRND.

6 For the graph of y =

a y=2f(x)
¢ y=flz+2)
e y=f(3z)

f(z) given, sketch the graph of:
b y= §f (513)
d y=f(2x)

y=f(z)
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7 Yy For the graph of y = g(z) given, sketch the graph
of:
3 a y=g(z)+2 b y=—g()
2/\ ¢ y=g(-2) d y=g(z+1)
8 For the graph of y = h(x) given, sketch the graph of: Ay
a y=nh(z)+1 b y=1ih(z) y = h(z)
¢ y=h(-z) d y=nh(3) < -
— 3 T
= (2.-2)
REVIEW SET 5A ALCULATOR
1 If f(z) =22 — 2z, find in simplest form:
a f(3) b f(2z) ¢ f(-=) d 3f(z) -2
2 If f(z)=5—x— 22, find in simplest form:
a f(-1) b flz—1) ¢ /(%) d 2f(2) - f(-a)

3 The graph of f(z) =3z® —22? +x +2 is translated to its image g(z) by the vector (_12)
Write the equation of g(x) in the form g(z) = ax® + bx? + cz + d.

4 The graph of y = f(x) is shown alongside. 4y
The z-axis is a tangent to f(z) at x =a and f(z)
cuts the z-axis at « = b.
On the same diagram, sketch the graph of \\ y=f(z)
y=f(x—c) where 0 <c<b—a. - /\b I
a
Indicate the z-intercepts of y = f(z — ¢). \
Y
5 For the graph of y = f(x), sketch graphs of: Ay (5.8)
a y=f(-z) b y=—f(a)
¢ y=flz+2) d y=f(z)+2
(=3,3) 13 y=f(=)
- &
1 3
v (2,-1)

6 Consider the function f :x +— z2.

On the same set of axes graph:
a y=f(z) b y=f(z-1) ¢ y=3f(z—-1) d y=3f(x-1)+2
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7 The graph of y = f(x) is shown alongside. YA

a Sketch the graph of y = g(z) where
g(z) = f(z +3) - L
b State the equation of the vertical asymptote of

y = g( )' N E A(2, 0) x
¢ Identify the point A’ on the graph of i
y = g(z) which corresponds to point A. Y oz=1

REVIEW SET 5B CALCULATOR
1 Use your calculator to help graph f(z) = (z + 1) — 4. Include all axes intercepts, and the

coordinates of the turning point of the function.

2

2 Consider the function f :x — x°. On the same set of axes graph:

a y=f(z) b y=flz+2) ¢ y=2f(z+2) d y=2f(z+2)—3

g 27
3 Consider f:z— —
Does the function have any axes intercepts?
Find the equations of the asymptotes of the function.
Find any turning points of the function.
Sketch the function for —4 < z < 4.

QO an O o

4 Consider f:x— 27"
a Use your calculator to help graph the function.
b True or false?
i As z—o00, 27% —=0. ii As 2 — —0co, 27% — 0.
iii The y-intercept is 3. iv 272 >0 forall z.

5 The graph of the function f(z) = (z +1)2+4 is translated 2 units to the right and 4 units

up.
a Find the function g(z) corresponding to the translated graph.
b State the range of f(x).
¢ State the range of g(x).

6 For each of the following functions:

i Find y = f(z), the result when the function is translated by (_12)

ii Sketch the original function and its translated function on the same set of axes. Clearly

state any asymptotes of each function.
iii State the domain and range of each function.

a yzi b y=2" ¢ y=log,

7 Sketch the graph of f(z) = x? + 1, and on the same set of axes sketch the graphs of:
a —f(z) b f(22) ¢ flz)+3
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REVIEW SET 5C

1 Consider the graph of y = f(z) shown. Y t\» PRINTABLE
a Use the graph to determine: GRAPH
i the coordinates of the turning point 2 (‘{?’
ii the equation of the vertical asymptote
i the equation of the horizontal asymptote 5 |z

iv the z-intercepts.

b Graph the function g : z +— xz+1 on the same
set of axes. y= flz)

Y
¢ Hence estimate the coordinates of the points of intersection of y = f(z) and y = g(x).

2 Sketch the graph of f(z) = —22, and on the same set of axes sketch the graph of:

a y=f(—x) b y=—f(x) c y=f(2x2) d y=f(x—2)
3 The graph of a cubic function y = f(z) is shown Ay
alongside. y=f(z)
a Sketch the graph of g(z) = —f(x — 1). (1,4)
b State the coordinates of the turning points of
y = g(x). ) .
(3,0) *
Y
2 y y=f(z)
4 The graph of f(z) = a* is transformed to the graph Yy
of g(x) by a reflection and a translation as illustrated.
V(-3,2)

Find the formula for g(z) in the form
g(z) = ax® + bz + c. >

y=g(z)
5 Given the graph of y = f(z), sketch graphs of: by y=f(z)
a f(-z) b flz+1)
¢ f(z)—3. (5,3)
2
3 .
/ 2 x

6 The graph of f(z) =23+ 322 — 2z +4 is translated to its image y = g(z) by the vector
(3'). Write the equation of g(z) in the form g(z) = az® + bz? + cz + d.

7 a Find the equation of the line that results when the line f(xz) = 3z +2 is translated:
i 2 units to the left ii 6 units upwards.

b Show that when the linear function f(z) =ax +b, a >0 is translated k units to the
left, the resulting line is the same as when f(z) is translated ka units upwards.
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OPENING PROBLEM SISSA IBN DAHIR

Around 1260 AD, the Kurdish historian Ibn Khallikan recorded the following story about Sissa ibn
Dahir and a chess game against the Indian King Shihram. (The story is also told in the Legend of
the Ambalappuzha Paal Payasam, where the Lord Krishna takes the place of Sissa ibn Dahir, and
they play a game of chess with the prize of rice grains rather than wheat.)

@ King Shihram was a tyrant king, and his subject Sissa ibn Dahir wanted to teach him

how important all of his people were. He invented the game of chess for the king, and
the king was greatly impressed. He insisted on Sissa ibn Dahir naming his reward, and
the wise man asked for one grain of wheat for the first square, two grains of wheat for
the second square, four grains of wheat for the third square, and so on, doubling the
wheat on each successive square on the board.

The king laughed at first and agreed, for there was so little grain on the first few
squares. By halfway he was surprised at the amount of grain being paid, and soon he
C realised his great error: that he owed more grain than there was in the world.

Things to think about:
a How can we describe the number of grains of wheat for each square?
b What expression gives the number of grains of wheat for the nth square?
¢ Find the total number of grains of wheat that the king owed.

To help understand problems like the Opening Problem, we need to study sequences and their sums
which are called series.

e NUMBER SEQUENCES

In mathematics it is important that we can: e recognise a pattern in a set of numbers,
e describe the pattern in words, and
e continue the pattern.

A number sequence is an ordered list of numbers defined by a rule.
The numbers in the sequence are said to be its members or its terms.

A sequence which continues forever is called an infinite sequence.

A sequence which terminates is called a finite sequence.

For example, 3,7, 11, 15, .... form an infinite number sequence.
The first term is 3, the second term is 7, the third term is 11, and so on.
We can describe this pattern in words:
“The sequence starts at 3 and each term is 4 more than the previous term.”
Thus, the fifth term is 19 and the sixth term is 23.

The sequence 3,7, 11, 15, 19, 23 which terminates with the sixth term, is a finite number sequence.
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m ) Self Tutor

Describe the sequence: 14, 17, 20, 23, .... and write down the next two terms.

The sequence starts at 14, and each term is 3 more than the previous term.

The next two terms are 26 and 29.

EXERCISE 6A

1 Write down the first four terms of the sequence if you start with:
a 4 and add 9 each time b 45 and subtract 6 each time
¢ 2 and multiply by 3 each time d 96 and divide by 2 each time.

2 For each of the following write a description of the sequence and find the next 2 terms:
a 8,16, 24, 32, ... b 2,5 8 11, ... ¢ 36, 31, 26, 21, ....
d 96, 89, 82, 75, .... e 1,4,16, 64, ... f 2,6,18,54, ...
g 480, 240, 120, 60, .... h 243,81, 27,9, ... i 50000, 10000, 2000, 400, ....

3 Describe the following number patterns and write down the next 3 terms:
a 1,4,9, 16, .. b 1,8, 27,64, .. ¢ 2,6,12, 20, ...

4  Find the next two terms of:
a 95,91, 87,83, .. b 5, 20, 80, 320, .... ¢ 1,16, 81, 256, ....
d 2,357, 11, .. e 2,4,7,11, ... f 9,8 10,7 11, ...

"] | THE GENERAL TERM OF A NUMBER SEQUENCE

Sequences may be defined in one of the following ways:

listing all terms (of a finite sequence)

listing the first few terms and assuming that the pattern represented continues indefinitely
giving a description in words

using a formula which represents the general term or nth term.

Consider the illustrated tower of bricks. The first row

t
has three bricks, the second row has four bricks, and 1% row
the third row has five bricks. 2™ row

If u,, represents the number of bricks in row n (from 3" row —— | | | | | |
the top) then uwy; =3, uy =4, ug =25, ug =6, .... | | | | | | |

This sequence can be specified by: | | | | : | | | |

listing terms 3,4,5,6, ... v

using words “The top row has three bricks and each successive row under it
has one more brick than the previous row.”

using an explicit formula Up, =n -+ 2 is the general term or nth term
formula for n=1, 2, 3, 4, ....

Check: wi=14+2=3 up=2+2=4 v
U3:3+2=5 v
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e a pictorial or graphical representation Un
Early members of a sequence can be graphed with each represented 6 °
by a dot. 4 .
The dots must not be joined because n must be an integer. 5 .

THE GENERAL TERM

The general term or nth term of a sequence is represented by a symbol with a subscript, for example
Up, Tp, tp, or A,. The general term is defined for n =1, 2, 3, 4, ....

{un} represents the sequence that can be generated by using u,, as the nth term.

The general term w,, is a function where n +— u,. The domainis n € Z* for an infinite sequence,
or a subset of Z™T for a finite sequence.

For example, {2n + 1} generates the sequence 3,5, 7,9, 11, ....

EXERCISE 6B
1 A sequence is defined by w,, =3n —2. Find:

a up b us € u27
2 Consider the sequence defined by wu,, = 2n + 5.

a Find the first four terms of the sequence. b Display these members on a graph.

3 Evaluate the first five terms of the sequence:
a {2n} b {2n+2} ¢ {2n -1} d {2n -3}
e {2n+ 3} f {2n+ 11} g {3n+1} h {4n -3}
4 Evaluate the first five terms of the sequence:
a {27} b {3x2"} ¢ {6x(3)"} d {(-=2)"}

5 Evaluate the first five terms of the sequence {15 — (—2)"}.
=~

GRAPHICS

Click on the appropriate icon for instructions. CALCULATOR
INSTRUCTIONS

You can use technology to help generate sequences from a formula.

RESEARCH THE FIBONACCI SEQUENCE

Leonardo Pisano Bigollo, known commonly as Fibonacci, was born in Pisa around 1170 AD. He is
best known for the Fibonacci sequence 0, 1, 1, 2, 3, 5, 8, 13, 21, .... which starts with 0 and 1,
and then each subsequent member of the sequence is the sum of the preceding two members.

1 Where do we see the Fibonacci sequence in nature?

2 Can we write a formula for the general term wu,, of the Fibonacci sequence? How else can the
Fibonacci sequence be described using symbols?
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S| ARITHMETIC SEQUENCES

An arithmetic sequence is a sequence in which each term differs from the previous one
by the same fixed number.

It can also be referred to as an arithmetic progression.

For example:

e the tower of bricks in the previous section forms an arithmetic sequence where the difference between
terms is 1

e 2,5 8 11,14, .... is arithmeticas 5—2=8—-5=11-8=14—-11= ...
e 31,27,23, 19, .... is arithmeticas 27 —31 =23 —-27=19—-23 = ...

ALGEBRAIC DEFINITION

{u,} is arithmetic < w, 41 —u, = d for all positive integers n where d is a
constant called the common difference.

The symbol < means ‘if and only if’. It implies both:

o if {w,} is arithmetic then u,4+1 —u, is a constant

e if w,y1 —u, isaconstant then {u,} is arithmetic.

THE NAME ‘ARITHMETIC’

If a, b and c are any consecutive terms of an arithmetic sequence then

b—a=c—b {equating common differences}
2b=a+c
_a+c
b==

So, the middle term is the arithmetic mean of the terms on either side of it.

THE GENERAL TERM FORMULA

Suppose the first term of an arithmetic sequence is u; and the common difference is d.
Then wus =wui+d, us=1wu; +2d, us=wu; +3d, and so on.
Hence wu, =u;+(n—1)d
/ :
term number the coefficient of d is
one less than the term number

For an arithmetic sequence with first term w; and common difference d
the general term or nth term is U, =u1 + (n — 1)d.
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[ Example 2 | =) Self Tutor

Consider the sequence 2, 9, 16, 23, 30, ....
a Show that the sequence is arithmetic.
b Find a formula for the general term w,,.
¢ Find the 100th term of the sequence.
d Is i 828 ii 2341 a term of the sequence?
a O=2=T7 The difference between successive terms is constant.
16—-9=17 So, the sequence is arithmetic, with u; =2 and d=17.
23—-16=7
30-23="7
b Up =u1 + (n—1)d ¢ If n=100,
Sooup,=24+7n-1) uy00 = 7(100) — 5
. U, =Tn—5 = 695
d i Let u,=828 il Let wu,=2341
m — b = 828 . Tn—5=2341
Tn = 833 . Tn = 2346
. n=119 - n=335%
828 is a term of the sequence, But n must be an integer, so 2341
and in fact is the 119th term. is not a member of the sequence.
EXERCISE 6C.1
1 Find the 10th term of each of the following arithmetic sequences:
a 19,25, 31, 37, .... b 101, 97, 93, 89, .... c 8, 9%, 11, 12%,
2 Find the 15th term of each of the following arithmetic sequences:
a 31, 36, 41, 46, .... b 5 -3, —11, —19, ... ¢ a,a+d a+2d a+3d, ...
3 Consider the sequence 6, 17, 28, 39, 50, ....
a Show that the sequence is arithmetic. b Find the formula for its general term.
¢ Find its 50th term. d Is 325 a member?

e Is 761 a member?

4 Consider the sequence 87, 83, 79, 75, 71, ....

a Show that the sequence is arithmetic. b Find the formula for its general term.

¢ Find the 40th term. d Which term of the sequence is —297?
5 A sequence is defined by wu, = 3n — 2.

a Prove that the sequence is arithmetic. Hint: Find wpq1 — Up.

b Find u; and d. ¢ Find the 57th term.

d What is the largest term of the sequence that is smaller than 450? Which term is this?
6 A sequence is defined by wu, = a ; 7".

a Prove that the sequence is arithmetic. b Find u; and d. ¢ Find wrs.

d For what values of n are the terms of the sequence less than —200?
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m ) Self Tutor

Find k given that 3k + 1, k, and —3 are consecutive terms of an arithmetic sequence.

Since the terms are consecutive, k — (3k+ 1) = —3 — k {equating differences}
k—3k—1=-3—k
—2k—1=-3-k
—1+3=-k+2k

=2
or Since the middle term is the arithmetic mean of the terms on either side of it,
E— 8k + 1)+ (—3)
a 2
2k =3k — 2
k=2
7 Find k given the consecutive arithmetic terms:
a 32,k 3 b k, 7,10 ¢ k+1,2k+1,13
d k—1,2k+3,7T—k e k K> k2+6 f 5 k k2—8
| Example 4 | =0 Self Tutor
Find the general term w,, for an arithmetic sequence with w3 =8 and wug = —17.
uz = 8 cooup+2d=38 e (1) {using wu, =u; + (n — 1)d}
ug = —17 cooup +7d=—17 .. (2)

We now solve (1) and (2) simultaneously:

—u; —2d = -8 {multiplying both sides of (1) by —1}

uy +7d = —17
5d = —25 {adding the equations}
d= -5
So, in (1): ur +2(-5) =8 Check:
u —10=8 uz = 23 — 5(3)
coooup =18 =23-15
Now u, =uj + (n—1)d =8 V
o oup, =18—-5(n—1) ug = 23 — 5(8)
Up =18 —dn+5 =23 —40
U, = 23 — 5n =17 v

8 Find the general term wu,, for an arithmetic sequence with:
a uy=41 and w3 =77 b us;=-2 and wuip = —123
¢ seventh term 1 and fifteenth term —39

d eleventh and eighth terms being —16 and —11% respectively.
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Insert four numbers between 3 and 12 so that all six numbers are in arithmetic sequence.

Suppose the common difference is d.

So, the sequence is 3, 4.8, 6.6, 8.4, 10.2, 12.

the numbers are 3, 3+d, 3+2d, 3+3d, 3+4d, and 12

3+5d =12
5d =9
d=2=18

9 a Insert three numbers between 5 and 10 so that all five numbers are in arithmetic sequence.

b Insert six numbers between —1 and 32 so that all eight numbers are in arithmetic sequence.

10 Consider the arithmetic sequence 36, 353, 342, ....

a Find u; and d. b  Which term of the sequence is —30?
11  An arithmetic sequence starts 23, 36, 49, 62, .... What is the first term of the sequence to exceed
100 0007?

ARITHMETIC SEQUENCE PROBLEMS

=) Self Tutor

Ryan is a cartoonist. His comic strip has just been bought by a newspaper, so he sends them the
28 comic strips he has drawn so far. Each week after the first he mails 3 more comic strips to the

newspaper.
a Find the total number of comic strips sent after 1, 2, 3, and 4 weeks.
b Show that the total number of comic strips sent after n weeks forms an arithmetic sequence.
¢ Find the number of comic strips sent after 15 weeks.
d When does Ryan send his 120th comic strip?
a Week I: 28 comic strips Week 3: 31+ 3 =34 comic strips
Week 2: 28 +3 = 31 comic strips Week 4: 34+ 3 = 37 comic strips
b Every week, Ryan sends 3 comic strips, so the difference between successive weeks is always
3. We have an arithmetic sequence with u; = 28 and common difference d = 3.
¢ u,=u;+ (n—1)d
=28+ (n—1)x3 Soous =25+3x%x15
=25+3n =170
After 15 weeks Ryan has sent 70 comic strips.
d We want to find n such that U, = 120
25+ 3n =120
3n =95
n =312

Ryan sends the 120th comic strip in the 32nd week.
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EXERCISE 6C.2

1 A luxury car manufacturer sets up a factory for a new model. In the first month only 5 cars are
produced. After this, 13 cars are assembled every month.

a List the total number of cars that have been made in the factory by the end of each of the first
six months.

b Explain why the total number of cars made after » months forms an arithmetic sequence.
¢ How many cars are made in the first year?
d How long is it until the 250th car is manufactured?

2 Valéria joins a social networking website. After 1 week she has 34 online friends. At the end of
2 weeks she has 41 friends, after 3 weeks she has 48 friends, and after 4 weeks she has 55 friends.

a Show that Valéria’s number of friends forms an arithmetic sequence.

b Assuming the pattern continues, find the number of online friends Valéria will have after
12 weeks.

¢ After how many weeks will Valéria have 150 online friends?

3 A farmer feeds his cattle herd with hay every day in July. The amount of hay in his barn at the end
of day n is given by the arithmetic sequence wu, = 100 —2.7n tonnes.

a Write down the amount of hay in the barn on the first three days of July.
b Find and interpret the common difference.

¢ Find and interpret uos.

d How much hay is in the barn at the beginning of August?

) GEOMETRIC SEQUENCES

A sequence is geometric if each term can be obtained from the previous one by
multiplying by the same non-zero constant.

A geometric sequence is also referred to as a geometric progression.

For example: 2, 10, 50, 250, .... is a geometric sequence as each term can be obtained by multiplying
the previous term by 5.

Notice that 42 =33 = 29 — 5. 50 each term divided by the previous one gives the
same constant.
ALGEBRAIC DEFINITION
Un+1

{u,} is geometric <

= r for all positive integers n where 7 is a

Un constant called the common ratio.

For example: e 2,10, 50, 250, .... is geometric with r = 5.
e 2, —10, 50, —250, .... is geometric with r = —5.
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THE NAME ‘GEOMETRIC’

If a, b, and c are any consecutive terms of a geometric sequence then

a

b2 = ac and so b= +./ac where y/ac is the geometric mean of a and c.

THE GENERAL TERM FORMULA

Suppose the first term of a geometric sequence is u; and the common ratio is 7.

2

Then ws =wuir, usg=uir2, us=u;r>, and so on.

Hence wu, = uyr" !

A t

term number The power of r is one less than the term number.

For a geometric sequence with first term u; and common ratio r,

the general term or nth term is n—1

1

Consider the sequence 8, 4, 2, 1, 5, ....

Uy = ULT

o) Self Tutor

a Show that the sequence is geometric. b Find the general term wu,,.

¢ Hence, find the 12th term as a fraction.

4

2

8 4
Consecutive terms have a common ratio of %

1
1 1 4 2_1
2 —2 —2 1 2

1

the sequence is geometric with u; =8 and r = 3.

b u, =ur" ! ¢ up=8x(H
Uy = 8 (%)"71 or u, =23 x (27Hn! = ﬁ

=23 x 27" fl

_ 23+(—n+1)

— 24—n

EXERCISE 6D.1
1 For the geometric sequence with first two terms given, find b and c:
a 2,6,bc, ... b 10,5, b, ¢, .... ¢ 12, —6,0b, ¢, ....

2 Find the 6th term in each of the following geometric sequences:

a 3,6,12, 24, ...

3 Find the 9th term in each of the following geometric sequences:

a 1,3,9,27, ...

L

a Show that the sequence 5, 10, 20, 40, ....

b 2,10, 50, ....

b 12, 18,27, ... ¢ & -1

is geometric.

b Find wu, and hence find the 15th term.

¢ 512, 256, 128, ...

11 2
I — 55 - d oa,ar,ar®, ..
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5 a Show that the sequence 12, —6, 3, —3, ...

is geometric.

b Find wu, and hence write the 13th term as a rational number.

6 Show that the sequence 8, —6, 4.5, —3.375, ....

decimal.
7 Show that the sequence 8§, 42, 4, 24/2, ...

7 1
. s—3n
the sequence is wu,, =22 2.

is geometric. Hence find the 10th term as a

is geometric. Hence show that the general term of

Example 8

k—1, 2k, and 21 — k are consecutive terms of a geometric sequence. Find k.

Since the terms are geometric,

21—k

equating the common ratio r
2% q g

L4k = (21— k)(k—1)

AR =21k — 21— K2+ k
5k% — 22k +21 =0
(5k —7)(k—3)=0

S % or 3
Check: 1f k=1 thetermsare: 2,4 % v {r=7}
If k=3 the termsare: 2,6, 18 v {r=3}

8 Find k given that the following are consecutive terms of a geometric sequence:

a 7,k, 28 b k, 3k, 20—k ¢ k, k+38, 9k
Example 9 o) Self Tutor
A geometric sequence has up = —6 and ws = 162. Find its general term.

ug =wur =—6 ... (1)
and w5 =urt =162 ... (2)
4
wrt _ 162 .
Now w6 {@=+ O}
r3 = —27
or =27
Soor=-3
Using (1), u1(—3) = —6
Uy = 2
Thus w, =2 x (=3)""%.

9 Find the general term wu,, of the geometric sequence which has:
a ug =24 and wuy =192 b uz3=8 and ug=-1

¢ uy =24 and uis = 384 d u3=5 and uy =2
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=) Self Tutor

Find the first term of the sequence 6, 62, 12, 12v/2, .... which exceeds 1400.

The sequence is geometric with u; =6 and r =2
U =6 x (V2)" L
We need to find n such that w,, > 1400.
Using a graphics calculator with Y1 = 6 x (v/2)N(X — 1), we view a table of values :

Casio fx-CG20 TI-84 Plus Tl-nspire
0 EeHRadforw? L Ly (1] Unsaved v x|
V1=6x(s2) " (x-1) 1€ 768 2006 y | [*[foe=
— 1i |
15 768 i7 ﬂﬁi / G 20
16 1086.1 18 e17z.2 f
17 i9 T IS 758, &
£l FELTH /
18 2172.2 1536 &1 aiud oo (3] 16.| 1086.12
fbd=6-(,/2 J7"
AV DELETE] ROW /W]l aiE e | Y1=1536 R L
18.] 217223
4 19.] 3072, o
» *J1535 00000000 €] %

The first term to exceed 1400 is w17 = 1536.

10 a Find the first term of the sequence 2, 6, 18, 54, .... which exceeds 10 000.

b Find the first term of the sequence 4, 4+/3, 12, 124/3, .... which exceeds 4800.
¢ Find the first term of the sequence 12, 6, 3, 1.5, .... which is less than 0.0001.

GEOMETRIC SEQUENCE PROBLEMS

Problems of growth and decay involve repeated multiplications by a constant number. We can therefore
use geometric sequences to model these situations.

_Example 11 <) Self Tutor

The initial population of rabbits on a farm was 50.
The population increased by 7% each week.

a How many rabbits were present after:
i 15 weeks ii 30 weeks?

b How long would it take for the population to reach 500?

There is a fixed percentage increase each week, so the population forms a geometric sequence.

up =50 and r =1.07
up = 50 x 1.07" = the population after 1 week
u3 = 50 x 1.07% = the population after 2 weeks

Up+1 = 50 x 1.07"™ = the population after n weeks.
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a i wue=>50x(1.07)* i us; =50 x (1.07)3°
~ 137.95 ~ 380.61
There were 138 rabbits. There were 381 rabbits.

b We need to solve 50 x (1.07): =500 SEHC laggjggéa?ag
(107)" = 1(; 0 SEw( 1. 07735
R ~ 34.03 533.58298742
In(1.07)
or trial and error on your calculator gives n ~ 34 weeks.
or finding the point of intersection of Y; = 50 x 1.07"X vy
and Y, =500, the solutionis =~ 34.0 weeks.
The population will reach 500 early in the 35th week. ﬁE%‘ﬁ%E?&'& Y=E0i

EXERCISE 6D.2

1 A nest of ants initially contains 500 individuals.
The population is increasing by 12% each week.
a How many ants will there be after:
i 10 weeks i 20 weeks?

b Use technology to find how many weeks it will
take for the ant population to reach 2000.

2 The animal Eraticus is endangered. Since 1995 there has only been one colony remaining, and in
1995 the population of the colony was 555. The population has been steadily decreasing by 4.5%
per year.

a Find the population in the year 2010.

b In which year would we expect the population to have declined to 50?

3 A herd of 32 deer is to be left unchecked on a large island off
@ the coast of Alaska. It is estimated that the size of the herd
y’ \V/ O will increase each year by 18%.
. 4 Z 0 a Estimate the size of the herd after:
i b years ii 10 years.

b How long will it take for the herd size to reach 50007

N

4 An endangered species of marsupials has a population of 178. However, with a successful breeding
program it is expected to increase by 32% each year.

a Find the expected population size after: i 10 years il 25 years.

b How long will it take for the population to reach 10 000?



164  SEQUENCES AND SERIES (Chapter 6)

COMPOUND INTEREST

Suppose you invest $1000 in the bank. You leave the money in the bank for

3 years, and are paid an interest rate of 10% per annum (p.a). The interest | P¢/" @nnum means

is added to your investment each year, so the total value increases. each year
The percentage increase each year is 10%, so at the end of the year you will \
have 100% + 10% = 110% of the value at its start. This corresponds to
a multiplier of 1.1.
After one year your investment is worth $1000 x 1.1 = $1100. @
Cap)
After two years it is worth After three years it is worth
$1100 x 1.1 $1210 x 1.1
=$1000 x 1.1 x 1.1 =$1000 x (1.1)% x 1.1
= $1000 x (1.1)% = $1210 = $1000 x (1.1)® = $1331

This suggests that if the money is left in your account for n years it would amount to $1000 x (1.1)™.

Observe that: w1 = $1000 = initial investment
us = up X 1.1 = amount after 1 year
uz = u; x (1.1)> = amount after 2 years
ug = uy x (1.1)> = amount after 3 years
Unt1 = ug X (1.1)" = amount after n years

THE COMPOUND INTEREST FORMULA

We can calculate the value of a compounding investment using the formula
Up41 = U X 1"

where wy = initial investment
r = growth multiplier for each period
n = number of compounding periods
Up41 = amount after n compounding periods.

=) Self Tutor

$5000 is invested for 4 years at 7% p.a. compound interest, compounded annually. What will it
amount to at the end of this period? Give your answer to the nearest cent.

us = up X r is the amount after 4 years
= 5000 x (1.07)*  {for a 7% increase 100% becomes 107%}
~ 6553.98

The investment will amount to $6553.98 .
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EXERCISE 6D.3
1 a What will an investment of $3000 at 10% p.a. compound interest amount to after 3 years?
b How much of this is interest?
2 How much compound interest is earned by investing €20 000 at 12% p.a. if the investment is over
a 4 year period?
3 a What will an investment of ¥30000 at 10% p.a. compound interest amount to after 4 years?
b How much of this is interest?
4 How much compound interest is earned by investing $80 000 at 9% p.a. if the investment is over a
3 year period?
5 What will an investment of ¥100 000 amount to after 5 years if it earns 8% p.a. compounded twice
annually?
6 What will an investment of £45000 amount to after 21 months if it earns 7.5% p.a. compounded

quarterly?

|_Example 13 ) Self Tutor

How much should I invest now if I need a maturing value of €10000 in 4 years’ time, and I am
able to invest at 8% p.a. compounded twice annually? Give your answer to the nearest cent.

The initial investment % is unknown.

The investment is compounded twice annually, so the multiplier =1+ ? =1.04.
There are 4 x 2 =8 compounding periods, so n=_,
Up1 = Ug
Now  ug=ug x1r® {using  wpi1 =uy xr"}
8 10000+ (1.04)8
10000 = uy x (1.04) . 7306.90205
y, — 10000
1™ Toa)8
u1 ~ 7306.90

I should invest €7306.90 now.

10

How much money must be invested now if you require $20 000 for a holiday in 4 years’ time and
the money can be invested at a fixed rate of 7.5% p.a. compounded annually?

What initial investment is required to produce a maturing amount of £15000 in 60 months’ time
given a guaranteed fixed interest rate of 5.5% p.a. compounded annually?

How much should I invest now to yield €25000 in 3 years’ time, if the money can be invested at a
fixed rate of 8% p.a. compounded quarterly?

What initial investment will yield ¥40 000 in 8 years’ time if your money can be invested at 9% p.a.
compounded monthly?
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A series is the sum of the terms of a sequence.

For the finite sequence {u,} with n terms, the corresponding series is uy + uz + u3 + .... + Up,.
The sum of this series is S, = u; +us +u3z+.... +u, and this will always be a finite real number.
For the infinite sequence {u,}, the corresponding series is wj + ug + ug + ... + Up + ...

In many cases, the sum of an infinite series cannot be calculated. In some cases, however, it does
converge to a finite number.

SIGMA NOTATION
uy + ug + u3z + ug + .... + u,,  can be written more compactly using sigma notation.

The symbol ) is called sigma. It is the equivalent of capital S in the Greek alphabet.

n
We write ug + ug +ug + ug + ... +u, a8 Y ug.
k=1

> uy reads “the sum of all numbers of the form wu; where k=1, 2, 3, ..., up to n”.
k=1

) Self Tutor

Consider the sequence 1, 4, 9, 16, 25, ....
a Write down an expression for S,. b Find S, for n=1, 2, 3, 4, and 5.
a S, =124+224324+4%24+ .. +0n? b S.=1
{all terms are squares} Se=1+4=5
n S3=1+4+9=14
_ Z k‘2 3 + +
= Sy=14+44+9+16=30
Ss=14+4+4+9+ 16 + 25 =55

=) Self Tutor

7 5
Expand and evaluate: —a > (k+1) b ) ik
k=1 k=1 2
7 5.4
a > (k+1) b > —
k=1 k=1 2
1 1 1 1 1
=2+3+4+5+6+7+8 e e T S
2 u 4 u 8 i 16 o 32
32
You can also use technology to evaluate the sum of a series in sigma ’\,
notation. Click on the icon for instructions. GRAPHICS
CALCULATOR

INSTRUCTIONS
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PROPERTIES OF SIGMA NOTATION
i (ar +bx) = iak-l- Xn:bk
k=1 k=1 k=1

n n n
If cisaconstant, Y car =c ), 6 ar and > c=cn.
k k=

k=1
EXERCISE 6E
1 For the following sequences:
i write down an expression for S, ii find Ss.
a 3,11,19, 27, ... b 42,37, 32, 27, .... c 12,6, 3, 1%,
d 2,344, 63, . e 1,3 1.1, .. f 1,8, 27,64, ..
2 Expand and evaluate:
3 6 4
a 24147 b > (k+1) ¢ > (3k—5)
k=1 k=1
5 7 5
d le—Qk e > k(k+1) f> 10 x 2kt
k=1 k=1 k=1
3 For u, =3n—1, write uj + ug +usg+ .... +uzy using sigma notation and evaluate the sum.
4 Show that:
a Y c=cn b Ycap=c) ap < Zak—i-bkzz + > b
k=1 k=1 k=1 k=1 k=1 k=1

n
5 a Expand ) k.
k=1

b Now write the sum with terms in the reverse order, placing each term under a term in the
original expansion. Add each term with the one under it.

¢ Hence write an expression for the sum .S,, of the first n integers.

d Hence find a and bif > (ak +b) = 8n? + 11n for all positive integers n.
k=1

I ARITHMETIC SERIES

An arithmetic series is the sum of the terms of an arithmetic sequence.

For example: 21, 23, 25, 27, ...., 49 is a finite arithmetic sequence.

21+ 23+ 25+ 27+ ....4+49 is the corresponding arithmetic series.

SUM OF A FINITE ARITHMETIC SERIES

If the first term is u; and the common difference is d, the terms are wq, uy +d, ui; + 2d, uy + 3d,
and so on.

Suppose that u,, is the final term of an arithmetic series.
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So, Sp=wus+ (u1 +d)+ (ug +2d) + ... + (up, — 2d) + (up, — d) + up,
But S, =un + (up —d) + (up —2d) + ... + (u1 + 2d) + (ug +d) +u;  {reversing them}

Adding these two equations vertically we get

25, = (ug +up) + (ug +up) + (ug +up) + oo + (w1 +up) + (ug +wy) + (ug + up)

n of these
25, = n(u1 + uy)
Sp = g(ul +un) where w, =u;+ (n—1)d

The sum of a finite arithmetic series with first term u;, common difference d, and last term wu,,, is
n n
Sp = E(ul + uy,) or Sp = 5(211,1 + (n — 1)d).

For example, from Exercise 6E question 5, we observe that the sum of the first n integers is

n(n+1) for ne Zt.
2

1+24+3+....4+n=

Example 16 o) Self Tutor

Find the sum of 447+ 10+ 13 + .... to 50 terms.

The series is arithmetic with u; =4, d =3 and n = 50.
Now S, = %(2u1 + (n—1)d)

S50=%(2X4+49X3)
= 3875

|_Example 17|

Find the sum of —6+1+8+ 15+ .... + 141.

The series is arithmetic with w; = —6, d =7 and wu, = 141.
First we need to find n.

Now wu, = 141

ur + (n—1)d =141 Using Sy = ~(ug + un),
—6+7(n—1) =141 2
7(n—1) = 147 Say = 2(—6 + 141)
n—1=21 =11 x135
n =922 = 1485

<~

You can also use technology to evaluate series, although for some calculator
models this is tedious.

GRAPHICS
CALCULATOR
INSTRUCTIONS

/
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EXERCISE 6F
1 Find the sum of:
a 3+74+11+15+.... to 20 terms b %+3+5%+8+.... to 50 terms
¢ 100493486+ 79+ ... to 40 terms d 50+ 485 + 47+ 453 + ... to 80 terms.

10

1

12

Find the sum of:
a 54+8+11+14+ ...+ 101 b 50+495 449 + 485 + ... + (—20)

¢ 8+103+ 134155 +.... 4+ 83

Evaluate these arithmetic series:
10

a 3 (2k+5) b 3 (k— 50) c %(%)

k=1 k=1 k=1

Hint: List the first 3 terms and the last term. Check your answers using technology.

An arithmetic series has seven terms. The first term is 5 and the last term is 53. Find the sum of
the series.

An arithmetic series has eleven terms. The first term is 6 and the last term is —27. Find the sum of
the series.

’_@_‘ A bricklayer builds a triangular wall with layers of bricks as
shown. If the bricklayer uses 171 bricks, how many layers

L [ 1 | did he build?

A soccer stadium has 25 sections of seating. Each section has 44 rows of seats, with 22 seats in the
first row, 23 in the second row, 24 in the third row, and so on. How many seats are there in:

a row 44 of one section b each section ¢ the whole stadium?

Find the sum of:
a the first 50 multiples of 11 b the multiples of 7 between 0 and 1000
¢ the integers between 1 and 100 which are not divisible by 3.

Consider the series of odd numbers 1+34+5+7+ ...
a What is the nth odd number wu,,?
b Prove that the sum of the first n odd integers is n?.
¢ Check your answer to b by finding Sy, Sa, Ss3, and Sy.

Find the first two terms of an arithmetic sequence if the sixth term is 21 and the sum of the first
seventeen terms is 0.

Three consecutive terms of an arithmetic sequence have a sum of 12 and a product of —80. Find
the terms. Hint: Let the terms be = —d, x, and z +d.

Five consecutive terms of an arithmetic sequence have a sum of 40. The product of the first, middle
and last terms is 224. Find the terms of the sequence.
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INVESTIGATION 1 STADIUM SEATING

A circular stadium consists of sections as illustrated, with aisles in between. The diagram shows the
13 tiers of concrete steps for the final section, Section K. Seats are placed along every concrete step,
with each seat 0.45 m wide. The arc AB at the front of the first row, is 14.4 m long, while the arc
CD at the back of the back row, is 20.25 m long.

1 How wide is each concrete step?

2 What is the length of the arc of the back of
Row 1, Row 2, Row 3, and so on?

3 How many seats are there in Row 1, Row 2,
Row 3, ...., Row 13?

4 How many sections are there in the stadium?

5 What is the total seating capacity of the /| to centre
dium? Y i/ of circular
stadium? stadium

6 What is the radius r of the ‘playing surface’?

] B GEOMETRIC SERIES

A geometric series is the sum of the terms of a geometric sequence.

For example: 1, 2, 4,8, 16, ..., 1024 is a finite geometric sequence.

1+2+4+8+416+....4 1024 is the corresponding finite geometric series.

If we are adding the first n terms of an infinite geometric sequence, we are then calculating a finite
geometric series called the nth partial sum of the corresponding infinite series.

If we are adding all of the terms in a geometric sequence which goes on and on forever, we have an
infinite geometric series.

SUM OF A FINITE GEOMETRIC SERIES

If the first term is uy and the common ratio is 7, then the terms are: wq, uir, uir2, uirs, ...

So, Sp=u + wir + wir? + wrd + o+ wrt 2 4 ougrn!

P T T T

U2 us Uy Un—1 Un,

For a finite geometric series with = # 1,

up(r™ —1 w1 (1 —r™
Sn=¥ o Sn:¥‘
r—1 1—17r
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Proof:

If S, =u+wr+uwr?+urd+ ... .+ur” 2 4+ur ! (*)

then 7S, = (u1r + urr? + wrrd +ugr + . Fugr™ ) fur”

rSp = (Sp —u1) +ugr™ {from (*)}
rSn — Sp = urr™ — uy
Sp(r—1)=uy(r" —1)
S, = w (™ —1) w(@-r") provided 7 # 1.
r—1 IE—p

In the case » =1 we have a sequence in which all terms are the same, and S,, = uin.

Example 18

Find the sum of 2+ 6+ 18 + 54 + ....

) Self Tutor

to 12 terms.

S, = up(r™ — 1)
=1

_ 262 -1

=T
= 531440

The series is geometric with uy =2, r =3, and n = 12.

Example 19

the series 9 —3+1— % + ...

Find a formula for S,,, the sum of the first n terms of

The series is geometric with w3 =9 and r = —

w@—rmy 91— (=M

1
3

Ca)

7

This answer cannot

be simplified as we

do not know if n is
odd or even.

Sn = 1—r 4
3
Sn=%(1-(=3)")
EXERCISE 6G.1

1 Find the sum of the following series:
a 1246+3+ 1.5+ ... to 10 terms

c 6—3+1%—%+.... to 15 terms

b VT+7+7V7T+49+ ... to 12 terms

1
d 1- m'F

1 1
Ve +3 to 20 terms

2 Find a formula for S,,, the sum of the first n terms of the series:

a V3+3+3vV3+9+...
¢ 0.9+0.09 + 0.009 + 0.0009 + ...

b 124+6+3+15+....
d 20-10+5—25+ ...

3 A geometric sequence has partial sums S; =3 and Sy = 4.

a State the first term u;.
¢ Calculate the fifth term us of the series.

b Calculate the common ratio r.
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4 Evaluate these geometric series:
12

10 25
a > 3x2kl b Y (k2 < 216 x (—2)k

k=1 k=1

5 Each year a salesperson is paid a bonus of $2000 which is banked into the same account. It earns a
fixed rate of interest of 6% p.a. with interest being paid annually. The total amount in the account

at the end of each year is calculated as follows:
Ao = 2000
Ay = Ap x 1.06 + 2000
Ay = A7 x 1.06 + 2000 and so on.
a Show that Ay = 2000 + 2000 x 1.06 + 2000 x (1.06).
b Show that Az = 2000[1 + 1.06 + (1.06)% + (1.06)3].
¢ Find the total bank balance after 10 years, assuming there are no fees or withdrawals.

6 Consider Sn:%+%+%+%+,_,.+2in.

a Find Sq, S, S3, S4, and S5 in fractional form.

From a guess the formula for S,,.

PN

up(l—7r™)
1—r
Comment on S,, as n gets very large. 1

=

¢ Find S, using S, =

sl

What is the relationship between the given diagram and d?

i

SUM OF AN INFINITE GEOMETRIC SERIES

To examine the sum of all the terms of an infinite geometric sequence, we need to consider

g — up(l—r™)

T when n gets very large.
-7

|7| is the size of .
|| > 1 means
r<-—lorr>1

If |r| > 1, the series is said to be divergent and the sum becomes
infinitely large.

For example, when r =2, 14+24448+16+.... is infinitely
large.

If |r| <1, orin other words —1 < r < 1, then as n becomes
very large, r™ approaches 0.

For example, when T:%, 1+%+%+%+%6+....:2.

This means that S,, will get closer and closer to
-7

o0
If |r| <1, an infinite geometric series of the form wuy +wir + ugr? + ... = > ugrk=!
ui

will converge to the sum S = —
-7

We call this the limiting sum of the series.

This result can be used to find the value of recurring decimals.
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Write 0.7 as a rational number.

5_ 1 7 7 7
0.7= 15 + 100 * To00 + o000 T -
which is a geometric series with infinitely many terms.

In this case, u; = & and 7= &=

10
7
[ 0 7
T 1—r 19
L
=_ 7
07 =1
EXERCISE 6G.2
1 Consider 0.3 =2 + 3: + :35 +.... which is an infinite geometric series.
a Find: i up i r
b Using a, show that 0.3 = %
2 Write as a rational number: a 04 b 0.16 ¢ 0312

3 Use S= 1U1 to check your answer to Exercise 6G.1 question 6d.
- T

4 Find the sum of each of the following infinite geometric series:

a 18+12+8+ 2 +.... b 189-63+21-07+...
5 Find each of the following:
a > " b > 6(-3)
k=1 k=0

6 The sum of the first three terms of a convergent infinite geometric series is 19. The sum of the
series is 27. Find the first term and the common ratio.

7 The second term of a convergent infinite geometric series is %. The sum of the series is 10. Show
that there are two possible series, and find the first term and the common ratio in each case.

8 0 When dropped, a ball takes 1 second to hit the ground. It then takes

90% of this time to rebound to its new height, and this continues
until the ball comes to rest.

a Show that the total time of motion is given by
1+2(0.9) +2(0.9)% +2(0.9)% + ...

b Find S, for the series in a.

¢ How long does it take for the ball to come to rest?

L ground

Note: This diagram is inaccurate as the motion is really up and down on the same spot. It has
been separated out to help us visualise what is happening.
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Click on the icon to run a card game for sequences and series. SEQUENCES
AND SERIES

=

THEORY OF KNOWLEDGE

The German mathematician Leopold Kronecker (1823 - 1891)
made important contributions in number theory and algebra.
Several things are named after him, including formulae, symbols,
and a theorem.
Kronecker made several well-known quotes, including:

“God made integers; all else is the work of man.”

“A mathematical object does not exist unless it can be
constructed from natural numbers in a finite number of steps.” Leopold Kronecker

1 What do you understand by the term infinity?

2 If the entire world were made of grains of sand, could you count them? Would the number
of grains of sand be infinite?

Consider an infinite geometric series with first term «; and common ratio 7.

If |r| <1, the series will converge to the sum S = —

1—r
Proof: If the first term is u; and the common ratio is 7, the terms are wy, uyr, uir?, uyrs,
and so on.
Suppose the sum of the corresponding infinite series is
S=u +uir+uwr+urd Furt +.... (%)
We multiply (*) by r to obtain rS =uir +urr? +ugrd +urt 4+ .
rS=8—u {comparing with (*)}
S(r—-1)=-wum

S = 1& {provided r # 1}
- T

3 Can we explain through intuition how a sum of non-zero terms, which goes on and on
for ever and ever, could actually be a finite number?

In the case r = —1, the terms are wuy, —uq, U1, —Uqg, ....

If we take partial sums of the series, the answer is always u; or 0.

4 What is the sum of the infinite series when r = —1? Is it infinite? Is it defined?

Substituting 7 = —1 into the formula above gives S = % Could this possibly be the

answer?
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VON KOCH’S SNOWFLAKE CURVE

A xix 3l

In this investigation we consider a limit curve named after the Swedish mathematician Niels Fabian
Helge von Koch (1870 - 1924).

To draw Von Koch’s Snowflake curve we: DEMO
e start with an equilateral triangle, C} (ﬁ >
e then divide each side into 3 equal parts
e then on each middle part draw an equilateral triangle —A—
e then delete the side of the smaller triangle which lies on Cf. _/\_

The resulting curve is C5. By repeating this process on every edge of C'5, we generate curve C's.

We hence obtain a sequence of special curves Cy, Cs, C3, Cy, .... and Von Koch’s curve is the
limiting case when n is infinitely large.

Your task is to investigate the perimeter and area of Von Koch’s curve.

What to do:

Suppose C has a perimeter of 3 units. Find the perimeter of C5, C3, C4, and Cs.

Hint: becomes /\ so 3 parts become 4 parts.

Remembering that Von Koch’s curve is C),, where n is infinitely large, find the perimeter of
Von Koch’s curve.

Suppose the area of C; is 1 unit?. Explain why the areas of Cy, C3, C4, and C5 are:
Ay =1+ 1% units® Az =1+ 1[1+ 4] units®
Ay =1+3[142+ (%)% units® As =1+ 2[14+2+(2)°+ (2)°] units®.
Use your calculator to find A,, where n =1, 2, 3,4, 5, 6, and 7, giving answers which are as

accurate as your calculator permits.
What do you think will be the area within Von Koch’s snowflake curve?

Is there anything remarkable about your answers to 1 and 2?

Similarly, investigate the sequence of curves obtained by adding squares on successive curves
from the middle third of each side. These are the curves Cy, Ca, Cs, .... shown below.

1 Cy C3
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REVIEW SET 6A -CALCULATOR

Identify the following sequences as arithmetic, geometric, or neither:
a 7,—-1,-9, —17, ... b 9,9,9,0, .. ¢ 4,-2,1, —%,
d 1,1,2,3,5,8, ... e the set of all multiples of 4 in ascending order.
Find k if 3k, k—2, and k+ 7 are consecutive terms of an arithmetic sequence.

Show that 28, 23, 18, 13, .... is an arithmetic sequence. Hence find u,, and the sum S, of the
first n terms in simplest form.

Find k given that 4, k, and k% — 1 are consecutive terms of a geometric sequence.
Determine the general term of a geometric sequence given that its sixth term is % and its tenth
term is 2%,

Insert six numbers between 23 and 9 so that all eight numbers are in arithmetic sequence.

Find, in simplest form, a formula for the general term w,, of:

a 86, 83, 80, 77, .... b 31,12 .. ¢ 100, 90, 81, 72.9, ...

Hint: One of these sequences is neither arithmetic nor geometric.
LA & k+3
Expand and hence evaluate: a > k b > ——
k=1 k=1 k+2

Find the sum of each of the following infinite geometric series:
a 18-12+8— ... b 8+4v2+4+...

A ball bounces from a height of 3 metres and returns to 80% of its previous height on each
bounce. Find the total distance travelled by the ball until it stops bouncing.

e . 3n2+5
The sum of the first n terms of an infinite sequence is nT+n for all n € Z*.

a Find the nth term. b Prove that the sequence is arithmetic.

REVIEW SET 6B CALCULATOR

3

A

A sequence is defined by u, = 6($)""!.
a Prove that the sequence is geometric. b Find u; and r.
¢ Find the 16th term of the sequence to 3 significant figures.
Consider the sequence 24, 231, 221, ...
a Which term of the sequence is —36? b Find the value of uss.

¢ Find Sy, the sum of the first 40 terms of the sequence.

Find the sum of:
a the first 23 terms of 3+ 9+ 15+ 21 + ....
b the first 12 terms of 24 +12+6+3 + ....

Find the first term of the sequence 5, 10, 20, 40, .... which exceeds 10 000.
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12

What will an investment of €6000 at 7% p.a. compound interest amount to after 5 years if the
interest is compounded:

a annually b quarterly ¢ monthly?

The nth term of a sequence is given by the formula w,, = 5n — 8.
a Find the value of uqg.
b Write down an expression for w,+1 —u, and simplify it.
¢ Hence explain why the sequence is arithmetic.
d

Evaluate w5 + w16 + w17 + .... + usg.

A geometric sequence has ug = 24 and wj; = 768. Determine the general term of the
sequence and hence find:

a upy b the sum of the first 15 terms.
Find the first term of the sequence 24, 8, 3, 8, ... which is less than 0.001.

a Determine the number of terms in the sequence 128, 64, 32, 16, ...., z15.

b Find the sum of these terms.
Find the sum of each of the following infinite geometric series:
a 121-11+1— ... b S+ at

How much should be invested at a fixed rate of 9% p.a. compound interest if you need it to
amount to $20 000 after 4 years with interest paid monthly?

In 2004 there were 3000 iguanas on a Galapagos island. Since then, the population of iguanas
on the island has increased by 5% each year.
a How many iguanas were on the island in 2007?

b In what year will the population first exceed 10 000?

REVIEW SET 6C

A sequence is defined by u,, = 68 — 5n.

a Prove that the sequence is arithmetic. b Find u; and d.
¢ Find the 37th term of the sequence.
d

State the first term of the sequence which is less than —200.
a Show that the sequence 3, 12, 48, 192, .... is geometric.
b Find w, and hence find wug.

Find the general term of the arithmetic sequence with u; = 31 and w5 = —17.
Hence, find the value of wus4.

Write using sigma notation:

a 4+11+18+25+.... forn terms b %—}—%—}—%64—3—12—!—.... for n terms.

Evaluate:

a 21(31;3’“) b 3 50(0.8) ¢ 275@)’“‘1

k=1
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10

How many terms of the series 11+ 16 +21+26+.... are needed to exceed a sum of 450?

£12500 is invested in an account which pays 8.25% p.a. compounded. Find the value of the
investment after 5 years if the interest is compounded:

a half-yearly b monthly.

The sum of the first two terms of an infinite geometric series is 90. The third term is 24.
a Show that there are two possible series. Find the first term and the common ratio in each
case.
b Show that both series converge and find their respective sums.

Seve is training for a long distance walk. He walks for 10 km in the first week, then each week
thereafter he walks an additional 500 m. If he continues this pattern for a year, how far does
Seve walk:

a in the last week b in total?

o0
a Under what conditions will the series 50(2z — 1)k=1  converge?
k=1

Explain your answer.

o0
b Find > 502z —1)F1 if =0.3.
k=1
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OPENING PROBLEM

Consider the cube alongside, which has sides of length
(a +b) cm. @
bcm /

The cube has been subdivided into 8 blocks by making
3 cuts parallel to the cube’s surfaces as shown. \\/

We know that the total volume of the cube is (a+b)* em®.
However, we can also find an expression for the cube’s
volume by adding the volumes of the 8 individual blocks.

— o cm
a cm —

bem  bcm
Things to think about:
a How many of the blocks that make up the cube have dimensions:
i abyabya ii abyabybd ANIMATION
ili abybbyb iv bbybbyb? (ﬁ)

b By adding the volumes of the blocks, can you find an expression which is
equivalent to (a + b)3?

" BINOMIAL EXPANSIONS

The sum a + b is called a binomial as it contains two terms.

Any expression of the form (a + b)™ is called a power of a binomial.

All binomials raised to a power can be expanded using the same general principles. In this chapter,
therefore, we consider the expansion of the general expression (a + b)™ where n € N.

Consider the following algebraic expansions:

(a+b)l=a+b (a+b)* = (a+b)(a+b)?

(a+0b)* = a® + 2ab + b? (a+b)(a® + 2ab + b%)
a® +2a’b + ab® + a®b + 2ab® + b?
= a® + 3a%b + 3ab® + b°

The binomial expansion of (a + b)? is a® + 2ab + b
The binomial expansion of (a + b)3 is a®+ 3a®b + 3ab® + b3.

INVESTIGATION 1 THE BINOMIAL EXPANSION

What to do:
1 Expand (a+b)* in the same way as for (a+ b)3 above.
Hence expand (a +b)® and (a + b)°.
2 The cubic expansion (a+b)? = a® + 3a?b+ 3ab® +b* contains 4 terms. Observe that their
coefficientsare: 1 3 3 1
a What happens to the powers of a and b in each term of the expansion of (a + b)3?
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b Does the pattern in a continue for the expansions of (a +b)%, (a+b)®, and (a + b)5?

¢ Write down the triangle of n=>0 1
coefficients to row 6: n=1 1 1
n=2 1 2 1

n=3 1 3 3 1=—10Ww3
3 The triangle of coefficients in € above is called Pascal’s triangle. Investigate:
a the predictability of each row from the previous one

b a formula for finding the sum of the numbers in the nth row of Pascal’s triangle.

4 a Use your results from 3 to predict the elements of the 7th row of Pascal’s triangle.
b Hence write down the binomial expansion of (a + b)".

¢ Check your result algebraically by using (a + b)7 = (a + b)(a + b)® and your results
from 1.

From the Investigation we obtained (a + b)* = a* + 4ab + 6a%b? + 4ab® + b*
= a* + 4a®b* + 6a®b* + 4a'b® + b*
Notice that: e As we look from left to right across the expansion, the powers of a decrease by 1,
while the powers of b increase by 1.
e The sum of the powers of a and b in each term of the expansion is 4.
e The number of terms in the expansionis 4+ 1 = 5.
e The coefficients of the terms are row 4 of Pascal’s triangle.

For the expansion of (a +b)" where n € N:

e As we look from left to right across the expansion, the powers of a decrease by 1, while the
powers of b increase by 1.

e The sum of the powers of a and b in each term of the expansion is n.
e The number of terms in the expansion is n + 1.

e The coefficients of the terms are row n of Pascal’s triangle.
In the following examples we see how the general binomial expansion (a + b)" may be put to use.

) Self Tutor

Using (a+b)® = a® + 3a?b + 3ab® + b3, find the binomial expansion of:
a (2z+3)3 b (z-5)3

a In the expansion of (a +b)® we substitute a = (2z)
and b= (3).
(2z 4+ 3)% = (2z)° + 3(22)%(3) + 3(2z)' (3)* + (3)®
= 82 + 362 + 5dx + 27
b We substitute a = (z) and b= (-5)
(z = 5)* = (2)° + 3(2)*(=5) + 3(2)(~5)* + (-5)°
= 2® — 152° + 75z — 125

(Brackets are essential!)
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| Example 2 | =) Self Tutor

Find the:

a 5th row of Pascal’s triangle b binomial expansion of (.’E — ;)5
a 1 <—— the Oth row, for (a+ b)°
1 1<———— the Istrow, for (a+b)!
1 2 1
1 3 3 1
1 4 6 4 1

1 5 10 10 5 1<— the 5th row, for (a+b)5

b Using the coefficients obtained in a, (a + b)% = a® + 5a*b + 10a®b? + 10a%b3 + 5ab* + b5

Letting a=(z) and b= (72), we find
(2~ %)5 = (@) +5()* () + 10(2)° (%2)2 +10()? (‘72)3 +5(2) (‘—2)4 + (‘—2)5
32

:1'5—10:53—1—4030—@4—@——
z z3

EXERCISE 7A

1 Use the binomial expansion of (a + b)® to expand and simplify:
a (p+q)? b (z+1)3 ¢ (z-3)3
d (2+2z)3 e (3z—1)3 f (2z+5)3
1\ 1\?
g (2a—10b)3 h (33:7 —) i (2:c+ —)
3 T
2 Use (a+b)*=a*+4ab+ 6a%b? + 4ab® + b* to expand and simplify:
a (1+2)* b (p—q)* ¢ (z—2)4
d (3—2) e (1+2z)? f (22— 3)*
1\* 1\?
g (2z+b)! h (a: + —) i <2ac - —)
x x
3 Expand and simplify:
5
a (z+42)° b (z—2y)° ¢ (1+22)° d (m - l)
X

4 a Write down the 6th row of Pascal’s triangle.
b Find the binomial expansion of:
i (z+2)° i (22— 1) i (z+1)°
5 The first two terms in a binomial expansion are shown below:
(a+b)=8+12¢% + ....

a Find a and b.
b Hence determine the remaining two terms of the expansion.
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(-]

Expand and simplify:
a (142 b (V5+2)! ¢ 2-VIP
a Expand (2+ x)°.
b Use the expansion of a to find the value of (2.01)°.

~

Expand and simplify (2z + 3)(z + 1)%.
9 Find the coefficient of:

a a®b? in the expansion of (3a + b)° b a3b® in the expansion of (2a + 3b)°.
I e s commerr
INVESTIGATION 2 THE BINOMIAL COEFFICIENT

The numbers in Pascal’s triangle are called binomial coefficients because of their importance in the
binomial expansion.

I~

GRAPHICS
CALCULATOR
INSTRUCTIONS

You can use your calculator to find binomial coefficients.
What to do:

1 Write down the first 6 rows of Pascal’s triangle.

2 Use a graphics calculator to find the binomial coefficient (’Tl) for n=3 and r =0, 1, 2,
and 3.
What do you notice about these numbers?

3 Use your calculator to find (3), (‘i), (3), (é), and (i).

What do you notice about these numbers?
& Use your calculator to help you write down the expansion for (a + b)>.

5 Copy and complete:

In the expansion of (a + b)®, the binomial coefficient (i) is the coefficient of a b .

6 Copy and complete:

In the expansion of (a+ b)™, the binomial coefficient (:f) is the coefficient of a b .

From the Investigation above you should have found that (To‘) = (Z) =1 for all n.

To calculate the other binomial coefficients we can use a formula. It involves the product of consecutive
positive integers, so to keep it simple we introduce factorial notation.

FACTORIAL NOTATION

For n > 1, n! is the product of the first n positive integers.
n!'=nn—-1)(n-—2)(n—3).... x3 x2x1

n! isread ‘n factorial”.
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For example, the product 6 x 5 x4 x 3 x 2x 1 can be written as 6!.
Notice that 8 x 7 x 6 can be written using factorial numbers only as

8XTx6x5x4x3x2x1 8!
5XA4X3x2x1 ~ 5l

8XTxX6=

The factorial rule is n!=nXx(n—1)! for n>1

which can be extended to n! =n(n —1)(n —2)! and so on.

Using the factorial rule with n =1, we have 1!=1 x 0!

We hence define ol=1

" Example 3 | ) Self Tutor

! !
What integer is equal to: a 4! b 2 ¢« " 9
3! 41 x 3!

5!  5x4x3x2x1

a 4=4x3x2x1=24 — =5x4=20
3! 3x2x1
7N TX6x5x4x3x2x1 — 35
4'x 3 4x3x2x1x3x2x1
THE BINOMIAL COEFFICIENT
The binomial coefficient is defined by
(n)_n(nf1)(n—2)....(nfr+2)(n—r+1)_ n!

Za r(r—1)(r—2)...2x1 Corl(n—17)!

———

factor form factorial form

The binomial coefficient is sometimes written "C, or C}.

| Example 4 ) Self Tutor

Use the formula (’:) = 'n—' to evaluate:
ri(n —r)!
a (3) b (%)
5 5! 11 11!
a (z)zm b (7):m
5! 11!
T 23l ~ x4l
5X4x3x2x1 11 X10X9X8XTXH6X5Xx4x3x2x%x1
:2><1><3><2><1 - TX6XHX4Xx3X2X1Xx4x3Xx2x1
=10 _ 7920
24
=330
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EXERCISE 7B
1 Findn! for n=0,1, 2, 3, ...., 10.

2 Simplify without using a calculator:

6! 100! 7!
e b — c —
a1 99! 51 % 2!
. o n! (n+2)!
3 Simplify: a C b —
n n! .
4 Use the formula (r) = m to evaluate:
3 4 7 10
a (3) b (3) < (3) d ()
5 a Use the formula (") S to evaluate:
r rl(n —r)!

() it (5)

b Can you explain these results using Pascal’s triangle?

s/ THE BINOMIAL THEOREM

The binomial theorem states that
(a+b)"=a"+ (7)a" b+ ...+ (") a" " "b" + ... + b"

where (:f) is the binomial coefficient of ¢"~"0" and r =0, 1, 2, 3, ...., n.

The general term or (7 + 1)th term in the binomial expansion is T4 = (7 ) a™~"b".

n
Using the same sigma notation as in Chapter 6, we write (a + b)" = > (:) a"b".
r=0

| Example 5

. . 1\'2
Write down the first three and last two terms of the expansion of <2x 4F —) .
T

Do not simplify your answer.

(2o+2) " = o2+ () 0 (3) + (D) 20 (3)
e (D) ()"

EXERCISE 7C

1 Write down the first three and last two terms of the following binomial expansions. Do not simplify
your answers.

" o\ 15 3120
a (1+2z) b <3£E + —) < (2:c - —)
x

T
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Example 6

Find the 7th term of ( 1

3r — —
22

14
) . Do not simplify your answer.

—4

a = (3z), b:(ﬁ)’ and n=14

Given the general term 7,41 = (T

) a” b, welet r=6

Tr = () Go)°

—4

()

2 Without simplifying, write down:
a the 6th term of (2z +5)'5

2)17
Tr — —
T

¢ the 10th term of (

b the 4th term of (m2 + y)g

21
d the 9th term of (sz - l) }
i

12
In the expansion of <x2 aF é) find:
X

bl

a the coefficient of 2%

b the constant term

a = (2?), b:(é>, and n =12
€T
12

-, the general term 71,44 = ( .

(

12
T

alf 24—3r=6
then 3r =18
r==6
= (1) 000
the coefficient of 6 is
('2)4% or 3784704,

) (22)12" (_
)$24—2r « &
(12) 47“1:24—31"

b If 24—-3r=0

4>T

T

x”

then 3r =24
r=2=8
7 = () £
the constant term is
('2)4% or 32440320.

3 Consider the expansion of (z + b)".

a Write down the general term of the expansion.

b Find b given that the coefficient of z* is —280.

4 Find the coefficient of:

a z'° in the expansion of (3 + 222)10

¢ %7 in the expansion of (2% — 3y)6

b 23 in the expansion of (23:2 _3

xT

1
2 — =

d '2 in the expansion of (2
x

_)6

)12.
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5 Find the constant term in the expansion of:

2 15 3 9

6 a Write down the first 6 rows of Pascal’s triangle.
b Find the sum of the numbers in:
i row 1l ii row 2 iii row 3 iv row 4 vV row b.
¢ Copy and complete:
The sum of the numbers in row n of Pascal’s triangle is ......
d Showthat (1+a)"=(5)+ (1) a4+ (5)2®+ ...+ ()" + ()"
Hence deduce that () + (7) + (5) + ...+ (,,",) + (1) =2".

n—1

) Self Tutor

Find the coefficient of z° in the expansion of (z + 3)(2z — 1)°.

(z +3)(2z — 1)°
= (z+3)[(22)° + (%) 22)°(-1) + (5) (22)*(-1)* + ...
= (z + 3)(2%2° — (61;) 252° 4 (g) 24T4 — )

t i (1) i
[I—— |

So, the terms containing z° are (g) 2425 from (1)
and  —3(%)2°2° from (2)

the coefficient of z° is (g) P =3 ((13) 25 = _336

7 a Find the coefficient of z° in the expansion of (z + 2)(z? + 1)8.

b Find the term containing 2% in the expansion of (2 — z)(3z +1)°. Simplify your answer.

8 Consider the expression (a;Qy — 2y2)6. Find the term in which x and y are raised to the same
power.

9 a The third term of (1+z)" is 36x2. Find the fourth term.
b If (1+kx)"=1-122+602?—...., find the values of k and n.

10
10 Find a if the coefficient of z'! in the expansion of (352 + i) is 15.
axr

REVIEW SET 7A

n n! 6
1 Use the formula (r) = e to evaluate ( 4).
2 Use the binomial expansion to find: a (z—2y?% b (Bz+2)*

. . . 1)\°
3 Find the constant term in the expansion of (23:2 — —) .
T
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4 Use Pascal’s triangle to expand (a + b)°.

6
Hence, find the binomial expansion of: a (z-—3)° b (1 + l)
x
5 Expand and simplify (v/3 +2)°. Give your answer in the form a + by/3 where a, b € Z.

6
6 Consider the expansion of (3952 + l) .
X

a How many terms does the expansion include?
b Find the constant term.
¢ Show that the expansion has no terms involving x°.

7 The first two terms in a binomial expansion are shown below:
(a+b)* =et® —de?® 4 ...
a Find a and b. b Copy and complete the expansion.

REVIEW SET 7B

1 Find the coefficient of 3 in the expansion of (z + 5)°.

2 Use the expansion of (4 + z)? to find the exact value of (4.02)3.

12
3 Find the coefficient of 2% in the expansion of <2x — %) .
x

4 Find the term containing z° in the expansion of (2x + 3)(x — 2)5.

5 Find k in the expansion (m — 2n)0 = m1® — 20m°n + km®n? — ... + 1024n1°.

6 Find c given that the expansion (1 +cx) (14 )" includes the term 2223

7 a Write down the first four and last two terms of the binomial expansion (2 + x)".

b Hence evaluate the series 2" + (71‘) on=1_ (g) 2 (’;) =3 4 4 2n+1.
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OPENING PROBLEM

Consider an equilateral triangle with sides 2 cm long. Altitude [AN] A
bisects side [BC] and the vertical angle BAC.

Things to think about: 30780 2 cm

a Can you use this figure to explain why sin30° = 5?

b Use your calculator to find the values of sin 30°, sin 150°,
sin 390°, sin 1110°, and sin(—330°). AL o 60° c
Can you explain your results even though the angles are not e
between 0° and 90°?

UNEIINNT RADIAN MEASURE

DEGREE MEASUREMENT OF ANGLES

We have seen previously that one full revolution makes an angle of 360°, and the angle on a straight line

is 180°. Hence, one degree, 1°, can be defined as ﬁth of one full revolution. This measure of angle
is commonly used by surveyors and architects.

For greater accuracy we define one minute, 1/, as %th of one degree and one second, 17, as %th of
one minute. Obviously a minute and a second are very small angles.

Most graphics calculators can convert fractions of angles measured in degrees (\,
into minutes and seconds. This is also useful for converting fractions of hours GRAPHICS
into minutes and seconds for time measurement, as one minute is %th of one CALCULATOR

o _ INSTRUCTIONS
hour, and one second is g5th of one minute.

RADIAN MEASUREMENT OF ANGLES

An angle is said to have a measure of 1 radian (1¢) if it is subtended at the
arc centre of a circle by an arc equal in length to the radius.

length =r ¢ symbol ‘¢’ is used for radian measure

but is usually omitted. By contrast, the
degree symbol is always used when the
measure of an angle is given in degrees.

radius =r

From the diagram to the right, it can be seen that 1¢ is slightly smaller
than 60°. In fact, 1¢ =~ 57.3°.

The word ‘radian’ is an abbreviation of ‘radial angle’.

DEGREE-RADIAN CONVERSIONS

If the radius of a circle is 7, then an arc of length zr, or half the
circumference, will subtend an angle of 7 radians. 180° or 7t¢

Therefore, 7 radians = 180°. m
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So, 1°= (189)° x~57.3° and 1° = (Z5)° ~ 0.0175°

To convert from degrees to radians, we multiply by -Z

=
o 0o
(=R

To convert from radians to degrees, we multiply by

\
/

P

Degrees Radians

/’
\
| Example 1

We indicate degrees
with a small °.
To indicate radians we
use a small € or else
use no symbol at all.

L

) Self Tutor

Convert 45° to radians in terms of 7. Angles in radians
may be expressed
45° = (45 x &) radians  or 180° = 7 radians A i (o) (0
180 R 7 or as decimals.
= T radians (%) = Z radians
45° = I radians
| Example2 =) Self Tutor
Convert 126.5° to radians.
126.5°
= (126.5 x 1g5) radians
~ 2.21 radians
EXERCISE 8A
1 Convert to radians, in terms of m:
a 90° b 60° ¢ 30° d 18° e 9°
f 135° g 225° h 270° i 360° 720°
le 315° I 540° m 36° n 80° o 230°
2 Convert to radians, correct to 3 significant figures:
a 36.7° b 137.2° ¢ 317.9° d 219.6° e 396.7°
Example 3 o) Self Tutor
Convert 2T to degrees.
5r
6
- (g x 320
= 150°
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3 Convert the following radian measures to degrees:

T 3T 3 i T
a 3 b 3 € 3 d &% € 3
in sl 3m i Iz i~
f3 9 1o h 355 I 5 I3

) Self Tutor

Convert 0.638 radians to degrees.

0.638 radians
= (0.638 x %)O
~ 36.6°

4 Convert the following radians to degrees. Give your answers correct to 2 decimal places.
a 2 b 1.53 ¢ 0.867 d 3.179 e 5.267

5 Copy and complete, giving answers in terms of 7:
a | Degrees| 0 | 45 | 90 | 135|180 | 225 | 270 | 315 | 360
Radians

b | Degrees | 0O 30 | 60 | 90 | 120 | 150 | 180 | 210 | 240 | 270 | 300 | 330 | 360
Radians

THEORY OF KNOWLEDGE

There are several theories for why one complete turn was divided into 360 degrees:

e 360 is approximately the number of days in a year.

e The Babylonians used a counting system in base 60. If \

they drew 6 equilateral triangles within a circle as shown, T
and divided each angle into 60 subdivisions, then there
were 360 subdivisions in one turn. The division of an
hour into 60 minutes, and a minute into 60 seconds, is
from this base 60 counting system.

e 360 has 24 divisors, including every integer from 1 to 10 /
except 7.

The idea of measuring an angle by the length of an arc dates to around 1400 and the Persian
mathematician Al-Kashi. The concept of a radian is generally credited to Roger Cotes, however, who
described it as we know it today.

1 What other measures of angle are there?

2 Which is the most natural unit of angle measure?
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"' ARCLENGTH AND SECTOR AREA

You should be familiar with these terms relating to the sector
parts of a circle: T NN re (part of circle)
/' centre
chord radius
An arc, sector, or segment is described as:
. el . segment o
e minor if it involves less than half the circle
e major if it involves more than half the circle. =~ TTteeeeeee -
For example: minor arc AB A
minor segment (black)
B

major segment
major arc AB (red)

ARC LENGTH

A In the diagram, the arc length AB is [. Angle 6 is measured

in radians. We use a ratio to obtain:

arc length 6

B circumference 27
0

2rr  2m

l=0r

For 0 in radians, arc length I = Or.

For 0 in degrees, arc length I = 3% X 277,

AREA OF SECTOR

X In the diagram, the area of minor sector XOY is shaded. € is
measured in radians. We use a ratio to obtain:

area of sector 6
Y area of circle 27
A 0
T2 27
_1p.2
A= 30r
For 6 in radians, area of sector A = %01‘2.
For 0 in degrees, area of sector A = % X mr2,
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| Example 5

A sector has radius 12 cm and angle 3 radians. Find its:
a arc length b area
a arc length = 6r b area = 10r°
= 2
_§6><12 =1x3x12
- — 216 cm?

EXERCISE 8B

1 Use radians to find the arc length and area of a sector of a circle of:

a radius 9 cm and angle %’T b radius 4.93 cm and angle 4.67 radians.

2 A sector has an angle of 107.9° and an arc length of 5.92 m. Find its:
a radius b area.
3 A sector has an angle of 1.19 radians and an area of 20.8 cm?. Find its:

a radius b perimeter.

%) Self Tutor

Find the area of a sector with radius 8.2 cm and arc length 13.3 cm.

I =6r {0 in radians}

13.
g Lo 1
r 8.2
area = 20r”
13.3
=1x="=x82?
8.2
~ 54.5 cm?

4 Find, in radians, the angle of a sector of:

a radius 4.3 m and arc length 2.95 m b radius 10 cm and area 30 cm?.

5 Find 6 (in radians) for each of the following, and hence find the area of each figure:

a b C 31.7cm
/ h ‘m
6 cm
K‘ 8.4 cm

6 Find the arc length and area of a sector of radius 5 cm and angle 2 radians.

7 If a sector has radius 2z cm and arc length 2 cm, show that its area is z? cm?.
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8 The cone /\\ is made from this sector:

— e v

7 cm
Find correct to 3 significant figures:
a the slant length s cm b the value of r
¢ the arc length of the sector d the sector angle # in radians.
9 The end wall of a building has the shape illustrated, where
A B the centre of arc AB is at C. Find:
30 m a « to 4 significant figures
' Sm b 0 to 4 significant figures
0ol ¢ the area of the wall.
C
10 T [AT] is a tangent to the given circle. OA =13 cm and
the circle has radius 5 cm. Find the perimeter of the shaded

region.

1 nautical mile (nmi)
11 A nautical mile (nmi) is the distance on the Earth’s surface that

subtends an angle of 1 minute (or 6—10 of a degree) of the Great
Circle arc measured from the centre of the Earth.
A knot is a speed of 1 nautical mile per hour.

a Given that the radius of the Earth is 6370 km, show that
1 nmi is approximately equal to 1.853 km.

b Calculate how long it would take a plane to fly from Perth
to Adelaide (a distance of 2130 km) if the plane can fly at
480 knots.

12 A sheep is tethered to a post which is 6 m from a long
< > fence. The length of rope is 9 m. Find the area which

6m the sheep can feed on.
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E UNIT CIRCLE AND THE
RIGONOMETRIC RATIOS

The unit circle is the circle with l‘y

centre (0, 0) and radius 1 unit.
N
—1\J1

71'

CIRCLES WITH CENTRE (0, 0)

AY Consider a circle with centre (0, 0) and radius 7 units. Suppose
P(z, y) is any point on this circle.

Since OP =r,
- V(@ =02+ (y—02=r {distance formula}
Ry =2

x? + y? = r? s the equation of a circle with centre (0, 0) and radius r.
The equation of the unit circle is 2% + 3% = 1.

ANGLE MEASUREMENT

Suppose P lies anywhere on the unit circle and A is (1, 0). +y
Let 6 be the angle measured from [OA] on the positive z-axis. Positive
direction
0 is positive for anticlockwise rotations and
negative for clockwise rotations. 0/\ 1 x
> < >
P
For example, 6 = 210° and ¢ = —150°. Y Negative
0 ¥ direction
-« » T
30°0¢
?
You can explore angle measurement further by clicking on the icon. DYNAMIC
ANGLES

=
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DEFINITION OF SINE AND COSINE “

Consider a point P(a, b) which lies on the unit circle in the ]
first quadrant. [OP] makes an angle 6 with the x-axis as shown.

1

Using right angled triangle trigonometry:

ADIJ
coslt) = — =
HYP

a

1
sin@zopp:é:b -«

1

b

a

HYP

PP
tanf = OPP _
ADJ

L P(cos@,sin6)

‘h

In general, for a point P anywhere on the unit circle:

e cos @ is the z-coordinate of P

e sin@ is the y-coordinate of P

We can hence find the coordinates of any point on the unit circle with given angle § measured from the
positive z-axis.

. Yy Y
For example: 1 (cos75°,sin75°) 1
(cos165°, sin 165°) 16? 75° 397

AN
L/

- > T -
255° —33°

(c0s327°,5in327°) or
(c0s255°,8in255%) ‘ (cos (—33°),sin(—33°))

Since the unit circle has equation 2% + 3% =1, (cos#)? + (sinf)? =1 forall 6.

We commonly write this as cos? 6 + sin? 0 = 1.

N

For all points on the unit circle, —1<x <1 and —-1<y<1

So, —1<cos0 <1 and —1 <sin@ <1 forallé.

DEFINITION OF TANGENT

Suppose we extend [OP] to meet the tangent at A(1, 0).
The intersection between these lines occurs at Q, and as P
moves so does Q.

=
<

Q(1,tan0)

The position of Q relative to A is defined as the tangent tan6

function. 4 SH}G

cos6

Notice that As ONP and OAQ are equiangular and therefore -1

similar.

Al NP A ino
Consequently AQ _ NP and hence AR — snf
OA ON 1 cos 6

sin @ -1 tangent

Under the definition that AQ = tan6, tan 8 =

cos@’
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INVE THE TRIGONOMETRIC RATIOS

In this investigation we explore the signs of the trigonometric ratios in each quadrant ~ THE UNIT
of the unit circle. CIRCLE

-« »
What to do: 1 '}

1 Click on the icon to run the Unit Circle software.
Drag the point P slowly around the circle.
Note the sign of each trigonometric ratio in each quadrant.

Quadrant | cosf sinf | tan6

positive
2
3
4
2 Hence note down the trigonometric ratios which are Y
positive in each quadrant.
- s
A

From the Investigation you should have discovered that: Ly

e sin#, cosf, and tan 6 are positive in quadrant 1 2nd P ﬁ Lst

e only sin@ is positive in quadrant 2 /

e only tan#@ is positive in quadrant 3 / S A \

e only cos# is positive in quadrant 4. - / -
We can use a letter to show which trigonometric ratios are T C P
positive in each quadrant. The A stands for a// of the ratios. ﬁ | &%
You might like to remember them using 3rd . ! 4th

All Silly Turtles Crawl.

=) Self Tutor

Use a unit circle diagram to find the values of cos(—270°) and sin(—270°).

0,1)

oy
"

\JJ
—270°
cos(—270°)

sin(—270°)

0 {the z-coordinate}
1 {the y-coordinate}
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PERIODICITY OF TRIGONOMETRIC RATIOS

Since there are 27 radians in a full revolution, if we add any integer multiple of 27 to 6 (in radians) then
the position of P on the unit circle is unchanged.

For 6 in radians and k € Z,
cos (0 + 2kw) = cos @ and sin (0 + 2kw) = sin 6.

1 Y
(a,b)
\ tan(f +7) = — = - = tanf
—a a
(o 0=
3

For 0 in radians and k € Z, tan(6 4 km) = tan®.

This periodic feature is an important property of the trigonometric functions.

EXERCISE 8C

1 For each unit circle illustrated:

i state the exact coordinates of points A, B, and C in terms of sine and cosine
il use your calculator to give the coordinates of A, B, and C correct to 3 significant figures.

a b 1y
A
“~123°
-1 N
251° —35°
C
B_1
3
Y

2 With the aid of a unit circle, complete the following table:

0 (degrees) | 0° 90° | 180° | 270° | 360° | 450°
0 (radians)

sine

cosine
tangent
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1

V2

b Copy and complete the following table. Use your calculator to evaluate the trigonometric ratios,
then a to write them exactly.

3 a Use your calculator to evaluate: i il

“S

0 (degrees) | 30° | 45° [ 60° | 135° | 150° | 240° | 315°
0 (radians)
sine
cosine
tangent
4 a Use your calculator to evaluate:
i sin100° ii sin80° i sin120° iv sin60°
v sin 150° vi sin30° vii sin45° viii sin 135°
b Use the results from a to copy and complete:
sin(180° — 0) = ...... Y
¢ Justify your answer using the diagram alongside: L ]
.......... D P(cos6,sin6)
-« 0 1 >
d Find the obtuse angle with the same sine as: \ I =
. . - P \
i 45° ii 51° i % iv %
5 a Use your calculator to evaluate:
i cosT0° ii cos110° iii  cos60° iv cos120°
v cos25° vi cos155° vii  cos80° viil  cos100°
b Use the results from a to copy and complete: Yl
cos(180° — ) = ...... 1
¢ Justify your answer using the diagram alongside: Ko e P(cos,sin6)
- 0 1 L
| Iz
d Find the obtuse angle which has the negative cosine of: V
. o . o see o . 2
i 40 i 19 i £ v =
6 Without using your calculator, find:
a sin137° if sin43° ~ 0.6820 b sinb9° if sin121° ~ 0.8572
¢ cos143° if cos37° =~ 0.7986 d cos24° if cos156° =~ —0.9135
e sin115° if sin65° ~ 0.9063 f cos132° if cos48° ~ 0.6691
7 a Copy and complete:
Quadrant | Degree measure | Radian measure | cos6 sin 0 tan 60
1 0° < 6 < 90° 0<0<3 positive | positive

2
3
4
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b In which quadrants are the following true?

i cosf is positive.

ii  cos@ is negative.

iii cos® and sin 6 are both negative. iv cos6 is negative and sin @ is positive.

8 a If AOP =6 and BOQ = 6 also, what is Ay

the measure of A6Q?
b Copy and complete:

1
[OQ] is a reflection of [OP] in the ...... B 0 9\ A

and so Q has coordinates ......

¢ What trigonometric formulae can be deduced

from a and b?

9 a Copy and complete:

Q /’ P(cos0,sinf)

xT
—1 1

00

sinf | sin(—0) | cos@ | cos(—0)

0.75
1.772
3.414

6.25
—-1.17

b What do you suspect is true from a for a general angle 6?

< Yy
1

The coordinates of P in the figure are (cos#, sin6).

i By finding the coordinates of Q in terms of 6 in
two different ways, prove that your suspicion in b is
correct.

ii Hence explain why cos(2r — 6) = cos®.

55| APPLICATIONS OF THE UNIT CIRCLE

The identity cos? @ +sin?60 = 1

is essential for finding trigonometric ratios.

Example 8

Find exactly the possible values of cosf for sinf =

) Self Tutor

2 Tllustrate your answers.

g-

cos? 0 +sin?6 =1
cos® 0 + (%)2 =1
cos?h =3

cosf = :I:é

©
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EXERCISE 8D.1

1 Find the possible exact values of cos 6 for:

a sinf=1 b sin@:—%

2
2 Find the possible exact values of sin § for:

a cosﬂzé b cosﬂz—%

¢ sinf =0 d sinf=-1

¢ cosf=1 d cosf =0

Example 9

If sin@z—% and T <0 < 3Z

find cos € and tan 6. Give exact values.

o) Self Tutor

2
S/\A
B o8 .

) 0

_3
Z C

Now

But 7 <6< 3E

cos? 0 +sin?6 =1
cos? 6 + % =1
cos? § = 1—76
cosf = :I:%
5> S0 0 is a quadrant 3 angle
cosf is negative.

0050274

- _3
and tanf=2Y — 4 _ 3
cos® T VT

1

3 Without using a calculator, find:

a sinf if cos0:§ and 0<0 <3
3

¢ cosf if sin@z—5

and 3T <6 <2rm

b cosf if sinH:% and <0<

d sinf if cosf =—=2

3
5 and T<0< S

Example 10

B

e

But

If tanf = —2 and 37” <0 < 2w, find sinf and cosf. Give exact answers.
tanf = sinf _ —2
cos 0
y sinf = —2cosf
S A Now sinZ6 + cos26 = 1
ﬂ\ (—2cos0)? + cos?f =1
< LN - 4cos? 0+ cos’H =1

5cos6 =1

cosf = +-L
5

7
3% <0 < 2m, so 0 is a quadrant 4 angle.

cos 6 is positive and sin  is negative.
1 2

cosf = v and sinf = =
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4 a If sinz=4% and 2 <z<m  find tanz exactly.
b If cosz=1 and 2T <z <2m, find tanz exactly.
; P 3m
¢ If sinz = 7 and 7 <z <=, find tanz exactly.
d If cost=-2 and Z<z<m  find tanz exactly.
5 Find exact values for sinx and cosx given that:
a tanz=2 and 0<z <3 b tanz=-3 and <z <7
< tanng and 7r<x<37” d tanx:—% and 37”<:c<27r

6 Suppose tanz =k where kis aconstantand 7 <z < 37” Write expressions for sinx and
cosx in terms of k.

FINDING ANGLES WITH PARTICULAR TRIGONOMETRIC RATIOS

From Exercise 8C you should have discovered that:

For 6 in radians:
o sin(m —0) =sind
e cos(m—6) = —cosf
e cos(2m — 6) = cos 6

We need results such as these, and also the periodicity of the trigonometric ratios, to find angles which
have a particular sine, cosine, or tangent.

m ) Self Tutor

Find the two angles 6 on the unit circle, with 0 < 6 < 27, such that:

a cosﬁz% b sin0:% ¢ tanf =2
a Using technology, b Using technology, ¢ Using technology,
cosf = £ sing = 3 tanf = 2
sin™!(2) ~ 0.848 tan—!(2) ~ 1.11
AY \Y

- L )

0~1.23 or 2w —1.23 o, 0~0.848 or w— 0.848 c. 0~1.11 or w+1.11
0 ~1.23 or 5.05 o, 0 ~0.848 or 2.29 o, 0=1.11 or 4.25
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Example 12

a sinf =—-0.4

Find two angles 6 on the unit circle, with 0 < 6 < 27, such that:

b cosf = —%

) Self Tutor

_ 1
C tan@-—§

a sinf = —0.4
Using technology,

—1y
But 0 <0< 2n
. O~ m+0412 or
2w — 0.412
0 ~ 3.55 or 5.87

b cosf = —

sin~!(—0.4) =~ —0.412

wlno

Using technology,
cos”'(—2) ~ 2.30

N
3*_1
But 0 <60 <27
0 =~ 2.30 or
21 — 2.30
0~ 230 or 3.98

~

c tanf = —%
Using technology,
tan~'(—1) ~ —0.322

Y
1

—_

- > T

—0.322

-1
But 0 <60 <27
0~m—0.322 or
2m — 0.322
0~ 282 or 5.96

The green arrow

the calculator gives.

EXERCISE 8D.2

a tanf =4
d cosf=0

i — L
g sinf = 73

2 Find two angles 6 on the unit circle, with 0 < 6 < 27, such that:

a cosf = —%
d sinf = —-0.421
g tanf = —5

P
shows the angle thatJ\\
S

1 Find two angles 6 on the unit circle, with 0 < 6 < 27, such that:

b cosf =0.83
e tanf =1.2
h tanf = 20.2

b sinf =0
e tanf = —6.67

-1
h cost%

C sinﬂzg

f cosf=0.7816
i sinf = %

¢ tanf = —3.1
f cosf= —1%

i sinf = V2



THE UNIT CIRCLE AND RADIAN MEASURE (Chapter 8) 205

INVESTIGATION 2

Usually we write functions in the form y = f(x).

PARAMETRIC EQUATIONS

/

1 a Use your graphics calculator to plot {(z, y) | x = cost, y =sint, 0° <t < 360°}.
Use the same scale on both axes.
Note: Your calculator will need to be set to degrees.

For example: y=3x+7 y=22—6x+8, y=sinz

GRAPHICS
CALCULATOR
INSTRUCTIONS

However, sometimes it is useful to express both z and y in terms of another
variable ¢, called the parameter. In this case we say we have parametric
equations.

b Describe the resulting graph. Is it the graph of a function?

¢ Evaluate 22+ y2. Hence determine the equation of this graph in terms of x and y only.
2 Use your graphics calculator to plot:

a {(z,y)|x=2cost, y=sin(2t), 0° <t < 360°}
{(z, y) |  =2cost, y=2sin(3t), 0° <t <360°}

b {(z.y)

¢ {(z,y)|z=2cost, y=cost—sint, 0°<t<360°}
d {(z,y)|z=cos®t+sin2t, y=cost, 0°<t<360°}
e {(z,y)|r=cos®t, y=sint, 0°<t<360°}

O wwmwsor;avw

Angles which are multiples of % and 7 occur frequently, so it is important for us to write their

trigonometric ratios exactly.

MULTIPLES OF 7 OR 45°

Ay
Triangle OBP is isosceles as angle OPB A
also measures 45°.
Letting OB =BP =a, P(a,a)
a>4a?=1° {Pythagoras} [0
20° = i
a2 =1 +a
— 1
a=_5 a a> 0
45° O z
So, P is (%, %) where % ~ 0.707 ‘ a B 1
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You should remember these values. If you forget, draw a right angled
isosceles triangle with side length 1.

For multiples of 7, the number % is the important Ly

thing to remember. The signs of the coordinates are
. . .. 101 11
determined by which quadrant the angle is in. (_W’ W) ( 7 \/5)

»ulg'
=l

N
5]

(0,-1)

MULTIPLES OF % OR 30°

<

Since OA = OP, triangle OAP is isosceles.

The remaining angles are therefore also 60°, and so P, k)
triangle AOP is equilateral.

The altitude [PN] bisects base [OA],
so ON =

IfPis (1, k), then (3)%+4%=
k2 =

{Pythagoras}
60° . -
{as k> 0} i ,A(l’o)

| N SV ST
S

NI=

k

[\~

5

So, Pis (%, ¥2) where %~ 0.866.

|

1 N V)
cos gz = 3 and sin 3 = 5

Now NPO = I = 30°.

Hence cos % = % and sin % =

V=
o

ol
z

You should remember these values. If you forget, divide in two an
equilateral triangle with side length 2.

- 2 -
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For multiples of Z, the numbers § and 32§ are

important. The exact coordinates of each point

are found by symmetry.

SUMMARY

e For multiples of 7, the coordinates of the points on the unit circle involve 0 and £1.

(+4)

e For other multiples of 7, the coordinates involve j:%.

e For other multiples of

€
6

, the coordinates involve +3 and :l:@.

You should be able to use this summary to find the trigonometric ratios for angles which are multiples

of & and 7.
For example, consider the angles:

o 225° =3¢

’\\'&lg

(%)

4

size.

Find the exact values of sinc, cosa, and tana for a =

Ay
¥

2T is in quadrant 3, so the signs

: 1
are both negative and both have 7

e 300° =5 which is a multiple of Z.

Ay
ST 1
BN\
-t \\; > T
087 (3-%)

5 is in quadrant 4,

z-value is 3.

3m
Ao

(-9

)

zO.&

Y

sin(%’r) = %
z cos(31) = —%
tan(2F) = —1

so the signs
are (+, —) and from the diagram the
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Example 14

Find the exact values of sin 4& = cos 4x 3, and tan 4?“.
LY
s cdry /B
1 /\’1T7T Sln(?ﬂ—) =5
2
- = cos(%”) = —%
_3
e tan(%) = T = V3
20 2 3 -3

EXERCISE 8E

1 Use a unit circle diagram to find exact values for sin,

b 3¢

a )

ISE

2 Use a unit circle diagram to find exact values for sinj,

T 27 e 57
a g b <5 d ¥
3 Find the exact values of:
a cos120° sin120°, and tan120° b cos(—45°),

T

CT d =«

L a Find the exact values of cos 90° and sin 90°.

b What can you say about tan 90°?

cosf, and tan@ for 6 equal to:

—37

e —

cos 3, and tan for (3 equal to:

117

e 5

sin(—45°), and tan(—45°)

Example 15

o) Self Tutor

Without using a calculator, show that 8sin(%) cos(2X) = —6.
sin(Z) = V3 and cos(3F) = —@
8sin(Z) cos(3x) = 8(32)(—L)
= 2(-3)
=6

5 Without using a calculator, evaluate:

a sin?60°
d 1—cos?(%)
g sm(?’f) — cos(%“)

i tan?(%) — 2sin*(%)

b
e

h

k

sin 30° cos 60°
sm2(237r) -1

1—2sin®(IF)

2ta,n(—%”) — sin(%’r)

Check all answers using your calculator.

¢ 4sin60° cos 30°

f cos*(Z) — sin(ZF)

) — sin (‘%")
2tan 150°

1 — tan2 150°

i cos?(3F



THE UNIT CIRCLE AND RADIAN MEASURE (Chapter 8)

209

10

Example 16

Find all angles 0 < 0 < 27 with a cosine of %

) Self Tutor

1

3

Since the cosine is %, we draw the

vertical line z = 3.

Because 5 is involved, we know the
required angles are multiples of .

They are £ and =X,

Find all angles between 0° and 360° with:

a asine of% b asineof@

d a cosine of —1 e a cosine of —-L
2 V2

Find all angles between 0 and 27 (inclusive) which have:

a atangent of 1 b a tangent of —1
d a tangent of 0 e a tangent of ﬁ
Find all angles between 0 and 47 with:
a a cosine of @ b asine of —1
Find0if 0<60 <27 and:
a cosﬂzé b sin0:§ ¢ cosf=-1
e cosﬂz—% f sin?20=1 g cos?f=1
i tanOZ—% j tan?6=3
Find a// values of 6 for which tan6 is: a zero b undefined.

. 1
a cosine of —=
V2

a sine of —@

a tangent of V3
a tangent of —\/§

a sine of —1

d sinf=1

h cos®f =1

"7/l THE EQUATION OF A STRAIGHT LINE

If a straight line makes an angle of 6 with the positive z-axis then its gradient is m = tan.

Proof:

y-step
oy

fe— x-step —»| T

Gradient m =

y-step
z-step
= tan6
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|_Example 17

Find the equation of
the given line: 1

=l

The line has gradient m = tan § = and y-intercept 1.

~ S

the line has equation y = %x I

EXERCISE 8F
1 Find the equation of each line:
a Ay b Ay C Ay

A
S E
[T,
AS]

,/»M:\

‘\60°

xT xT
3 3 3

2 Find the equation of each line:
a yi b Ly C Ay

2/3

wl:!

 / ) P

REVIEW SET 8A CALCULATOR

1 Convert these to radians in terms of 7:

Y
Y
wl:l

a 120° b 225° ¢ 150° d 540°
2 Find the acute angles that would have the same:

a sine as 2% b sine as 165° ¢ cosine as 276°.
3 Find:

a sin159° if sin21° = 0.358 b co0s92° if cos88° ~0.035

¢ cos75° if cos105° ~ —0.259 d sin(—133°) if sin4d7° ~0.731.
4 Use a unit circle diagram to find:

a co0s360° and sin360° b cos(—m) and sin(—m).

Explain how to use the unit circle to find # when cosf = —sinf, 0 <6 < 27.

6 Find exact values for sinf, cosf, and tan@ for 6 equal to:

2 8w
a 3 b 3
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7 If snz=-7 and 7<z <3, find tanz exactly.

If cosf = % find the possible values of sin 6.

Evaluate:
a 2sin(3)cos(3) b tan’(F) -1 ¢ cos’(F) —sind(F)
10 Given tanx:—% and 37"<3:<27r, find: a sinx b cosz.

11

Find the perimeter and area of the sector.

4
12 Suppose cosf = \/3% and 0 is acute. Find the exact value of tan 6.
REVIEW SET 8B CALCULATOR
1 Determine the coordinates of the point on the unit circle corresponding to an angle of:
a 320° b 163°
2 Convert to radians to 4 significant figures:
a 71° b 124.6° ¢ —142°
3 Convert these radian measurements to degrees, to 2 decimal places:
a 3 b 1.46 ¢ 0.435 d —5.271
4 Determine the area of a sector of angle 51—72r and radius 13 cm. Y 1 M

5 Find the coordinates of the points M, N, and P on the
unit circle.

6 Find the angle [OA] makes with the positive z-axis if the z-coordinate of the point A on the
unit circle is —0.222.

7 Find all angles between 0° and 360° which have:

a a cosine of —@ b a sine of % ¢ a tangent of —/3

8 Findffor 0<60<2r if:

a cosf=-1 b sin20:%

9 Find the obtuse angles which have the same:

a sine as 47° b sine as & ¢ cosine as 186°
10 Find the perimeter and area of a sector of radius 11 cm and angle 63°.

11 Find the radius and area of a sector of perimeter 36 cm with an angle of %’T
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12 Find two angles on the unit circle with 0 < 6 < 27, such that:
a c030:§ b sinﬁz—i ¢ tanf =3
REVIEW SET 8C
1 Convert these radian measurements to degrees:
2 5 7 11
a 5 b 7T <5 d 5
2 [llustrate the regions where sinf and cosf have the same sign.
3 Use a unit circle diagram to find:
a cos(3) and sin(3) b cos(—%) and sin(—%)
4 Suppose m =sinp, where p is acute. Write an expression in terms of m for:
a sin(m —p) b sin(p+ 27) € cosp d tanp
5 P a State the value of 6 in:
i degrees ii radians.
b State the arc length AP.
A ¢ State the area of the minor sector OAP.
6 Without a calculator, evaluate tan?(2F).
7 Show that cos(38) —sin(3F) = —V/2.
8 If cosf= —%, 3 <0 <7 find the exact value of:
a siné b tané ¢ sin(6 + )
9 Without using a calculator, evaluate:
a tan260° — sin? 45° b cos?(§) +sin(F) ¢ cos(3F) — tan(
10 Simplify:
a sin(r —6) —sind b cosftand
11 Yy a Find the equation of the line drawn.
b Find the exact value of k given the point (k, 2)
- - lies on the line.
30° x
Y
12 Three circles with radius r are drawn as shown, each A

with its centre on the circumference of the other two
circles. A, B and C are the centres of the three circles.

Prove that an expression for the area of the shaded

2
region is A = %(w —/3).

\/
v

5
1

)
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OPENING PROBLEM

A triangular sail is to be cut from a section of cloth. Two of the sides
must have lengths 4 m and 6 m as illustrated. The total area for the
sail must be 11.6 m?, the maximum allowed for the boat to race in
its class.

Things to think about: 6m 4
a Can you find the size of the angle 6 between the two sides of
given length?
b Can you find the length of the third side of the sail? 0
’ 4m
[ AREASOF TRIANGLES
A
DEMO

height (ﬁ =

If we know the base and height measurements of a triangle we can calculate the area using

base base base

1 .
area = ; base X height.
However, cases arise where we do not know the height but we can use trigonometry to calculate the area.

These cases are:

e knowing two sides and the included e knowing all three sides
angle between them

8 cm 8 cm 9 cm

10 cm 10 cm
USING THE INCLUDED ANGLE

Triangle ABC has angles of size A, B, and C. The sides
opposite these angles are labelled a, b, and c respectively.

Using trigonometry, we can develop an alternative area formula
that does not depend on a perpendicular height.

Any triangle that is not right angled must be either acute or
obtuse. We will consider both cases:
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In both triangles the altitude A is constructed from A to D on [BC] (extended if necessary).

sin €' = % sin(180° — C) = %
h=bsinC . h=10sin(180° - C)
But sin(180° — C) =sinC
h =bsinC

So, since area = %ah, we now have  Area = %ab sinC.

Using different altitudes we can show that the area is also %bc sinA  or %ac sin B.

Given the lengths of two sides of a triangle, and the size of the

included angle between them, the area of the triangle is ke

half of the product of two sides and the sine of the
included angle.

included angle side

Example 1 o) Self Tutor
Find the area of triangle ABC. Area = %ac sin B
A =1 %15 x 11 x sin28°
11 cm ~ 38.7 cm®
28°
B 15 cm ¢
If we rearrange the area formula to find the included angle between two sides, we need LINK

to use the inverse sine function denoted sin~'. For help with this and the other inverse (ﬁ >
trigonometric functions you should consult the Background Knowledge chapter on the CD.

) Self Tutor

A triangle has sides of length 10 cm and 11 ¢cm and an area of 50 cm?. Determine the two possible
measures of the included angle. Give your answers accurate to 1 decimal place.

If the included angle is 6, then 3 x 10 x 11 x sin6 = 50
50

sin @ = =
Now sin™!(22) ~ 65.4°
10
0~ 65.4° or 180° — 65.4° o 10 cm
0 ~ 65.4° or 114.6°

11 11
The two different possible angles are 65.4° and 114.6°. o o
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EXERCISE 9A
1 Find the area of:
a b C
9 cm 31 km
82°
10.2 cm
25 km
10 cm
6.4 cm
2 1If triangle ABC has area 150 cm?, A
find the value of x: 17 cm
B 68°
T cm C

3 A parallelogram has two adjacent sides with lengths 4 cm and 6 cm respectively. If the included
angle measures 52°, find the area of the parallelogram.

4 A rhombus has sides of length 12 ¢cm and an angle of 72°. Find its area.
5 Find the area of a regular hexagon with sides of length 12 cm.

6 A rhombus has an area of 50 cm? and an internal angle of size 63°. Find
the length of its sides.

7 A regular pentagonal garden plot has centre of symmetry O and an area of
338 m?. Find the distance OA.

8 Find the possible values of the included angle of a triangle with:

a sides of length 5 cm and 8 cm, and area 15 cm?
b sides of length 45 km and 53 km, and area 800 km?.

9 The Australian 50 cent coin has the shape
of a regular dodecagon, which is a polygon
with 12 sides.

Eight of these 50 cent coins will fit exactly
on an Australian $10 note as shown. What
fraction of the $10 note is not covered?

10 Find the shaded area in:
a b

12 cm
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11 ADB is an arc of the circle with centre C and radius D
7.3 cm. AEB is an arc of the circle with centre F and
radius 8.7 cm.
Find the shaded area. A B
809
F
The cosine rule involves the sides and angles of a triangle. A
In any AABC: a®? =b% + % — 2bccos A A
or b*=a®+ c®>— 2accos B ¢ b
or c®=a?+b%>—2abcosC
B C
B — c

We will develop the first formula for both an acute and an obtuse triangle.

Proof:

B

B

In both triangles draw the altitude from C down to [AB] (extended if necessary), meeting
it at D.

Let AD =2 andlet CD = h.
Apply the theorem of Pythagoras in ABCD:
a®=h?+(c—x)? a®=h?+(c+x)?
a?=h%+c? — 2cx + 22 a2 =h?4+ 4+ 2 + 22
In both cases, applying Pythagoras to AADC gives h? + 2% = b2,

h? = b* — 22, and we substitute this into the equations above.

a? =0+ — 2z coadl =0+ 4 2
In AADC, cosA:% cos(180°—A):%
bcosA =z A=
2 _ 12 2 —cosA = —~
a“=b"+c 2bccos A b

—bcos A==z
a®> = b+ & — 2bccos A

The other variations of the cosine rule could be developed by rearranging the vertices of AABC.
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Note that if A =90° then cosA=0 and a®=0%+c®—2bccosA reducesto a’ ="b%+c?,
which is the Pythagorean Rule.

The cosine rule can be used to solve problems involving triangles given:

e two sides and an included angle o three sides.

If we are given two sides and a non-included angle, then when we try to find the third side we obtain
a quadratic equation. This is an ambiguous case where there may be two plausible solutions. We may
not be able to solve for the length uniquely if there are two positive, plausible solutions to the quadratic
equation.

" Example 3 | ) Self Tutor

Find, correct to 2 decimal By the cosine rule:
places, the length of [BC].

BC? =112 + 132 — 2 x 11 x 13 x cos42°

B
BC = /(112 4132 — 2 x 11 x 13 x cos 42°)
11 cm .. BC =~ 8.801
° . [BC] is 8.80 in length.
A 42 % [BC] 1s cm in leng
13 cm

Rearrangement of the original cosine rule formulae can be used for finding angles if we know all three
sides. The formulae for finding the angles are:

b2 + ¢% — a? c? 4+ a? — b? a? +b% —¢?
cosA=+7 cosB=+7 cosC=+7
2bc 2ca 2ab

We then need to use the inverse cosine function cos™! to evaluate the angle.

m ) Self Tutor

In triangle ABC, AB=7cm, BC =5 cm, and CA = 8 cm.

a Find the measure of BCA. b Find the exact area of triangle ABC.
a By the cosine rule:
A (52 + 82 _ 72)
8 cm cosC=~—— =
(2 x5 x 8)
¢ ) . (52+82—72)
7 .. C = cos _—
cm 2x5x%x8
5 cm C:cos_l(%)
C = 60°
B

So, BCA measures 60°.
b The area of AABC = 1 x 8 x 5 x sin 60°

—20x %3 {sin60° = 33}
= 10v/3 cm?
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EXERCISE 9B
1 Find the length of the remaining side in the given triangle:
a b <
A 15 cm Q K
4.8 km
2lem R 6.2m
6.3 km 79°
C P L 148 m M
2 Find the measure of all angles of: 3 a Find the measure of obtuse PQR.
b Hence find the area of APQR.
C
P
12 cm 11 cm 10 cm
5cm
A 13 cm B R
7cm

Q

4 a Find the smallest angle of a triangle with sides 11 cm, 13 cm, and
17 cm.

b Find the largest angle of a triangle with sides 4 cm, 7 cm, and 9 cm.

The smallest angle
is opposite the
shortest side.

5 a Find cosf but not 6.

b Find the value of z. 5 cm 2 cm
1 cm
T cm

6 Find the exact value of x in each of the following diagrams:
a b c

7 cm 5cm 2 em 5cm

3 cm
600 600
T cm T cm 2x cm

7 Solve the Opening Problem on page 214.

8 Find z in each of the following diagrams:
a b

11 cm 13 cm

70° 130°
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9 Show that there are two plausible values

for x in this triangle: 5 em

cl THE SINE RULE

The sine rule is a set of equations which connects the lengths of the sides of any triangle with the sines
of the angles of the triangle. The triangle does not have to be right angled for the sine rule to be used.

In any triangle ABC with sides a, b, and ¢ units in length,

and opposite angles A, B, and C' respectively, A
b
sin A sin B sin C a b @ c
= = or T = T = T . C
a b c sin A sin B sinC
B a

1

Proof:  The area of any triangle ABC is given by % besin A = 5 acsin B = % absin C.

o . . nA  sinB  sinC
Dividing each expression by 1 abc gives 22 Sn;) ==
a (6]

The sine rule is used to solve problems involving triangles, given:

e two angles and one side e two sides and a non-included angle.
FINDING SIDE LENGTHS

| Example 5 ) Self Tutor

Find the length of [AC] correct A
to two decimal places.

12 cm

39°
58° C

: 5 b 12
X Using the sine rule, ——— = ———
sin 58° sin 39°

bcm
12 cm . 12 x sin58°
39° o " sin39°
58° <
c. b 16.17074

[AC] is about 16.17 cm long.
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EXERCISE 9C.1
1 Find the value of z:
a b C
11 cm
115°
T cm
48°

2 Consider triangle ABC.
a Given A=063°, B=49° and b= 18 cm, find a.
b Given A =282° (C =25° and c¢c= 34 cm, find b.
¢ Given B=21°, C =48° and a = 6.4 cm, find c.

FINDING ANGLES

The problem of finding angles using the sine rule is more complicated because there may DEMO

be two possible answers. For example, if sinf = @ then 6 = 60° or 120°. We call (ﬁ)
this situation an ambiguous case.

You can click on the icon to obtain an interactive demonstration of the ambiguous case,
or else you can work through the following investigation.

[ IN THE AMBIGUOUS CASE

You will need a blank sheet of paper, a ruler, a protractor, and a compass for the tasks that follow.
In each task you will be required to construct triangles from given information. You could also do
this using a computer package such as ‘The Geometer’s Sketchpad’.

What to do:

Task 1: Draw AB = 10 cm. At A construct an angle of 30°. Using B as the centre, draw an arc
of a circle of radius 6 cm. Let C denote the point where the arc intersects the ray from A.
How many different possible points C are there, and therefore how many different triangles
ABC may be constructed?

Task 2: As before, draw AB = 10 cm and construct a 30° angle at A. This time draw an arc of
radius 5 cm centred at B. How many different triangles are possible?

Task 3: Repeat, but this time draw an arc of radius 3 cm centred at B. How many different triangles
are possible?

Task 4: Repeat, but this time draw an arc of radius 12 cm centred at B. How many different triangles
are possible now?

You should have discovered that when you are given two sides and a non-included angle there are a
number of different possibilities. You could get two triangles, one triangle, or it may be impossible to
draw any triangles at all for some given dimensions.

Now consider the calculations involved in each of the cases of the investigation.
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Task 1: Given: ¢=10cm, a=6 cm, A= 30° G
sinC _ sinA
C o a
. Co 6 cm
sinC — csin A
“ 6 cm
. om0 .
sinC = 20250307 8333 30
6 A 10 cm B
Because sinf = sin(180° — ) there are two possible angles:
C =~ 56.44° or 180° — 56.44° = 123.56°
Task 2: Given: ¢=10cm, a=5cm, A= 30° c
sinC _ sinA
¢ C'L " 5cm
sinC = £
a 300
Sin0210><s51n30 -1 A 10 cm B

There is only one possible solution for C' in the range from 0° to 180°, and that is C' = 90°. Only
one triangle is therefore possible. Complete the solution of the triangle yourself.

Task 3: Given: ¢=10cm, a =3 cm, A= 30°
sinC _ sinA
C B a
sinC — csin A
“ 30°
. 10 x sin 30°
sinC = X% ~ 1.6667 A 10 cm B

There is no angle that has a sine value > 1. Therefore there is no solution for this given data, and
no triangles can be drawn to match the information given.

Task 4: Given: ¢=10cm, a=12cm, A= 30°
sinC _ sinA
C B a
sinC — csin A
a
H o]
sinC = % ~ 0.4167

Two angles have a sine
ratio of 0.4167:

C ~ 24.62° or
180° — 24.62° = 155.38° A 10 cm B

However, in this case only one of these two angles is valid. If A = 30° then C cannot possibly equal
155.38° because 30° + 155.38° > 180°.

Therefore, there is only one possible solution, C' & 24.62°.

Conclusion: Each situation using the sine rule with two sides and a non-included angle must be
examined very carefully.
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) Self Tutor

Find the measure of angle C' in triangle ABC if AC =7 cm, AB = 11 cm, and angle B measures

25°.
B 9 W B .
e SH; {sine rule}
C
sinC _ sin25°
17
1 em 11 in 25°
sinC = = X500
7
O = sin~! <11 X sin 25°> or its supplement
A N 7 {as C may be obtuse}
C 7 cm oo C=~41.6° or 180° —41.6°

C ~41.6° or 138.4°
C measures 41.6° if angle C' is acute, or 138.4° if angle C' is obtuse.

In this case there is insufficient information to determine the actual shape of the triangle. There
are two possible triangles.

Sometimes there is information in the question which enables us to reject one of the answers.

=) Self Tutor

Find the measure of angle L in triangle KLM given that angle K measures 56°, LM = 16.8 m,
and KM = 13.5 m.

sinL _ sin56°

= by the sine rule
< 13.5 16.8 { y }
: o
560 -y 13.5 X sin 56
13.5m N5

. 13. i © .

L=sin"! (—3 5 X sin 56 ) or its supplement

16.8
L M o, L ~41.8° or 180° —41.8°
16.8 m

L ~41.8° or 138.2°
We reject L ~ 138.2°, since 138.2° 4 56° > 180° which is impossible in a triangle.

L ~ 41.8°, a unique solution in this case.

EXERCISE 9C.2

1 Triangle ABC has angle B =40°, b =8 cm, and ¢ = 11 cm. Find the two possible measures
of angle C.

2 Consider triangle ABC.
a Given a=14.6 cm, b= 17.4 cm, and ABC = 65°, find the measure of BAC.
b Given b=43.8 cm, ¢=31.4 cm, and ACB = 43°, find the measure of ABC.
¢ Given a =6.5 km, ¢=4.8 km, and BAC = 71°, find the measure of ACB.
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3 Is it possible to have a triangle with the measurements
shown? Explain your answer. 359

9.8 cm

68°

11.4 cm

4 Given AD = 20 cm, find the magnitude of ABC and
hence the length BD.

78°

5 Find z and y in the given figure.

6 Triangle ABC has A= 58°, AB =5.1cm, AC =8 cm, and BC = 6.84 cm.
Find B correct to the nearest degree using the sine rule.

b Find B correct to the nearest degree using the cosine rule.

¢ Copy and complete: “When faced with using either the sine rule or the cosine rule it is better
to use the ...... as it avoids ...... ”?

7 In triangle ABC, ABC = 30°, AC=9cm, and AB =7 cm. Find the area of the triangle.

8 Find the exact value of z, giving your answer in
the form a + byv/2 where a, b € Q.

50 USING THE SINE AND COSINE RULES

If we are given a problem involving a triangle, we must first decide which rule is best to use.

If the triangle is right angled then the trigonometric ratios or Pythagoras’ Theorem can be used. For
some problems we can add an extra line or two to the diagram to create a right angled triangle.

However, if we do not have a right angled triangle then we usually have to choose between the sine and
cosine rules. In these cases the following checklist may be helpful:
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Use the cosine rule when given:

e three sides e two sides and an included angle.

Use the sine rule when given:

e one side and two angles

e two sides and a non-included angle, but beware of an ambiguous case which can occur when
the smaller of the two given sides is opposite the given angle.

T

The angles of elevation to the top of a mountain are
measured from two beacons A and B at sea.

The measurements are shown on the diagram.

If the beacons are 1473 m apart, how high is the mountain?

Let BT be £ m and NT be h m.

ATB = 41.2° —29.7°  {exterior angle of A}
=11.5°

We find z in AABT using the sine rule:

A 1473 m B N x 1473
sin29.7°  sin11.5°

1473
"~ sin11.5°
~ 3660.62

X sin 29.7°

h _ h

Now, in ABNT, sin41.2° = —
e 3660.62

h ~ sin41.2° x 3660.62
~ 2410

The mountain is about 2410 m high.

EXERCISE 9D

1 Rodrigo wishes to determine the height of a flagpole.
He takes a sighting to the top of the flagpole from point
P. He then moves further away from the flagpole by
20 metres to point Q and takes a second sighting. The
information is shown in the diagram alongside. How

high is the flagpole? Q A 28° P/ 530

«— 20m —»>
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2 Q To get from P to R, a park ranger had to walk along a
175 m @ 63 m path to Q and then to R as shown.
What is the distance in a straight line from P to R?
P R
3 A golfer played his tee shot a distance of 220 m to point A _____ 165 m
A. He then played a 165 m six iron to the green. If the ST
distance from tee to green is 340 m, determine the angle 220m
the golfer was off line with his tee shot.
A7 340m
4 A communications tower is constructed on top of a
tower building as shown. Find the height of the tower.
15.9° building
| 23.6°
«—200m——
5 Hikers Ritva and Esko leave point P at the same time. Ritva N

walks 4 km on a bearing of 040°, then a further 6 km on a
bearing of 155°.
Esko hikes directly from P to the camp site.
a How far does Esko hike?
b In which direction does Esko hike?
¢ Ritva hikes at 10 km h~! and Esko hikes at 6 km h~1.
i Who will arrive at the camp site first?

ii How long will this person need to wait before the
other person arrives?

d On what bearing should the hikers walk from the camp
site to return to P? campsite

6 A football goal is 5 metres wide. When a player is
26 metres from one goal post and 23 metres from the
other, he shoots for goal. What is the angle of view of the
goals that the player sees?

goal posts ) angle of view

I /

7 A tower 42 metres high stands on top of a hill. From a point some distance from the base of the
hill, the angle of elevation to the top of the tower is 13.2° and the angle of elevation to the bottom
of the tower is 8.3°. Find the height of the hill.
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8 From the foot of a building I have to look 22° upwards
to sight the top of a tree. From the top of the building,
150 metres above ground level, I have to look down at an
angle of 50° below the horizontal to sight the tree top.

a How high is the tree?
b How far from the building is this tree?

) Self Tutor

Find the measure of RPV. S R
3 cm
P Q
gw
=
Ly 5 cm
U 6 cm Vv

In ARVW, RV = /52 +32=1/34cm. {Pythagoras}
In APUV, PV = /62 +32=+/45cm. {Pythagoras}
In APQR, PR = /62 +52=1/61cm. {Pythagoras}

P V61 cm R By rearrangement of the cosine rule,
¢ cosg — (YO? + (VAB)? — (/33)?

VE 2v61v45

1oem VL g 6144534
v 2/61v/45
o n
261145
_ 36
6= ! ~ 46.6°
cos (\/ﬁ\/éﬁ)

RPV measures about 46.6°.

9 Find the measure of PCA)R in the rectangular 8 cm 0
box shown.
P 4 cm
7cm
R

10 Two observation posts A and B are 12 km apart. A third observation post C is located such that
CAB is 42° and CBA is 67°. Find the distance of C from A and from B.



228

NON-RIGHT ANGLED TRIANGLE TRIGONOMETRY (Chapter 9)

1

12

13

14

15

16

Stan and Olga are considering buying a
sheep farm. A surveyor has supplied
them with the given accurate sketch.
Find the area of the property, giving
your answer in:

A hectare is equivalent to
100 m x 100 m.

a km? b hectares. 12 km

Thabo and Palesa start at point A. They each walk in a straight line at an
angle of 120° to one another. Thabo walks at 6 kmh~! and Palesa walks
at 8 kmh~!. How far apart are they after 45 minutes?

The cross-section design of the kerbing for a
driverless-bus roadway is shown opposite. The
metal strip is inlaid into the concrete and is
used to control the direction and speed of the
bus. Find the width of the metal strip.

B @ D5
metal strip

An orienteer runs for 4% km, then turns through an angle of 32° and runs for another 6 km. How
far is she from her starting point?

Sam and Markus are standing on level ground 100 metres apart. A large tree is due north of Markus
and on a bearing of 065° from Sam. The top of the tree appears at an angle of elevation of 25° to
Sam and 15° to Markus. Find the height of the tree.

A helicopter A observes two ships B and C. B is 23.8 km from the helicopter and C is 31.9 km

from it. The angle of view BAC from the helicopter to B and C, is 83.6°. How far are the ships
apart?

REVIEW SET 9A ON-CALCULATOR

1 Determine the area of the triangle.

7 km

8 km

2 You are given enough details of a triangle so that you could use either the cosine rule or the

sine rule to find an unknown. Which rule should you use? Explain your answer.

3 Kady was asked to draw the illustrated triangle exactly.

a Use the cosine rule to find z. 8 cm 7 cm
b What should Kady’s response be?

T cm

4 A triangle has sides of length 7 cm and 13 c¢m, and its area is 42 cm?. Find the sine of the

included angle.
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5 60° A boat is meant to be sailing directly from A to B.
Cr B However, it travels in a straight line to C before the

captain realises he is off course. The boat is turned

through an angle of 60°, then travels another 10 km to

B. The trip would have been 4 km shorter if the boat had

gone straight from A to B. How far did the boat travel?

A
6 Show that the yellow shaded area is given by
A= (5§ —sin(5))-
S

REVIEW SET 9B CALCULATOR
1 Determine the value of x:
a b
11 cm 15 km
13 cm 17 km
19 cm o Lo
2 Find the unknown side and angles: 3 Find the area of quadrilateral ABCD:
© A 11 cm B
A ,,-""""""'
9.8 cm
11 cm

B

4 A vertical tree is growing on the side of a hill with gradient 10° to the horizontal. From a point
50 m downhill from the tree, the angle of elevation to the top of the tree is 18°. Find the height
of the tree.

5 From point A, the angle of elevation to the top of a tall building is 20°. On walking 80 m
towards the building, the angle of elevation is now 23°. How tall is the building?

6 Peter, Sue, and Alix are sea-kayaking. Peter is 430 m from Sue on a bearing of 113°. Alix is
on a bearing of 210° and is 310 m from Sue. Find the distance and bearing of Peter from Alix.
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REVIEW SET 9C

1 Find the value of z:

a b
13 cm rem
11 cm 14 cm
21 cm
19 cm
2 Find the value of x if the triangle has area 80 cm?. A
19.2 cm
C
11.3 cm
B
3 Find the measure of EDG: F G
E H 3m
B
C
4m
A 6 m D
4 Anke and Lucas are considering buying a block of B_

land. The land agent supplies them with the given
accurate sketch. Find the area of the property, giving
your answer in: 125 m

2

a m b hectares.

A

5 A family in Germany drives at 140 kmh~! for 45 minutes on the bearing 032°, and then
180 kmh~1! for 40 minutes on the bearing 317°. Find the distance and bearing of the car from
its starting point.

6 Soil contractor Frank was given the following dimensions over the telephone:

The triangular garden plot ABC has CAB measuring 44°, [AC] is 8 m long, and [BC] is 6 m
long. Soil to a depth of 10 cm is required.

a Explain why Frank needs extra information from his client.

b What is the maximum volume of soil needed if his client is unable to supply the necessary
information?
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OPENING PROBLEM

A Ferris wheel rotates at a constant speed. The
wheel’s radius is 10 m and the bottom of the wheel
is 2 m above ground level. From a point in front of
the wheel, Andrew is watching a green light on the /= ’
perimeter of the wheel. Andrew notices that the green \

light moves in a circle. He estimates how high the
light is above ground level at two second intervals = ®
and draws a scatter diagram of his results.

il

'
"y

Things to think about:
a What does his scatter diagram look like? //
{/
b What function can be used to model the data?
¢ How could this function be used to find: N
o e 5
i the light’s position at any point in time
ii the times when the light is at its maximum
and minimum heights?
d What part of the function would indicate the time interval over which one complete cycle occurs?

Click on the icon to visit a simulation of the Ferris wheel. You will be able to view
the light from: DEMO

-« >
e in front of the wheel e a side-on position e above the wheel. I J

You can then observe the graph of the green light’s position as the wheel rotates at a constant rate.

e PERIODIC BEHAVIOUR

Periodic phenomena occur all the time in the physical world. For example, in:

e seasonal variations in our climate

e variations in average maximum and minimum monthly temperatures
e the number of daylight hours at a particular location

e tidal variations in the depth of water in a harbour

e the phases of the moon

e animal populations.

These phenomena illustrate variable behaviour which is repeated over time. The repetition may be called
periodic, oscillatory, or cyclic in different situations.

In this chapter we will see how trigonometric functions can be used to model periodic phenomena.

OBSERVING PERIODIC BEHAVIOUR

The table below shows the mean monthly maximum temperature for Cape Town, South Africa.

Month Jan | Feb | Mar | Apr | May | Jun | Jul | Aug | Sep | Oct | Nov | Dec
Temp T (°C) | 28 | 27 25% 22 18% 16 | 15 | 16 18 21% 24 26
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On the scatter diagram alongside we plot the A T(°C)
temperature 7' on the vertical axis. We assign 30
January as t = 1 month, February as ¢ = 2 ML R
months, and so on for the 12 months of the year. 20 ® . .L
°e © (10, 213)
10
t (months)
3 6 9 121
YJAN JAN

The temperature shows a variation from an average of 28°C in January through a range of values across
the months. The cycle will approximately repeat itself for each subsequent 12 month period. By the
end of the chapter we will be able to establish a periodic function which approximately fits this set of
points.

T(°C)
30

® o ° ° ° ® o ° ° °
20 ° ° e ° ° ° ) °

(-] ° o o ° o
10
t (months)
P36 9 12f 15 18 21 24
YJAN JAN

HISTORICAL NOTE

lines of
magnetic
force

direction f)

(]

. &0

of rotation S
o

>

B W&;OC’ 270° 360°

In 1831 Michael Faraday discovered that an electric current was generated by rotating a coil of wire
in a magnetic field. The electric current produced showed a voltage which varied between positive
and negative values as the coil rotated through 360°.

Graphs with this basic shape, where the cycle is repeated over and over, are called sine waves.

GATHERING PERIODIC DATA

Data on a number of periodic phenomena can be found online or in other publications. For example:

e Maximum and minimum monthly temperatures can be found at www.weatherbase.com

e Tidal details can be obtained from daily newspapers or internet sites such as
http://tidesandcurrents.noaa.gov or http://www.bom.gov.au/oceanography
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TERMINOLOGY USED TO DESCRIBE PERIODICITY

A periodic function is one which repeats itself over and over in a horizontal direction, in intervals of
the same length.

The period of a periodic function is the length of one repetition or cycle.
f(z) is a periodic function with period p < f(x + p) = f(«) for all z, and p is the

smallest positive value for this to be true.

A cycloid is an example of a periodic function. It is the curve traced out by a point on a circle as the
circle rolls across a flat surface in a straight line.

Use a graphing package to examine the function f(z) =z — []

) ) GRAPHING
where [z] is “the largest integer less than or equal to x”. PACKAGE
Is f(x) periodic? What is its period? (ﬁ >

WAVES

In this course we are mainly concerned with periodic phenomena which show a wave pattern:

the wave

principal axis

The wave oscillates about a horizontal line called the principal axis or mean line which has
max -+ min

2

A maximum point occurs at the top of a crest, and a minimum point at the bottom of a trough.

equation y =

The amplitude is the distance between a maximum (or minimum) point and the principal axis.

max — min

amplitude = >

maximum point\

Y \
e . amplitude
- principal axis \ ' p

minimum point _/ period

v
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EXERCISE 10A

1  Which of these graphs show periodic behaviour?
a Y

2 The following tabled values show the height above the ground of a point on a bicycle wheel as the
bicycle is wheeled along a flat surface.

Distance travelled (cm) 0O | 20 | 40 | 60 [ 80 | 100 | 120 | 140 | 160 | 180 | 200
Height above ground (cm) | 0 6 | 23 | 42 | b7 [ 64 [ B9 | 43 | 23 | 7 1

Distance travelled (cm) | 220 | 240 | 260 | 280 | 300 | 320 | 340 | 360 | 380 | 400
Height above ground (cm) | 5 | 27 | 40 | 55 | 63 | 60 | 44 | 24 | 9 3

a Plot the graph of height against distance.
b Is it reasonable to fit a curve to this data, or should we leave it as discrete points?
¢ Is the data periodic? If so, estimate:
i the equation of the principal axis il the maximum value
il the period iv the amplitude.

3 Draw a scatter diagram for each set of data below. Is there any evidence to suggest the data is
periodic?

alzl o1 23] 4]5 6 7 18] o9 10]11]12
y |l o] 1 [tal 1ol -1]-1a]-1]o0of1]1a]1]o0
blz]o]l 2345 [6]7 8 9 [10 ] 12 A,
0473417215289 ]109102]84]104 GRAPHICS
CALCULATOR

INSTRUCTIONS
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THEORY OF KNOWLEDGE

In mathematics we clearly define terms so there is no misunderstanding of their exact meaning.

We can understand the need for specific definitions by considering integers and rational numbers:

. . . . . 4
e 2 is an integer, and is also a rational number since 2 = >
4 . 5 : : 5 4
e Sisa rational number, and is also an integer since 5= 2.

4 . . . .
o Sisa rational number, but is not an integer.

Symbols are frequently used in mathematics to take the place of phrases. For example:

e = isread as “is equal to” e > isread as “the sum of all”
e ¢ isread as “is an element of” or “is in”.

1 Is mathematics a language?
2 Why is it important that mathematicians use the same notation?

3 Does a mathematical argument need to read like a good piece of English?

The word similar is used in mathematics to describe two figures which are in proportion. This is
different to how similar is used in everyday speech.

Likewise the words function, domain, range, period, and wave all have different or more specific
mathematical meanings.

4 What is the difference between equal, equivalent, and the same?

5 Are there any words which we use only in mathematics? What does this tell us about the
nature of mathematics and the world around us?

Bl THE SINE FUNCTION

In previous studies of trigonometry we have only considered static situations where an angle is fixed.
However, when an object moves around a circle, the situation is dynamic. The angle 6 between the
radius [OP] and the positive x-axis continually changes with time.

Consider again the Opening Problem in which a Ferris wheel of radius “

10 m revolves at constant speed. We let P represent the green light P
on the wheel. 10

The height of P relative to the xz-axis can be determined using right
angled triangle trigonometry. = 10

sin@zi, so h =10sin6.
10

As time goes by, 6 changes and so does h. v

So, we can write h as a function of 6, or alternatively we can write h as a function of time .
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Suppose the Ferris wheel observed by Andrew takes 100 seconds for a full revolution. The graph below
shows the height of the light above or below the principal axis against the time in seconds.

4 height (metres) DEMO
10 (ﬁ)

50 100 time (secondg)

-10

Y

We observe that the amplitude is 10 metres and the period is 100 seconds.

THE BASIC SINE CURVE

Suppose point P moves around the unit circle so the angle [OP] makes h
with the positive horizontal axis is z. In this case P has coordinates
(cosz, sinz).

P (cosz, sinx)

If we project the values of sinz from the unit circle to a set of axes >
alongside, we can obtain the graph of y = sinz.

Note carefully that = on the unit circle diagram is an angle, and
becomes the horizontal coordinate of the sine function. I

Unless indicated otherwise, you should assume that = is measured in radians. Degrees are only included
on this graph for the sake of completeness.

y
1 o
o
. N y=sinx
IV 90° \180° 2100 360/
5 7r\ 37" /27r
N e
e
1 N
—1I
Y

SINE
FUNCTION

You should observe that the sine function can be continued beyond 0 < z < 27 in either ‘ﬁ >
direction.

Click on the icon to generate the sine function for yourself.

by

=

_ w—180°  —90° 90° 180°  270° 360° 450° 540°

> T
- 2 B . 37r\
y=sinzx
: 1

The unit circle repeats itself after one full revolution, so its period is 27.
The maximum value is 1 and the minimum is —1, as —1 <y < 1 on the unit circle.

The amplitude is 1.
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TRANSFORMATIONS OF THE SINE CURVE

In the investigations that follow, we will consider applying transformations to the sine curve y = sinz.
Using the transformations we learnt in Chapter 5, we can generate the curve for the general sine function
y = asin(b(x — ¢)) + d.

THE FAMILY y = asinx, a # 0

Click on the icon to explore the family y = asinz, a # 0. DYNAMIC SINE
FUNCTION
Notice that = is measured in radians. (ﬁ)

What to do:
1 Use the slider to vary the value of a. Observe the changes to the graph of the function.

2 Use the software to help complete the table:

a Function Maximum | Minimum | Period | Amplitude

Yy =sinx 1 —1 27 1
2 Yy =2sinz
0.5 | y=0.5sinzx
—1| y=—sinz

a y=asinx

3 How does a affect the function y = asinx?

4 State the amplitude of:
a y=3sinx b y=+Tsinz ¢ y=—2sinzx

THE FAMILY y = sinbx, b > 0

Click on the icon to explore the family y = sinbz, b > 0. DYNAMIC SINE
FUNCTION

What to do: (1%’)
1 Use the slider to vary the value of b. Observe the changes to the graph of the
function.

2 Use the software to help complete the table:

b Function Maximum | Minimum | Period | Amplitude
1 y =sinz 1 -1 27 1

2| y=sin2x

1 | y =sin(32)

b | y=sinbx

3 How does b affect the function y = sin bx?

4 State the period of:

a y=sin3dx b y=sin(3z) ¢ y=sin(1.22) d y=sinbz
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From the previous Investigations you should have found:

a#0
e ¢ affects the amplitude of the graph;

Family y = asinz,
amplitude = |a]
e The graph is a vertical stretch of y = sina with scale factor |a].

e If a <0, the graph of y =sinz is also reflected in the z-axis.
Family y =sinbz, b >0
e The graph is a horizontal stretch of y = sinz with scale factor %

e period = 2%

|a| is the
modulus of a.
It is the size of
a, and cannot

be negative.

Example 1

Without using technology, sketch the graphs of:

a y=2sinx b y=—-2sinz for 0 <z <27

a This is a vertical stretch of y = sinxz with scale factor 2.
The amplitude is 2 and the period is 27.

4y

2

_____

=2

Y

b The amplitude is 2 and the period is 27. It is the reflection of y = 2sinx in the z-axis.

ad o
T y=—2sin x
.
’O’ .,
i 3
0" “
4 "\
- K kS 2m
& N %
jus T, %
2 «‘~ 'l
i Y %
3 ’
N 04
. & ees
94 " Th y=2sin z
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| Example2

Without using technology, sketch the graph of y = sin2x for
0<z <27

Since sin 2z has half the
This is a horizontal stretch of y = sinz with scale factor 3. period of sin z, the first

maximum is at I~ not Z-.
2T T 4 2

2

The period is

the maximum values are 7 units apart.

EXERCISE 10B.1

1 Without using technology, sketch the graphs of the following for 0 < z < 2m:
a y=3sinx b y=—-3sinzx c y:%sinx d y:—%sinx

2 Without using technology, sketch the graphs of the following for 0 < x < 37

a y=sin3x b y=sin (%) ¢ y=sin(—2x)
3 State the period of:
a y=sindx b y =sin(—4z) ¢ y=sin (%) d y =sin(0.6x)
4 Find b given that the function y =sinbz, b > 0 has period:
a b b ¢ 127 d 4 e 100
[INV THE FAMILIES y = sin(z —c) AND y =sinz + d
Click on the icon to explore the families y = sin(xz —¢) and y =sinz + d. DYNAMIC SINE
FUNCTION

What to do:

-« >
1 Use the slider to vary the value of c. Observe the changes to the graph of g 7
the function.

2 Use the software to help complete the table:

Function Maximum | Minimum | Period | Amplitude
0 y =sinz 1 -1 2T 1
-2 | y=sin(x —2
2 | y=sin(z+2
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3 What transformation moves y =sinz to y = sin(x — ¢)?

4 Return the value of ¢ to zero, and now vary the value of d. Observe the changes to the graph
of the function.

5 Use the software to help complete the table:

d Function Maximum | Minimum | Period | Amplitude

0 y =sinzx 1 -1 27 1
3 | y=sinz+3
—2 | y=sinx —2

d | y=sinx+d

6 What transformation moves y =sinz to y =sinz + d?

7 What transformation moves y =sinz to y = sin(x — ¢) + d?

From Investigation 3 we observe that:

e y=sin(x —c¢) is a horizontal translation of y = sinz through c units.

e y =sinx +d is a vertical translation of y = sinz through d units.

e y=sin(x —c¢)+d is a translation of y =sinz through vector (2)

=) Self Tutor

On the same set of axes graph for 0 < z < 47

a y=sinz and y=sin(z —1) b y=sinz and y=sinz —1

a This is a horizontal translation of y = sinz to the right by 1 unit.

1 [iemess

=1

Y

;
TN PN P

T 2T 3T, .
\ ~\\ ’/,v / . /’[N\ y=sin x
_ 1 - - S, __—
-1 1
A

A/ y=sinz—1
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THE GENERAL SINE FUNCTION

The general sine function is

y =asin(b(x —c)) +d where b > 0.

7

affects affects affects affects
amplitude period horizontal translation vertical translation

The principal axis of the general sine function is y = d.
. . .. 27
The period of the general sine function is 5

The amplitude of the general sine function is |a|.

Consider y = 2sin(3(x — %)) + 1. Itis a translation of y = 2sin 3z with translation vector (

So, starting with y = sinz we would:

e double the amplitude to produce y = 2sinz, then

e divide the period by 3 to produce y = 2sin3x, then

e translate by <?> to produce y = 2sin(3(z — §)) + 1.

EXERCISE 10B.2

1 Sketch the graphs of the following for 0 < x < 4
a y=snzr—2 b y=sin(z —2) GRAPHING
¢ y=sin(z+2) d y=sinzx+2 (PACKAGE)
e y=sin(z+7%) fy=sinz—-%)+1 ﬁ
Check your answers using technology.
2 State the period of:
a y=sinbt b y=sin (%) ¢ y=sin(—2t)

3 Findbin y=sinbz if b >0 and the period is:
a 3w b & ¢ 1007w d 50

4 State the transformation(s) which map:

a y=sinz onto y=sinz —1 y =sinz onto y = sin(z — )

¢ y=sinz onto y = 2sinx y =sinz onto y = sindx

y=sinz onto y=isinz

y=sinz onto y=sin (%)

e
g y=sinz onto y= —sinx y=sinz onto y= —3+sin(z + 2)

i y=sinz onto y = 2sin3x i y=sinz onto y=sin(z — %) +2

R E]
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"“ll MODELLING USING SINE FUNCTIONS

When patterns of variation can be identified and quantified using a formula or equation, predictions may
be made about behaviour in the future. Examples of this include tidal movement which can be predicted
many months ahead, and the date of a future full moon.

In this section we use sine functions to model periodic biological and physical phenomena.

MEAN MONTHLY TEMPERATURE

Consider again the mean monthly maximum temperature for Cape Town over a 12 month period:

Month Jan | Feb | Mar | Apr | May | Jun | Jul | Aug | Sep | Oct | Nov | Dec

Temp T (°C) | 28 | 27 [ 251 | 22 | 183 | 16 [ 15| 16 | 18 | 213 | 24 | 26

The graph over a two year period is shown below:

40
17¢0o
30
° o . Ao o ° o . J—
20 T L4 ° i ? ° o *
° ° o ° ° o
10
t (months)
O o

Jan . Mar May Jul Sep Nov Jan Mar May Jul Sep  Nov

We attempt to model this data using the general sine function y = asin(b(z — ¢)) + d,
or in this case 7T = asin(b(t — ¢)) + d.

The period is 12 months, so 2% =12 and .. b=3.
The amplitude = 22X ; min 28 g 15~ 6.5, so a~6.5.

28 + 15

The principal axis is midway between the maximum and minimum, so d ~ ~21.5.

So, the model is T~ 6.5sin(% (¢t —c)) +21.5 for some constant c.

On the original graph, point A lies on the principal axis, and is the first point shown at which we are
starting a new period. Since A is at (10, 21.5), ¢ = 10.

The model is therefore 7'~ 6.5sin(g (¢ — 10)) + 21.5, and we can superimpose it on the original data
as follows.

40
170
30
., W
10
t (months)
0 >

Jan Mar May Jul Sep Nov Jan Mar May Jul Sep  Nov
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TIDAL MODELS

The tides at Juneau, Alaska were recorded over a two day Day 1 | high tide 1:18 pm
period. The results are shown in the table opposite:

low tide | 6:46 am, 7:13 pm
Day 2 | high tide | 1:31 am, 2:09 pm
low tide | 7:30 am, 7:57 pm

Suppose high tide corresponds to height 1 and low tide to height —1.
Plotting these times with ¢ being the time after midnight before the first low tide, we get:

Tide height, H «+— 12 hrs 13 min—<—12 hrs 38 min—

X

Rl
o " K
/ \,
/ \
s N
K “ 5 \
/ 5 K \
4 \ ’ \
s \ J \
- N | U | 5 | | L

1 Ny
/ t6am 12noon “6pm midnight % 6am  12noon 6‘\pm A

Lo, Lo,

y <

midnight

. S " o kS e g’
-1 @ o g @

<— 12 hrs 27 min—><—12 hrs 17 min—*<—12 hrs 27 min—>

We attempt to model this periodic data using H = asin(b(t — ¢)) + d.
The principal axisis H =0, so d=0.
The amplitude is 1, so a = 1.

The graph shows that the ‘average’ period is about 12 hours 24 min ~ 12.4 hours.
But the period is 2%, SO 2% ~ 124 and . b= — =~ 0.507.

The model is now H = sin(0.507(¢ — ¢)) for some constant c.

We find point X which is midway between the first minimum 6:46 am and the following maximum

1:18 pm. Its z-coordinate is 677+133 ~ 10.0, so c=10.0.

So, the model is H = sin(0.507(¢ — 10.0)).

Below is our original graph of seven plotted points and our model which attempts to fit them.

H H~sin (0.507 (t —10.0))
1
/\ /‘\ /\6 " t
WH noon Wmianight 6 am 12 noon \/
-1

Use your graphics calculator to check this result. =
The times must be given in hours after midnight, so '
) i ) GRAPHICS
the low tide at 6:46 am is (6.77, —1), CALCULATOR

the high tide at 1:18 pm is (13.3, 1), and so on. INSTRUCTIONS
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EXERCISE 10C

1 Below is a table which shows the mean monthly maximum temperatures for a city in Greece.

Month Jan | Feb | Mar | Apr | May | Jun | July | Aug | Sept | Oct | Nov | Dec
Temperature (°C) | 15 | 14 | 15 18 21 25 | 27 26 24 | 20 | 18 16

a Use a sine function of the form T = asin(b(t—c¢))+d to model the data. Find good estimates
of the constants a, b, ¢ and d without using technology. Use Jan = 1, Feb = 2, and so on.

b Use technology to check your answer to a. How well does your model fit?

2 The data in the table shows the mean monthly temperatures for Christchurch, New Zealand.

Month Jan | Feb | Mar | Apr | May | Jun | July | Aug | Sept | Oct | Nov | Dec

Temperature (°C) | 15 | 16 | 142 | 12 | 10 |75 | 7 | 74 | 81 |103 | 124 | 14

a Find a sine model for this data in the form 7T ~ asin(b(t — ¢)) + d. Assume Jan = 1,
Feb = 2, and so on. Do not use technology.

b Use technology to check your answer to a.

3 At the Mawson base in Antarctica, the mean monthly temperatures for the last 30 years are:

Month Jan | Feb | Mar | Apr | May | Jun | July | Aug | Sept | Oct | Nov | Dec
Temperature (°C) | 0 0| —-4|-9||-14|-17|-18| —-19| —-17| —-13| —6 | —2

a Find a sine model for this data without using technology.
Use Jan =1, Feb = 2, and so on.

b How appropriate is the model?

4 Some of the largest tides in the world are observed in Canada’s Bay of Fundy. The difference
between high and low tides is 14 metres, and the average time difference between high tides is
about 12.4 hours.

a Find a sine model for the height of the tide H in terms of the time ¢.

b Sketch the graph of the model over one period.

5 Revisit the Opening Problem on page 232.
The wheel takes 100 seconds to complete one \
revolution. Find the sine model which gives the height
of the light above the ground at any point in time.
Assume that at time ¢ = 0, the light is at its lowest
point.

green light

10 m
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o0 THE COSINE FUNCTION

We return to the Ferris wheel and now view the movement of the green light from above.

Now cosﬂzl% so d=10cosf

The graph being generated over time is therefore a cosine function.

Y4 DEMO

horizontal displacement (m) - ﬁ >
10/}

d=10cos@

time (s)

Y

The cosine curve y = cosz, like the sine curve y = sinx, has a period of 27, an amplitude of 1,
and its range is —1 <y < 1.

Use your graphics calculator or graphing package to check these ) GRAPHING
features. GRAPHICS PACKAGE

CALCULATOR - >
INSTRUCTIONS

Now view the relationship between the sine and

. . Y4
cosine functions. - y = sin &
You should observe that y = cosz and X A%
y =sina are identical in shape, but the cosine ¢
function is 5 units left of the sine function under - x z .
a horizontal translation. ’

0S T

. g = \
This suggests that cosx = sin (m + 5)
Use your graphing package or graphics calculator to check this by graphing GRAPHING

PACKAGE

-

y=cosz and y = sin (x + %) on the same set of axes.

THE GENERAL COSINE FUNCTION

The general cosine function is y = acos(b(z —c)) +d where a #0, b> 0.

. . .. . . . . DYNAMIC
Since the cosine function is a horizontal translation of the sine function, the constants a, b, COSINE

¢, and d have the same effects as for the general sine function. Click on the icon to check ~ FUNCTION

this. “]ﬁ”
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m ) Self Tutor

On the same set of axes graph y =cosz and y = cos (ac — %) for —27 < x < 27.

w3
N
Il
Q
(@]
@
—
8
|
w|y
N2

| Example s

Without using technology, sketch the graph of y = 3cos2z for 0 <z < 27.

Notice that a = 3, so the amplitude is 4

Y
|3| =3 3 y=3cos2x
. .2 2
b =2, so the period is %:?ﬂzw. \ /\ /
- > T
7 m % 2m

To obtain this from y = cosz, we have a
vertical stretch with scale factor 3 followed
by a horizontal stretch with scale factor %,

as the period has been halved.

EXERCISE 10D

1 Given the graph of y = cosz, Yy Yy =cosx

sketch the graphs of: \ 1 /
T

a y=cosz+2 b y=cosz—1 (4 yzcos(ac—%)
d y:cos(:r+%) e y:%cosx f y=32cosz
g y=—cosz h y:cos(m—%)—i—l i yzcos(:ﬂ—i—%)—l
| y=cos2z k y:cos(%) I y=3cos2z
2 Without graphing them, state the periods of:
a y=cos3zr b y=cos (%) ¢ y=cos (%x)

3 The general cosine function is y = acos(b(x — ¢)) + d.
State the geometrical significance of a, b, ¢, and d.
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4 Find the cosine function shown in the graph:

a Ay b Y c Ay

We have seen that if P(cos@, sinf) is a point which is by
free to move around the unit circle, and if [OP] is extended 1 Q(1,tan®)
to meet the tangent at A(1, 0), the intersection between P
these lines occurs at Q(1, tan6). Ve tan 0
This enables us to define the tangent function 4 Sugle .
« 0 z
-1 ——N [A(1,0)
sin 6 cos6 (1.0)
tanf = .
cos @
Ay —1 tangent
3

For 6 in quadrant 2, sin 6 is positive and cos 6 is negative
sin 6

and so tanf = is negative.

COSs

As before, [OP] is extended to meet the tangent at A at

\ Q(1, tanb).
Q(1,tan0)
\t Q(1, tan6) . ) .
For 6 in quadrant 3, sinf and cos @ are both negative
< > T

A(1, 0) and so tan @ is positive. This is clearly demonstrated as
Q is back above the x-axis.

For # in quadrant 4, sinf is negative and cosf is
positive. tan 6 is again negative.

Q(1,tan6)
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What happens to tan § when P is at (0, 1) and (0, —1)?

THE GRAPH OF y = tanx

. sinx .
Since tanx = ——, tanx will be undefined whenever cosx = 0.
COos T

The zeros of the function y = cosx correspond to vertical asymptotes of the function y = tanzx.

The graph of y =tanxz is
Y y=tanx

DEMO

(W)
T

S E S VO
-3
3
We observe that y = tanx has: e period of 7

e range y € R
e vertical asymptotes x = 7 + km for all k € Z.

Click on the icon to explore how the tangent function is produced from the unit circle. TANGENT
FUNCTION
-« >
THE GENERAL TANGENT FUNCTION I ?

The general tangent function is y = atan(b(x —c)) +d, a#0, b>0.
e The principal axis is y = d.
e The period of this function is %

o The amplitude of this function is undefined.

DYNAMIC
TANGENT
FUNCTION

=

Click on the icon to explore the properties of this function.

e Discuss how to find the z-intercepts of y = tanz.
e What must tan(x — ) simplify to?

e How many solutions does the equation tanx = 2 have?
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=) Self Tutor

Without using technology, sketch the graph of y = tan(z + §) for 0 <z < 3m.

y = tan(z 4+ §) is a horizontal
translation of y = tanx through —7%

y=tan(z+I)

y = tanx has vertical asymptotes

= — 3 — 57
rT=7%5, =5, and T = 3 :

Its x-axis intercepts are 0, w, 27, and 3.

y = tan(x + §) has vertical

asymptotes x = %, &,
= %T“, and z-intercepts v

3r Irm 11w
T 1 and gE.

I =

) Self Tutor

Without using technology, sketch the graph of y = tan2z for —7w < x < 7.

y = tan2x is a horizontal stretch of

y = tanz with scale factor 1. T
Since b= 2, the period is 7.
y=tan2x
The vertical asymptotes are I in i I
- b e T A ¥
x==x%, ==L, - Z P
.. = 2 u
and the z-axis intercepts are at
0, £5, &m.
Y
EXERCISE 10E
1 a Sketch the following functions for 0 < z < 37 GRAPHING
. x - PACKAGE
i y=tan(z - %) ii y=—tanx iii y=tan3z - o
b Use technology to check your answers to a. I )
Look in particular for asymptotes and the x-intercepts.
2 Describe the transformation(s) which moves the first curve to the second curve:
a y=tanx to y=tan(z —1)+2 b y=tanz to y=—tanx
¢ y=tanx to y=2tan (%)
3 State the period of: GRAPHING

a y=tanx b y=tan3zx ¢ y=tannz, n#0 PACKAGE

=
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7| GENERAL TRIGONOMETRIC FUNCTIONS

In the previous sections we have explored properties of the sine, cosine, and tangent functions, and
observed how they can be transformed into more general trigonometric functions.

The following tables summarise our observations:

FEATURES OF CIRCULAR FUNCTIONS

Sketch for
0<e <27

Function Period | Amplitude Domain Range

Y

y=sinz | = \/; 27 1 zeR -1<y<1
-1

1 y\
Y =CoST | = - o 1 zeR -1<y<l1
y =tanx m undefined | © # +Z, :I:%”, yeR
GENERAL TRIGONOMETRIC FUNCTIONS
‘ bff> ¥ ‘ d
General function affects vertical b a . ects ! affects horizontal | affects vertical
stretch Qrizonta translation translation
stretch
e ¢>0 moves | e d>0 moves
y=asin(b(z —c)) +d . . or | the graph right the graph up
amplitude = |a| | period = —
y=acos(b(x —c))+d b | e ¢<0 moves | e d <0 moves
the graph left the graph down
_ _ amplitude LT e principal axis
y = atan(b(z —¢)) +d undefined period p is y—d
EXERCISE 10F
1 State the amplitude, where appropriate, of:
a y=sindz b y=2tan(5) ¢ y=—cos(3(x— %))

2 State the period of:
a y=—tanz b y=cos(3)—1 ¢ y=sin(2(z— 1))
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3

Find b given:

a y=sinbzx has period 27 b y = cosbz has period %"

¢ y=tanbzr has period 3 d y =sinbx has period 4
Sketch the graphs of these functions for 0 < x < 27:

a y==2cosz b y=sinz+1 ¢ y=tan(z+3%)

d y=3cos2x e y=sin(z+ %) -1 f y=tanz —2
State the maximum and minimum values, where appropriate, of:

a y= —sinbdzx b y=3coszx ¢ y=2tanx

d y=—cos2zx+3 e y=1+2sinzx f y=sin(x—-%)-3
State the transformation(s) which map(s):

a y=sinz onto y = %sinx b y=cosz onto y=cos(%)

¢ y=sinz onto y = —sinz d y=cosx onto y=-cosx —2

e y=tanz onto y = tan(x+ %) f y=sinz onto y=sin(—x)

Find m and n given the following graph is of the function y = msinx + n.

LY

37T 2T

—_ 2T
2 2

oy
3

-1 z
-2

i§ \/

Y

Find p and ¢ given the following graph is of the function y = tanpt + q.

Y

-3 —or —r or 3T

3
=}

ACTIVITY

Click on the icon to run a card game for trigonometric functions.

CARD GAME

=
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REVIEW SET 10A -CALCULATOR

1 Which of the following graphs display periodic behaviour?

a Y
6

4 o
VA A

;/‘2%‘4%
Yy

2 Draw the graph of y =4sinz for 0 <z < 27.

s

State the minimum and maximum values of:
a 1-+sinz b —2cos3x

4 State the period of:

a y=4sin(%) b y=—2cos(4z) ¢ y=4cos(£)+4 d y=1tan(3z)
5 Complete the table:
Function Period | Amplitude | Domain | Range
y=—3sin(§)+1
y = tan 2z
y = 3cosmx

6 Find the cosine function represented in each of the following graphs:
a Y b Y

T/ /.
NARVARVIEE /\

REVIEW SET 10B CALCULATOR

1 For each set of data below, draw a scatter diagram and state if the data exhibits approximately
periodic behaviour.

a|z| 0 1 2 3 4 5 6 7 8 9 10 11 12
y (2708 -17-3|-21(03|25(29|13|-13|-29|-25|-0.3

b z]| 0 1 2 3 4 5 6 7 8 9
y| 5|35 6 | —-15|4|-25]|-08|09]|26]4.3

2 Draw the graph of y =sin3x for 0 <z < 27.

3 State the period of: a y=4sin(3) b y=—2tandx

4 Draw the graph of y = 0.6cos(2.3z) for 0 <z < 5.
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5 A robot on Mars records the temperature every Mars day. A summary series, showing every
one hundredth Mars day, is shown in the table below.

Number of
Mars days

Temp. (°C)| —43|—15| =5 |—21|—-59|—-79|—68|—50|—27| -8 | =15 | =70 | —78 | —68

0 | 100|200 | 300 | 400 | 500 | 600 | 700 | 800 {900 (1000 |1100|1200 1300

a Find the maximum and minimum temperatures recorded by the robot.
b Find a sine model for the temperature 7" in terms of the number of Mars days n.
¢ Use this information to estimate the length of a Mars year.

6 State the minimum and maximum values of:

a y=>5sinx—3 b y:%costrl

REVIEW SET 10C

1 Consider the graph alongside. . y
a Explain why this graph shows periodic

behaviour.
b State:
i the period L e
ii the maximum value

iii the minimum value _5

Find b given that the function y = sinbx, b > 0 has period:

a 6m b 5 <9

3 a Without using technology, draw the graph of f(x) =sin(z — %) +2 for 0 <z < 27.
b For what values of k£ will f(xz) =k have solutions?

& On the same set of axes, for the domain 0 < z < 27, sketch:
a y=cosz and y =cosx — 3 b y=cosz and y=cos(z —§

)
¢ y=cosz and y = 3cos2x d y=cosz and yzzcos(m_§)+3

The table below gives the mean monthly maximum temperature for Perth Airport in Western
Australia.

Month Jan | Feb | Mar | Apr [ May | Jun | Jul | Aug | Sep | Oct | Nov | Dec
Temp (°C) | 31.5| 31.8 [ 29.5 | 25.4 | 21.5 | 18.8 | 17.7 | 18.3 | 20.1 | 22.4 | 25.5 | 28.8

a A sine function of the form T = asin(b(t — c¢)) +d is used to model the data.
Find good estimates of the constants a, b, ¢, and d without using technology.
Use Jan =1, Feb = 2, and so on.

b Check your answer to a using technology. How well does your model fit?
6 State the transformation(s) which map(s):
a y=cosz onto y=cos(z—3%)+1 b y=tanz onto y=—2tanx

¢ y=sinz onto y = sin(3z)
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OPENING PROBLEM

Andrew is watching a Ferris wheel rotate at constant speed. There are many lights around the Ferris
wheel, and Andrew watches a green light closely. The height of the green light after ¢ seconds is
given by H(t) = 10sin(Z5(t — 25)) + 12 metres.

Things to think about:
a At what height will the green light be after 50 seconds?
b How long does it take for the wheel to complete a full circle?
¢ At what times in the first three minutes will the green light be 16 metres above the ground?

" TRIGONOMETRIC EQUATIONS

Linear equations such as 2x + 3 = 11 have exactly one solution. Quadratic equations of the form
ar? +br+c=0, a#0 have at most two real solutions.

Trigonometric equations generally have infinitely many solutions unless a restricted domain such as
0 <z < 3m is given.

For example, in the Opening Problem, the green light will be 16 metres above the ground when
10sin(£5(t — 25)) + 12 = 16 metres.

This is a trigonometric equation, and it has infinitely many solutions provided the wheel keeps rotating.
For this reason we need to specify if we are interested in the first three minutes of its rotation, which is
when 0 <t < 180.

We will examine solving trigonometric equations using:

e pre-prepared graphs e technology e algebra.

GRAPHICAL SOLUTION OF TRIGONOMETRIC EQUATIONS

Sometimes simple trigonometric graphs are available on grid paper. In such cases we can estimate
solutions straight from the graph.

| Example 1 ) Self Tutor

Solve cosz =0.4 for 0 < < 10 radians using the graph of y = cosz.

ry

1 2 3 4 5 6 T 8 9 10
14 \/ Yy=coszx
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2
I
[
1

P T g
‘ Y ;vos}, SammE
I I
| |
L L

y=0.4 meets y=cosx atA,B,and C. Hence =z~ 1.2, 5.1, or 7.4.
The solutions of cosxz = 0.4 for 0 < x < 10 radians are 1.2, 5.1, and 7.4.

EXERCISE 11A.1

y=sinz
2 8 I B S A
Use the graph of y =sinz to find, correct to 1 decimal place, the solutions of:
a sinz =03 for 0<2<15 b sinz=-04 for 5<x<15.
2
-—-COS
€ 10 A1 12 3014\

Use the graph of y = cosz to find, correct to 1 decimal place, the solutions of:
a cosx=04 for 0<2<10 b coszx=-03 for 4<x<12
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3 T T T
5 ( S EEEREy | RESES TH T
Use the graph of y =sin2xz to find, correct to 1 decimal place, the solutions of:
a sin2x=0.7 for 0<2<16 b sin2x =-0.3 for 0<z <16.
h | - T
i
The graph of y =tanx is illustrated.
a Use the graph to estimate: i tanl ii tan2.3
Check your answers with a calculator.
b Find, correct to 1 decimal place, the solutions of:
i tanz =2 for 0 <o <8 ii tanz=-1.4 for 2<x <7.

SOLVING TRIGONOMETRIC EQUATIONS USING TECHNOLOGY

Trigonometric equations may be solved using either a graphing package or a graphics  p.pHING
calculator. PACKAGE

- > 4
When using a graphics calculator make sure that the mode is set to radians. 1 j
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Solve 2sinz —cosz=4—2x for 0 <z <27

) Self Tutor

We graph the functions
set of axes.

We need to use window settings just larger than the domain.

Y: =2sinX — cosX and Yy =4 — X on the same

=
GRAPHICS
CALCULATOR
INSTRUCTIONS

In this case, Xmin = —% Xmax = 1%” Xscale = ¢
Casio fx-CG20 TI-84 Plus TI-nspire
El [EXE]:Sh dinat e
=Eain x—c:::;ccr inates 41 .1.‘ Unsaved W
Yzred— [N ‘.‘____I'Z(x)=4—x
1 .
VAR — RN
0 y
/—2 N -/t/ N o ,"‘, \ - he
. TNTSECT Inkskseckion s N 6.8
¥=1.816721316  ¥=2.183278684 #=:.27E0ELL ¥=.724018EE /
N .
f1(x)=2'sin(x)—cos(x) M ‘
) {5.81,-1.81)"]
The solutions are xz ~ 1.82, 3.28, and 5.81 .

EXERCISE 11A.2

1 Solve for 2 on the domain 0 < x < 12:

a sinx = 0.431 b cosxz = —-0.814 ¢ 3tanz—2=0

Make sure you find

all the solutions on

2 Solve for x on the domain —5 < z < 5:

the given domain.

a bHcosx—4=0 b 2tanz+13=0 ¢ 8sinx+3=0
3 Solve each of the following for 0 < z < 27:

a sin(x + 2) = 0.0652
¢ xtan i =22 —6z+1
10/)

cos(x — 1) +sin(x + 1) = 6z + 522 — 2® for

b sin’z +sinz —1=0
d 2sin(2z)cosz =Inz

4 Solve for z: —2<x<6.

SOLVING TRIGONOMETRIC EQUATIONS USING ALGEBRA

N\

v

Using a calculator we get approximate decimal or numerical solutions to trigonometric equations.

Sometimes exact solutions are needed in terms of 7, and these arise when the solutions are multiples of

us

& or 7. Exact solutions obtained using algebra are called analytical solutions.

We use the periodicity of the trigonometric functions to give us all solutions in the required domain.

Remember that sinx and cosx both have period 27w, and tanx has period 7.

For example, consider sinz = 1. We know from the unit circle that

a solution is = = Z. However, since the period of sinx is 2w,
2

there are infinitely many solutions spaced 27 apart.

In general, z = 5 + k27 is a solution for any k € Z.

In this course we will be solving equations on a fixed domain. This
means there will be a finite number of solutions.

L
-

N2
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Reminder:

(0,1)

Solve for z: 2sine —1=0, 0<x<m

2sine —1=0 4

ing— L
SlIl!E—2

off
.

There are two points on the unit circle with sine %
s %
They correspond to angles 7 and <.

These are the only solutions in the domain 0 < x < T,

_x 5 y
SO x =g or <.

Since the tangent function is periodic with period 7 we see that tan(xz 4+ 7) = tanz for all values
of z. This means that equal tan values are 7 units apart.

| Example 4 ) Self Tutor

Solve tanz++v3=0 for 0<z < 4r.

(Start at angle 0 and work
around to 47, noting down
the angle every time you
reach points A and B.

tanx + \/5 =0
tanx = ,\/g

There are two points on the unit
circle with tangent —\/§.

27 5
They correspond to angles = and 2F.

For the domain 0 < x < 47 we have
4 solutions:

2r 5w 87w or 117r.

T="3>73> 3 3

EXERCISE 11A.3
1 Solve for z on the domain 0 < z < 4

a 2cosxr—1=0 b V2sinz=1 ¢ tanx =1
2 Solve for x on the domain —27 < x < 27

a 2sinz—+v3=0 b V2cosz+1=0 ¢ tanx = -1
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m ) Self Tutor

Solve exactly for 0 < z < 37

i =_1 i =4 i _ry— _1
a sinz = —3 b sin2zr = —3 ¢ sin(z— %) =—3

The three equations all have the form sinf = —%. 1

There are two points on the unit circle with sine —%.

Ve 117 < -
They correspond to angles & and =G*.

a In this case 0 is simply z, so

we have the domain Start at 0 and work around

to 37, noting down the

0<x<3m. ! r .
The only solutions for this e e;:iirt}; /lnzlgo]; feac

a _ I 1lm )
domain are x = 5 or ==,

b In this case 0 is 2z.

If 0<xz <37 then 0 <2z < 6.

_ 7x 11w 197 237 3lxw 357
2=, %> 6> 6 6%

T=T3> 2> 12> 12 12° % 13

¢ In this case 0 is z — =

If 0<z<3r then —% <z — % < /

x_£:_£’7_7"’0r11_7"

6 647T 6 6 Start at —% and work
x =0, 5, or 27 1o

around to —¢™ , noting

down the angle every time
you reach points A and B.

3 If 0< 2z < 27w, what are the possible values of:

T T us us
a 2z b 3 c z+73 d z—-3% e 2(z—-%) f —z
4 If —m < o < w, what are the possible values of:
a 3z b % c z-Z% d 2o+ % e —2x f T—z

5 Solve exactly for 0 < x < 3m:

1 1 Ty _ 1
a cosr =3 b cos2z =3 ¢ cos(z+3%) =3
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=) Self Tutor

Find exact solutions of /2cos(z — &) +1=0 for 0<z < 6m.

Rearranging v/2cos(z — 3£) +1=0, we find cos(z — 3F) = —%.

Start at — % and work
around to 2% | noting

. 1 .
We recognise 7 as a special

fraction for multiples of 7, and we

identify two points on the unit circle

. . 1
ith ine ———.
with cosine ——7

4
down the angle every time

you reach points A and B.

Since 0 < x < 6m,
<

6 Find the exact solutions of:

a cos:v:—%, 0<x<hm b 2sinz—1=0, —360° < z < 360°
¢ 2cosz+v3=0, 0<z<3nm d cos(m—%ﬂ):%, 2 <z <27
e 2sin(x+%)=1, -3r<x <3 f ﬁsin(x—%)—!—l:O, 0<z<3n
g 3cos2x+3=0, 0<x<3m h 4cos3x+2=0, -7 <x<nw

I sin(4(z— %)) =0, 0<z <7 i 2sin(2(z—%))=—V3, 0<z <2

| Example 7 <) Self Tutor

Find exact solutions of tan(2z — %) =1 for —w<z<m.

There are two points on the unit h Start at _7T7r and work
circle which have tangent 1. AT around fo 5_:;,, . noting
Since -7 <x<m, down the angle every time
—or < 2z < 2 - - % > you reach points A and B.
PP I P : \ ‘
B 5r

T 7T 3r =« 51 4 =

So, 2r—g=—7, —, I, O °f oy &
. _ _17n _ 57 TI=m 197
So2e =75, —1p 190 OF 43

177 51 T 197 CO>

7 Find the exact solutions of tanz = /3 for 0 < x < 27. Hence solve the following equations
for 0 <z <27

a tan(x—%):\/g b tandz = /3 ¢ tan?x =3
8 Find exactly the zeros of:

a y=sin2z for 0° < x < 180° b y=sin(z—7F) for 0<z <3
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) Self Tutor

Find the exact solutions of /3sinz = cosz for 0° < z < 360°.

\/§sinx = cosx

E % {dividing both sides by /3 cosz}
- { > _ _
. tanz = 7
(-2.-3) o @ =30° or 210°

9 a Use your graphics calculator to sketch the graphs of y = sinxz and y = cosz on the
same set of axes on the domain 0 < z < 27.

b Find the z-coordinates of the points of intersection of the two graphs.

10 Find the exact solutions to these equations for 0 < x < 27
a sinz = —cosx b sin(3z) = cos(3z) ¢ sin(2z) = v/3cos(22)

Check your answers using a graphics calculator by finding the points of intersection of the appropriate
graphs.

"1 USING TRIGONOMETRIC MODELS

Having discussed the solution of trigonometric equations, we can now put into use the trigonometric
model from Chapter 10.

) Self Tutor

The height of the tide above mean sea level on January 24th at Cape Town is modelled

approximately by h(t) = 3sin(ZE) metres where ¢ is the number of hours after midnight.

a Graph y=nh(t) for 0<¢<24.

b When is high tide and what is the maximum height?
¢ What is the height of the tide at 2 pm?
d

A ship can cross the harbour provided the tide is at least 2 m above mean sea level. When is
crossing possible on January 24th?

N

s
=
6

Tt
3
hR(t) A B

3 /\

3 6 9 72 15 18 21 34
L, \\/I(Ion \/

sin(ZL) has period = — = 27 x £ =12 hours
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b High tide is at 3 am and 3 pm. The maximum height is 3 m above the mean as seen at points
A and B.

¢ At2pm, t=14 and h(14) = 3sin(1E) ~ 2.60 m.
So, the tide is 2.6 m above the mean.

d  h(t
® A (14,2.60) B

7 X 77— 1
3 b (\)/12 t3 15 b 18\21/24
-3t
4

We need to solve h(t) =2, so 3sin(%) =2.

Using a graphics calculator with Yy = 3sin( %) and Yo =2
we obtain ¢; ~ 1.39, 1y ~4.61, t3~13.39, t4~ 16.61
Now 1.39 hours = 1 hour 23 minutes, and so on.

So, the ship can cross between 1:23 am and 4:37 am or 1:23 pm and 4:37 pm.

EXERCISE 11B
1 Answer the Opening Problem on page 256.

2 The population of grasshoppers after ¢ weeks where 0 < ¢ < 12 is estimated by
P(t) = 7500 4 3000 sin(Z£t).

Find: i the initial estimate ii the estimate after 5 weeks.

When is the population: i 9000 i 6000?

a
b What is the greatest population size over this interval and when does it occur?
c
d During what time interval(s) does the population size exceed 10 000?

3 The model for the height of a light on a certain Ferris wheel is  H (t) = 20 — 19sin(25%), where
H is the height in metres above the ground, and ¢ is in minutes.
a Where is the light at time ¢ = 07
b At what time is the light at its lowest in the first revolution of the wheel?
¢ How long does the wheel take to complete one revolution?
d

Sketch the graph of the function H(t) over one revolution.

4 The population of water buffalo is given by
P(t) = 400+ 250sin(%t) where ¢ is the number of years since
the first estimate was made.
a What was the initial estimate?
b What was the population size after:
i 6 months ii  two years?
¢ Find P(1). What is the significance of this value?
d Find the smallest population size and when it first occurred.
e Find the first time when the herd exceeded 500.
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5 A paint spot X lies on the outer rim of the wheel
of a paddle-steamer.
The wheel has radius 3 m. It rotates anticlockwise =~ - p®™
at a constant rate, and X is seen entering the water T
every 4 seconds.
H is the distance of X above the bottom of the Hlm water level

boat. At time ¢t =0, X is at its highest point.
a Find a cosine model for H in the form
H(t) = acos(b(t+ c)) + d.
b At what time ¢ does X first enter the water?

bottom of the boat

6 Over a 28 day period, the cost per litre of petrol was modelled by
C(t) = 9.2sin(Z(t —4)) + 107.8 cents L™
a True or false?
i “The cost per litre oscillates about 107.8 cents with maximum price $1.17 per litre.”
ii “Every 14 days, the cycle repeats itself.”

b What was the cost of petrol on day 7, to the nearest tenth of a cent per litre?
¢ On which days was the petrol priced at $1.10 per litre?

d What was the minimum cost per litre and when did it occur?

"5l TRIGONOMETRIC RELATIONSHIPS

There are a vast number of trigonometric relationships. However, we only need to remember a few
because we can obtain the rest by rearrangement or substitution.

SIMPLIFYING TRIGONOMETRIC EXPRESSIONS

For any given angle 0, sinf and cosf are real numbers. tan@ is also real whenever it is defined.
The algebra of trigonometry is therefore identical to the algebra of real numbers.

An expression like 2sinf + 3sinf compares with 2z + 3z when we wish to do simplification, and
so 2sinf 4 3sinf = 5siné.

To simplify complicated trigonometric expressions, we often use the identities:

sin? 0 +cos?0 =1

sin 6
tan 0 =

cos 0

We can also use rearrangements of these formulae, such as sin?f = 1 —cos?# and cos?f = 1 —sin? 6.

=) Self Tutor

Simplify:
a 3cosf+ 4cosb b tana —3tana
a 3cosf+4cosh = Tcosb b tana—3tana = —2tana

{compare with 3z + 4z = Tz} {compare with z — 3z = —2x}
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|_Example 11

Simplify:

a 2-—2sin%0 b cos?6@sinf + sin® @

a 2 — 2sin? 6 b cos® fsinf + sin® 9
= 2(1 —sin? ) = sin f(cos? @ + sin? 0)
=2cos? 6 =sinf x 1

{as cos?6 +sin®f =1} =sind

|_Example 12

Expand and simplify:  (cosf — sin6)?

(cos @ — sin #)?
= cos? — 2 cosfsinf + sin® § {using (a —b)? = a® — 2ab + b*}
= cos? 0 4 sin®  — 2 cos fsin §

=1—2cosfsinf

EXERCISE 11C.1

1 Simplify:
a sinf +sinf b 2cosf + cosf ¢ 3sinf —sinf
d 3sinf —2sinf e tanf — 3tand f 2cos?26 —5cos?6
2 Simplify:
a 3sin?0+ 3cos? b b —2sin?6 — 2cos?6 ¢ —cos?0 —sin%6
d 3—3sin?0 e 4—4cos?d f cos® 0+ cosfsin®@
g cos?h—1 h sin?6 -1 i 2cos?h—2
1 —sin26 1 —cos? 6 cos260 —1
cos< 0 sin @ —sin6
3 Simplify:
. . 2
a 3tang — 227 b SmZm ¢ tanxzcosz
COS T Ccos“ T
d sin @ e 3sinz + 2cosztanw f zt,anm
tanx sin

4 Expand and simplify if possible:
a (1+sin6)? b (sina—2)2 ¢ (tana —1)2

d (sina + cosa)? (sin 8 — cos 3)? f —(2—cosa)?

[\

5 Expand and simplify:  (sinz + tanz)(sinz — tanz)
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FACTORISING TRIGONOMETRIC EXPRESSIONS

|_Example 13

Factorise: a cos?a—sin®a b tan?6 — 3tanf + 2

a cos? o — sin a
= (cos a + sin @) (cos o — sin ) {a® —b* = (a +b)(a — b)}
b tan?0 — 3tan + 2

= (tanf — 2)(tanf — 1) {z2 -3z +2=(z—2)(z - 1)}

|_Example 14 ) Self Tutor

Simplify:
2 —2cos? 6 cos — sin 0
a — [
1+ cos @ cos2 6 — sin? 6
2 —2cos? 6 cos ) — sin 0
a _— b —_
1+ cos@ cos2 6 — sin? 0
_2(1 - cos? ) _ (cos i —sim 0]
"~ 1+cosh (cos 6 + sin 0)(cosB—=sin )
_ 2(1 4eosB)(1 — cosb) . 1
- (1 +-eos0) " cosf +sinf
= 2(1 — cos0)
EXERCISE 11C.2
1 Factorise:
a 1—sin?6 b sin?a — cos?a ¢ tan?a —1
d 2sin? 3 —sin g e 2cos¢+ 3cos? @ f 3sin?6 —6sinf
g tan?0+5tanf +6 h 2cos?0+ Tcosh+3 i 6cos?a—cosa—1
2 Simplify:
a 1 —sin? « b tan2 3 —1 c cos? ¢ —sin? ¢
1—sina tan B+ 1 cos ¢ + sin ¢
cos? ¢ —sin? ¢ e sin a + cos « 3 —3sin?26
cos ¢ — sin ¢ sin2 o — cos? « 6 cos 6
3 Show that:
a (cosf +sin®)? + (cosf — sin 0)? simplifies to 2
b (2sinf + 3cos)? + (3sinf — 2cosh)?  simplifies to 13
¢ (1—cosb) (1 + ) simplifies to tan6sin@
cos
d (1+ _1 0) (sinf —sin?@)  simplifies to cos? 6
sin



268 TRIGONOMETRIC EQUATIONS AND IDENTITIES (Chapter 11)

sin 6 1+ cosf . .
- simplifies to —
1+ cosf sin 6 sin
i i . . 2
sn6 _ _sinb simplifies to
1—cosf 1+ cosf tan 6
1 1 2

g simplifies to

1—sin9+1+sin9 cos2 6’

Use a graphing package to check these simplifications by graphing each function on  gp.pHING
the same set of axes. PACKAGE

(ﬁ)
2 DOUBLE ANGLE FORMULAE

INVESTIGATION DOUBLE ANGLE FORMULAE

What to do:

1 Copy and complete, using angles of your choice as well:

0 sin26 | 2sinf | 2sinfcosf | cos20 | 2cosf | cos?h — sin® 0
0.631
57.81°
—3.697

2 Write down any discoveries from your table of values in 1.

3 In the diagram alongside, the semi-circle has radius
1 unit, and PAB = 4.
APO = ¢ {AAOP is isosceles}
PON = 26 {exterior angle of a triangle}
a Find in terms of 0, the lengths of:

i [OM] il [AM] B
iii [ON] iv [PN]
b Use AANP and the lengths in 1 to show that:
i cosf= sin 20 ii cosf = e dcoed)
2sin 6 2cosf

¢ Hence deduce that:
i sin20 = 2sin6cosf ii cos20 =2cos?6 —1
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The double angle formulae are:

sin 20 = 2sin 6 cos 6 GRAPHING

. PACKAGE
cos 20 = cos? 0 — sin? 6

- >
=1 — 2sin%0 1 )
=2cos?0 —1
| Example 15 | =) Self Tutor
Given that sino = % and cosa = —% find:
a sin2o b cos2a
a sin 2ar b cos 2«
= 2sin a cos a = cos? a — sin®
4
=2(3)(-5) = (-5 — (&)
_ 24 — T
25 = 25

Example 16

If sina = 1—53 where 7 < a <, find the exact value of sin2a.

o is in quadrant 2, so cos « is negative.
2 2
Now cos“a+sin“a =1
2 25 _
cos“a+ fe5 =1

144

cos’a = T But sin2a = 2sinacosa
cosa = +12 sin 20 = 2(Z) (- 1)
_ 12 _ 120
COSx = —13 = 169
EXERCISE 11D
1 If sinf=3% and cosf =2 find the exact values of:
a sin260 b cos26 ¢ tan260
_1 s 2
2 a If cosA=3, find cos2A. b If sing = —3, find cos2¢.
3 If sina = —% where ™ < a < 37”, find the exact value of:
a cosa b sin2«
4 If cosf3 =2 where 270° < 3 < 360°, find the exact value of:
a sing b sin2p
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=) Self Tutor

If o is acute and cos2a = % find the exact values of: a cosa b sina.
a cos2a =2cos? a— 1 b sina = /1 — cos? v
. 3 =2cos’a—1 {as « is acute, sina > 0}
cos® o = % . 7
\/_ Sin @ — -3
— VT
COoS (v Ve .
s, sina= /=
_ T 8
cos = Y
24/2 . . 1
. S, sina= —=
{as «a is acute, cosa > 0} 2v2
5 If « is acute and cos2a = —Z, find without a calculator: a cosa b sina.

93

=) Self Tutor

Use an appropriate ‘double angle formula’ to simplify:
a 3sinfcosf b 4cos?2B —2
a 3sinf cos 6 b 4cos? 2B — 2
= 3(2sinf cos ) =2(2cos’ 2B - 1)
5 = 2cos2(2B)
= 3sin2f = 2cos4B

6 Find the exact value of [cos(%) + sin(%)] 2

7 Use an appropriate ‘double angle’ formula to simplify:

a 2sinacosa b 4cosasina ¢ sinacosa
d 2cos?3—1 e 1—2cos?¢ f 1-2sin®’N
g 2sin’M —1 h cos?a —sin?a i sin?a — cos? a
] 2sin2Acos2A ke 2cos3asin3a I 2cos?40 —1
m 1—2cos?3f3 n 1-—2sin?5a o 2sin?3D -1
p cos?2A —sin?24 q cos’(%) —sin?(%) r 2sin?3P — 2cos? 3P
8 Show that:
a (sinf+cosf)? =1+ sin26 b cos*f —sin? § = cos 20 GRAPHING
PACKAGE

9 Solve exactly for x where 0 < x < 27 - -
a sin2x +sinx =0 b sin2x —2cosx =0 I ?

¢ sin2z + 3sinx =0
10 Use the double angle formula to show that:

a sin29:%—%cos20 b 00529:%+%cos29
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NOMETRIC EQUATIONS IN
QUADRATIC FORM

Sometimes we may be given trigonometric equations in quadratic form.

For example, 2sin’z +sinz = 0 and 2cos®z + cosz — 1 = 0 are clearly quadratic equations
where the variables are sinxz and cosx respectively.

These equations can be factorised by quadratic factorisation and then solved for x.

=) Self Tutor

Solve for z on 0 < < 27, giving your answers as exact values:
=0

a 2sin?z + sin b 2cos?z+cosz—1=0

a 2sin?z +sinz =0 b
sinz(2sinxz +1) =0

2cos?z +cosz—1=0
(2cosz —1)(cosz +1) =0

sinz =0 or —3 cosz = 3 or —1

sinz =0 when coSz — % when
M 0 =0, or 2w - _ S
x == or 2
3 3
A
Y
sinz = —% when cosz = —1 when
M|
_ I 11w =T
L, m=gorg
Lﬂ\/“_ﬂ ’
6 6
Y

The solutions are: The solutions are:
Trw 11w

x=0,n I L=, or2r. r=7Z%,m, or 3L

EXERCISE 11E

1 Solve for 0 <z < 27 giving your answers as exact values:

a 2sin’z +sinz =0 b 2cos?z =cosx ¢ 2cos?z+cosz—1=0
d 2sin?z+3sinz+1=0 e sinz=2-—cosz

2 Solve for 0 < z < 27 giving your answers as exact values:

a cos2x —cosx =0 b cos2x+3cosx =1 ¢ cos2x+sinx =0

d sindx = sin2x e sinz+cosz =2 f 2cos?z =3sinx
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THEORY OF KNOWLEDGE

Trigonometry appears to be one of the most useful disciplines

of mathematics, having great importance in building and
engineering. Its study has been driven by the need to solve
real world problems throughout history.

The study of trigonometry began when Greek, Babylonian,
and Arabic astronomers needed to calculate the positions of
stars and planets. These early mathematicians considered the
trigonometry of spherical triangles, which are triangles on the

surface of a sphere.

Trigonometric functions were developed by Hipparchus around 140 BC, and then by Ptolemy and
Menelaus around 100 AD.

Around 500 AD, Hindu mathematicians published a table A

called the Aryabhata. It was a table of lengths of half chords,

which are the lengths AM = rsinz in the diagram. This is )

trigonometry of triangles in a plane, as we study in schools zZ

today. b
B

1 How do society and culture affect mathematical knowledge?

2 Should congruence and similarity, or the work of Pythagoras, be considered part of modern
trigonometry?

3 s the angle sum of a triangle always equal to 180°?

REVIEW SET 11A ALCULATOR
1
ty
1_ Y=CoST
i
0.5
H 100° 200° 300° 400° 500° 6009 700° R00%.
\
—05
it

Use the graph of y = cosz to find the solutions of:
a cosx=—-04, 0<x<800° b cosz=0.9, 0<z<600°
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2 Solve in terms of
a 2sinz=-1 for 0<a<d4n b V2sinz—1=0 for —2r<z<2r7

3 Find the z-intercepts of:
a y=2sin3z++3 for 0<z<2n b y:\/isin(a:—i—%) for 0<z<3n

4 Solve \/icos(x—k%)—lzo for 0 <z < 4.

5 Simplify:
1 — cos? 6 b sin o — cos « 4sin?a — 4
1+ cosf sin? o — cos2 a 8cos
6 If sina= —%, T<a< 37”, find the value of cos a and hence the value of sin 2a.
in 2 — si . .
7 Show that Snfa - sma simplifies to tan .

cos2a —cosa + 1

REVIEW SET 11B | CALCULATOR

1 Solvefor 0 <z <8:

a sinz = 0.382 b tan(§) = —0.458
2 Solve:
a cosx=04379 for 0<z<10 b cos(z—24)=-0.6014 for 0<z<6

3 If sinA= 15—3 and cos A = %, find: a sin24 b cos24 ¢ tan2A4

4 a Solvefor 0 <z <10:

i tanz =4 i tan(§) =4 ili tan(z —1.5) =14
b Find exact solutions for x given —7 < a < 7:
i tan(z+%)=-V3 ii tan2z = —/3 iii tan’z—-3=0

¢ Solve 3tan(z—1.2)=-2 for 0<z<10.

5 Solve for 0 <z < 27
a cosz =0.3 b 2sin(3z) =2 ¢ 43+ 8sinx = 50.1

6 An ccologist studying a species of water beetle estimates
the population of a colony over an eight week period.
If t is the number of weeks after the initial estimate is
made, then the population in thousands can be modelled by
P(t) =5+ 2sin(%) where 0<t<8.
a What was the initial population?
b What were the smallest and largest populations?

¢ During what time interval(s) did the population
exceed 60007

7 Solve for x: 3cosz +sin2x =1 for 0<x <10.
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REVIEW SET 11C

1 Consider y = sin(%) on the domain —7 < = < 7. Use the graph to solve, correct to
1 decimal place:

a sin(§) =-0.9 b sin(%)=;
T
y=sin(3)
1 —6 -5 — — — — 1 5) 3]
0.5
2 Solve algebraically for 0 < x < 27, giving answers in terms of 7:
a sinz —sinz—2=0 b 4sin’z=1
3 Find the exact solutions of:
a tan(m—%):%, 0<z<4r b cos(z+%)=3, —2r<z<2r
4 Simplify:
29 _
a cos® 0+ sin? 6 cosd b COS_—“
sin 6
29
¢ 5—5sin20 q S0t
cos 6
5 Expand and simplify if possible:
a (2sina—1)? b (cosa—sina)?
6 Show that:
cos 6 1+sing 2 1 _ 2 .2
1+ sin@ + cosf  cosf b (1+ cos&) (COS9 €os 9) = s

7 If tanf = —%, 5 <6 <, find sinf and cos @ exactly.
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OPENING PROBLEM

An aeroplane in calm conditions is flying at 800 kmh™—!
due east. A cold wind suddenly blows from the south-west
at 35 kmh~?!, pushing the aeroplane slightly off course.

Things to think about:

a How can we illustrate the plane’s movement and the
wind using a scale diagram?

b What operation do we need to perform to find the effect of the wind on the aeroplane?
¢ Can you use a scale diagram to determine the resulting speed and direction of the aeroplane?

" VECTORS AND SCALARS

In the Opening Problem, the effect of the wind on the aeroplane is determined by both its speed and its
direction. The effect would be different if the wind was blowing against the aeroplane rather than from
behind it.

Quantities which have only magnitude are called scalars.

Quantities which have both magnitude and direction are called vectors.

The speed of the plane is a scalar. It describes its size or strength.
The velocity of the plane is a vector. It includes both its speed and also its direction.
Other examples of vector quantities are:

e acceleration e force e displacement e momentum
For example, farmer Giles needs to remove a fence post. He
starts by pushing on the post sideways to loosen the ground.

Giles has a choice of how hard to push the post and in which
direction. The force he applies is therefore a vector.

DIRECTED LINE SEGMENT REPRESENTATION

We can represent a vector quantity using a directed line segment or arrow.

The length of the arrow represents the size or magnitude of the quantity, and the arrowhead shows its
direction.

For example, if farmer Giles pushes the post with a force of
50 Newtons (N) to the north-east, we can draw a scale diagram
of the force relative to the north line. 45°

N 50N

Scale: 1 cm represents 25 N
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Draw a scale diagram to represent N Scale:
a force of 40 Newtons in a lcm =10 N
north-easterly direction.

40N
459

EXERCISE 12A.1

1 Using a scale of 1 cm represents 10 units, sketch a vector to represent:
a 30 Newtons in a south-easterly direction
b 25 ms~! in a northerly direction
¢ an excavator digging a tunnel at a rate of 30 cm min~! at an angle of 30° to the ground
d

an aeroplane taking off at an angle of 10° to the runway with a speed of 50 ms~1.

2 If ————————  represents a velocity of 50 ms~! due east, draw a directed line segment
representing a velocity of:

a 100 ms~! due west b 75 ms~! north-east.

3 Draw a scale diagram to represent the following vectors:
a a force of 30 Newtons in the NW direction
b a velocity of 36 ms™! vertically downwards
¢ a displacement of 4 units at an angle of 15° to the positive x-axis
d

an aeroplane taking off at an angle of 8° to the runway at a speed of 150 kmh~1.

VECTOR NOTATION

Consider the vector from the origin O to the point A. We call this the position vector of point A.

A e This position vector could be represented by
— = ~ .
a OA or a or a \or/a
bold used in text books used by students

e The magnitude or length could be represented by

|OA| or OA or |a| or |a| or ||

For
—
B we say that ~ AB is the vector which originates at A and

/ terminates at B,
A

and that  AB is the position vector of B relative to A.
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GEOMETRIC VECTOR EQUALITY

Two vectors are equal if they have the same magnitude and direction.

Equal vectors are parallel and in the same direction, and
are equal in length. The arrows that represent them are

translations of one another.
: . . . . a
We can draw a vector with given magnitude and direction /
from any point, so we consider vectors to be free. They are a
sometimes referred to as free vectors.

GEOMETRIC NEGATIVE VECTORS

— —
AB and BA have the same length, but they
have opposite directions.

= . . -
We say that BA is the negative of AB and
. — —
write BA = —AB.

a and —a are parallel and equal in length, a
but opposite in direction. / —~

m ) Self Tutor

Q b . . . ==
R PQRS is a parallelogram in which PQ = a and
. QR = b.
Find vector expressions for:
P — — — —
S a QP b RQ ¢ SR d SP

{the negative vector of P_Q>}

I
[
®

. e
{the negative vector of QR}

{parallel to and the same length as 175}

o

<l =l 8l <l
I
=L

{parallel to and the same length as FQ}

Il
|
S

EXERCISE 12A.2

1 State the vectors which are:
a equal in magnitude b parallel /
¢ in the same direction d equal p q |r s t

e negatives of one another.
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2 The figure alongside consists of two equilateral triangles. A, B, and C lie on a straight line.
— — —
AB=p, AE=q, and DC =r. E D

Which of the following statements are true?

r
a EB=r b |p|=|q] ¢ BC=r y
— —
d DB=q e ED=p fp=gq A p B C
3 A B ABCDEEF is a regular hexagon.

a Write down the vector which:
i originates at B and terminates at C

ii is equal to AB.
b Write down all vectors which:
i are the negative of EF
ii have the same length as ED.

¢ Write down a vector which is parallel to AB and twice
its length.

e Could we have a zero vector?
e What would its length be?
e What would its direction be?

"1/ GEOMETRIC OPERATIONS WITH VECTORS

In previous years we have often used vectors for problems involving distances and directions. The vectors
in this case are displacements.

A typical problem could be: 4 km

A runner runs east for 4 km and then south for 2 km.
How far is she from her starting point and in what direction? I 2 km 2km
W E

In problems like these we use trigonometry and Pythagoras’
theorem to find the unknown lengths and angles.

GEOMETRIC VECTOR ADDITION

Suppose we have three towns P, Q, and R.

A trip from P to Q followed by a trip from Q to R has
the same origin and destination as a trip from P to R.

This can be expressed in vector form as the sum Q
— —
PQ+ QR =PR.
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This triangular diagram could take
all sorts of shapes, but in each case
the sum will be true. For example:

Q Re—
P 7 Q
R 2 R
P//' /

After considering diagrams like those above, we can now define vector addition geometrically:

To construct a + b:

Given a and b as
shown, construct

a—+ b.

Step 1: Draw a.
Step 2:
Step 3:

This is vector a + b.

At the arrowhead end of a, draw b.

DEMO

-

Join the beginning of a to the arrowhead end of b.

R

o) Self Tutor

THE ZERO VECTOR

Having defined vector addition, we are now able to state that:

The zero vector 0 is a vector of length 0.

For any vector a:

When we write the zero vector by hand, we usually write 0.

a+0=0+a=a

a+ (—a)=(-a)+a=0.

o) Self Tutor

Find a single vector which is equal to: D
— —
a BC+ CA C
— — —
b BA + AE + EC
— — —
¢ AB + BC + CA
d AB + BC + CD + DE B
— — — D
a BC + CA =BA {as shown}
— — — —
b BA + AE + EC=B C
— — — —
AB+BC+CA=AA=0
— — — — —
d AB + BC + CD + DE = AE
B
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EXERCISE 12B.1

1 Use the given vectors p and q to construct p + q:

a b C
h q/ N\ f N
p/ / P\ q/ q\
/ N/ N__ P
d e f
/ |
p // p / /q P~ /
- A / / B BN
~
2 Find a single vector which is equal to:
—  — — = —  —
a AB+BC b BC+CD ¢ AB+BA
—_— = = — = — = —
d AB+BC+CD e AC+CB+B f BC+CA+AB
3 a Given p and q use vector diagrams to find:
i p+gq ii q+p
b For any two vectorspandq, is p+ q=q + p?
4 Consider: Q b One way of finding PS is:
R — — -
PS=PR+RS
a =(a+b)+ec

Use the diagram to show that

p (a+b)+c=a+ (b+c).
S

5 Answer the Opening Problem on page 276.

GEOMETRIC VECTOR SUBTRACTION

To subtract one vector from another, we simply add its negative. a—b=a+ (—b)

For example,

given and then
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For r, s, and t shown, find geometrically:
——

ar—s=s r s t
b s—t—r
a b

4

! —T

—t
s—t—r
S

Example 6

) Self Tutor

For points A, B, C, and D, simplify the following vector expressions:
— = —_— = =
a AB—CB b AC—-BC-DB
—_— A
a AB — CB
—_—  — — —
= AB+ BC {as BC = —CB}
e B
= AC
C
b AC-BC-DB A ¢
—_— = =
=AC+ CB+ BD
—
= AD
D B
EXERCISE 12B.2
1 For the following vectors p and ¢, show how to construct p — q:
a b c d

N

I
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2 For the vectors illustrated,

show how to construct: p q \

ap+q-r b p—q-r cr—q-p
3 For points A, B, C, and D, simplify the following vector expressions:
— — — — — —
a AC+CB b AD-BD ¢ AC+CA
— — — — — — — — —
d AB+BC+CD e BA—-CA+CB f AB—CB—-DC

VECTOR EQUATIONS

Whenever we have vectors which form a closed polygon, we can write a vector equation which relates
the variables.

The vector equation can usually be written in several ways, but they are all equivalent.

) Self Tutor

Construct vector equations for:

a b <
d
r
s P q 5 e
t
r f

(We select any vector
for the LHS and then

a t=r+s take another path
br=-p+gq frorp its s.tar'ting pgint

to its finishing point.
c f=-g+d+e

EXERCISE 12B.3
1 Construct vector equations for:
a b c

P
r s /\
S q
t
p q
t r
s
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=) Self Tutor

Find, in terms of r, s, and t: R S
— — —
a RS b SR ¢ ST .
(0] T
— — —>
a RS b SR (4 S
—  — —  — —  —
= RO + OS = SO + OR =SSO + OT
— — = T
= —OR + OS = —0S 4+ OR = —0S + 0T
=-r+s =-—S+r =-—s+t
=S—r =r—S =t— S
2 a Find, in terms of r, s, and t: b Find, in terms of p, q, and r:
— — — — — —
i OB ii CA iii OC i AD ii BC iii AC

B

GEOMETRIC SCALAR MULTIPLICATION

A scalar is a non-vector quantity. It has a size but no direction.

We can multiply vectors by scalars such as 2 and —3, or in fact any %k € R.

If a is a vector, we define 2a=a+a and 3a=a+a+ta

so —3a=3(—a)=(—a)+ (—a)+ (—a).
Ifais / then

So, 2a is in the same direction as a but is twice as long as a
3a s in the same direction as a but is three times longer than a
—3a  has the opposite direction to a and is three times longer than a.
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If a is a vector and k is a scalar, then ka is also a vector and we are VECTOR SCALAR
performing scalar multiplication. MULTIPLICATION
-« >
If k>0, ka and a have the same direction. 1 )

If k<0, kaand a have opposite directions.
If k=0, ka=0, the zero vector.

) Self Tutor

Given vectors / and \ >

construct geometrically: a 2r+s b r—3s
a b
r S
r
2r+s

Example 10 o) Self Tutor

Sketch vectors p and q if:

Suppose q is: q/v

EXERCISE 12B.4

1 Given vectors / and \ , construct geometrically:

a —-r b 2s c

Nl= N[
-
-
[\
w2

N[=
—
-
-
w
17
~—

e 2r —s f 2r + 3s g

2 Sketch vectors p and q if:
ap=q b p=-q < p=2q d p=3q e p=-3q
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3 a Copy this diagram and on it mark the

points: P
. — — S
i X such that MX = MN + MP
. — — — N
ii Y such that MY = MN — MP
T g d -
iii  Z such that PZ = 2PM M

b What type of figure is MNYZ?

] A P , B ABCD is a square. Its diagonals [AC] and [BD] intersect at
M. If AB = p and BC = q, find in terms of p and q:
— — — —
q a CD b AC ¢ AM d BM
Y
D C
5 PQRSTU is a regular hexagon.

— —
If PQ=a and QR = b, find in terms of a and b:
— — — —
a PX b PS ¢ QX d RS

s VECTORS IN THE PLANE

When we plot points in the Cartesian plane, we move first in the z-direction and then in the y-direction.

For example, to plot the point P(2, 5), we start at the Ay
origin, move 2 units in the x-direction, and then 5 units P(2,5)
in the y-direction.

VQ

In transformation geometry, translating a point a units in the z-direction and b units in the y-direction

. . . a
can be achieved using the translation vector . . . .
b i and j are examples of unit

2 vectors because they have
5 ) length 1.

. —_—
So, the vector from O to P is OP = (
Suppose that i= ( (1)) is a translation 1 unit in the positive x-direction

and that j = (2) is a translation 1 unit in the positive y-direction.
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We can see that moving from O to P is equivalent to Ay
two lots of i plus 5 lots of j.

Sl
I

_
OP = 2i + 5j

(3)=2(6) (%)

The point P(z, y) has position vector OP = (Zj) =i + yj

S AN

component form unit vector form

i—= ( é) is the base unit vector in the x-direction.

ji= (?) is the base unit vector in the y-direction.

The set of vectors {i, j} = { <é) , ((1)) } is the standard basis for the 2-dimensional (z, y)

coordinate system.
All vectors in the plane can be described in terms of the base unit vectors i and j.

For example: a=3i—j
b = —4i+ 3j i i i

- it N\

Two vectors are equal if their components are equal.

|_Example 11 ) Self Tutor

Ya .= - . . .
a Write OA and CB in component form and in unit

vector form.

B b Comment on your answers in a.
C //
A
xT
Y
— 3 s P 3 s
a OA:(1>:31+] CB:(1>=31+]
— —
b The vectors OA and CB are equal.




288  VECTORS (Chapter 12)

EXERCISE 12C

1 Write the illustrated vectors in component form and in unit vector form:
a b c

2 Write each vector in unit vector form, and illustrate it using an arrow diagram:

() * (0) (5 )

3 Find in component form and in unit vector form:
A .B — — —
° a BA b BC ¢ DC
— = —
d AC e CA f DB
p° ‘c

4 Write in component form and illustrate using a directed line segment:
a i+ 2j b —i+ 3j ¢ —5j d 4i —2j

5 Write the zero vector 0 in component form.

55 THE MAGNITUDE OF A VECTOR

Consider vector v = <§) =2i + 3j.

The magnitude or length of v is represented by |v|.

By Pythagoras, |v|>=22+32=4+9=13
o |v| = V13 units {since |v| > 0}

. U1 . q g q o o D) D)
If v= ('02) = v1i + v2j, the magnitude or length of vis |v| = /v, + v5°.
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If p:<_35) and q =2i —5j find:

a |p|

b |qf

o) Self Tutor

o ol = V(P

= v/34 units

a p:<_35) b As 2i—5j:(_25),

ol = V22 + (-5)

29 units.

UNIT VECTORS

A unit vector is any vector which has a length of one unit.

i= <é) and j = ((1)) are the base unit vectors in the positive
z and y-directions respectively.

—d
Find k given that < k:3 ) is a unit vector.

1
Since ( k3 ) is a unit vector, 4/(—3)2+k2=1

/s k=1

2 +k*=1 ({squaring both sides}
- k2 _ 8

9

8
k=+Y8

EXERCISE 12D

1 Find the magnitude of:

(1) ()

2 Find the length of:
a i+j b 5i — 12j ¢ —i+4j

"
N
=N\
'

3 Which of the following are unit vectors?

()~ (F)

W= win
SN—
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4 Find k for the unit vectors:

@) 0 ) ) ()

5 Given v = (;) and |v| = /73 units, find the possible values of p.

5| OPERATIONS WITH PLANE VECTORS

ALGEBRAIC VECTOR ADDITION

Consider adding vectors a = (Zl ) and b = (bl >
2

by a+b b
Notice that:
O
e the horizontal step for a + b is a; + by a by
a.
e the vertical step for a + b is as + bo. ZF O

ay
Lial_‘_bl;»
. aq . bl o a1+b1
If a= (ag) and b = (bg) then a + b = <a2+62)‘

ay+ by

| Example 14 | =) Self Tutor

If a= (_13) and b = <§>, find a + b. Check your answer graphically.

at+b= (_13) s (3) Graphical check:
_( 1+4
S\ -3+7
(5
—\4

ALGEBRAIC NEGATIVE VECTORS
. 2 2
In the diagram we see the vector a = ( 3)
9 13 -3 —a
and its negative —a = <3 )
2
If a= (al) then —a = <—a1)‘
as —asz
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ALGEBRAIC VECTOR SUBTRACTION

To subtract one vector from another, we simply add its negative.

So, if a:<a1> and b:<b1>
as b2

then =a+(-b) b

'

If a= (al) and b = (bl), then a —b = (al_bl)
as ba ag — by

m ) Self Tutor

(1)-
4t 3 > - ( b 2_—14++25 )
(

ALGEBRAIC SCALAR MULTIPLICATION

We have already seen a geometric approach for integer scalar multiplication:

. 1 1 1 2 2x1
Consider a—<3>. Qa—a+a—(3>+<3>_<6>_<2x3>
1 1 1 3 3x1
mewnnnns ()4 (3) 0 (3)= ()= (553)
If k is any scalar and v = <Zl), then kv = <kv1>.
2

k?}g

Notice that:
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Example 16 o) Self Tutor
4 2 1
For p = 1) a=1{ 23 find: a 3q b p+2q 5P — 3q
a 3q b p+2q %P —3q

o) ()
- ( —69) - ( 14:2?(—2:’3) >
(%)

| Example 17 | «) Self Tutor
If p=3i—5j and q=—i—2j, find |p— 2q|.
p —2q = 3i — 5j — 2(—i — 2j)
= 3i — 5j + 2i +4j
=5i—j
o p—2q| = /5% + (—1)?
= /26 units
EXERCISE 12E
1 If a= 3 , b= L , and ¢ = -2 find: VEczg,RAEACE
2 4 -5
- > 4
a a+b b b+a c b+ec d c+b 1)
e a+tc f c+a g a+a h b+a+c
. —4 -1 3 )
2 Given p = < 9 ), q= <_5), and r = (_2) find:
ap—-q b q-r cpt+tq-—r
d p—q-r e q-r—p fr+q-—p
3 Consider a = <a1>.
as
a Use vector addition to show that a + 0 = a.
b Use vector subtraction to show that a — a = 0.
1 -2 -3 )
4 For p= <5>, q= < 4 ), and r = <_1> find:
a —3p b Iq ¢ 2p+q d p—2q
e p—ir f 2p 4 3r g 2q — 3r h 2p—q+ 3r
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Consider p = ( } ) and q = ( 31 ) Find geometrically and then comment on the results:

apt+tpt+tqt+q+gq b p+tq+tp+taqtgq cq+tp+q+p+gq
2 -1
For r:<3> and s:<4) find:
a |r| b |s] ¢ |r+s| d |r—s]| e |s—2r|
If p= (;) and q = (_42> find:
a [p| b [2p| ¢ [—2p] d [3p] e [—3p|
flq] 9 |4q| h [—4q| i |34 i |—34q]
Suppose x = <il> and a = (Zl) Show by equating components, that if kx = a then
2 2
X = fa.

(kv|=|k]||v]. The modulus
of k is its size.

From your answers in 7, you should have noticed that
So, (the length of kv) = (the modulus of k) x (the length of v).

By letting v:<zl), prove that |kv|=|k|]|V].
2

A
I3 IS THE VECTOR BETWEEN TWO POINTS
i . . .- - ay
Y In the diagram, point A has position vector OA = (a2 ),
. .- g b1
. B (b1,b2)  and point B has position vector OB = ( b >
*[A(a1.02) — = ’
az .. AB=A0O+ OB
—
=—-0A+ OB
— —
=0B - 0A

ay by g (b)) (a
o b2 as
\j _[(bi—m
o bg — az

.. . . — — — b1 —aq
The position vector of B relative to A is AB = OB — OA = by —as )
2 — a2
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We can also observe this in terms of transformations.

In translating point A to point B in the diagram, the

. . by —
translation vector is ( ! al).
by — as

In general, for two points A and B with position vectors
a and b respectively, we observe

—

N
AB=-a+b and BA=-b+a
=b-—a =a-b>b

(b —a _fa1—b
\b2—as - \az—by

4y
B(b1,b2)
ba 'y
b2 — az
as A\
A(al, az)
- by — >
al b1 *
3
AY
B
A
a
b
- L
A\

Example 18

Given points A(—1, 2), B(3,4), and C(4,
a B from O b B from A

—5), find the position vector of:

¢ A from C

a The position vector of B relative to O is

b The position vector of B relative to A is

¢ The position vector of A relative to C is

Example 19

[AB] is the diameter of a circle with centre
C(—1, 2). If Bis (3, 1), find:

=

a B b the coordinates of A.

B(3, 1)

» - (557)=(3)

b If A has coordinates (a, b), then CA =

(357 =(542)
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=2 a+1\ (-4
But CA = BC, SO(b—Q)_(1>
a+1=—-4 and b—2=1

a=-5 and b=3
Ais (=5, 3).

EXERCISE 12F

N
1 Find AB given:

a A(2,3) and B(4,7) b A(3,-1) and B(I, 4) ¢ A(—2,7) and B(1,4)
d B(3,0) and A(2,5) e B(6,—1) and A(0, 4) f B(0,0) and A(—1, —3)
2 Consider the point A(1, 4). Find the coordinates of:
. — 3 . — -1
a B given AB:<_2> b C given CA:<2).
3 [PQ] is the diameter of a circle with centre C.
a Find PC. Q
b Hence find the coordinates of Q.
P(-1,1)
4 A(1,4) B(6, 5) ABCD is a parallelogram.
—
a Find AB.
—
b Find CD.

¢ Hence find the coordinates of D.

D C(4, —1)
5 A(—1,3) and B(3, k) are two points which are 5 units apart.

| AB | is the
. — — ) s

a Find AB and | AB|. magnitude of AB.

b Hence, find the two possible values of k.

¢ Show, by illustration, why & should have two possible values.

— —
Find AB and AC.

6 B(3,5) a
— —  —
b Explain why BC = —AB + AC.
—
¢ Hence find BC.
A(1,2) d Check your answer to ¢ by direct evaluation.

C(4, —1)
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. — 2
7 a Given B :(

. — —1 — 2 —
b Given B:( ) and CA = <_1), find CB.

— -3 —
and BC = ( ), find AC.

. — —1 — 2 — -3 —
¢ Given PQ:< ,RQ:<1>, and RS:<2>, find SP.

8 A(3,6) a Find the coordinates of M.
. —_— — —
b Find vectors CA, CM, and CB.
M ¢ Verify that CM = %(7&) + %(73:
B(-1,2)
C(74a 1)

To specify points in 3-dimensional space we need a
point of reference O, called the origin.

Through O we draw 3 mutually perpendicular lines
and call them the X, Y, and Z-axes. We often think of
the Y Z-plane as the plane of the page, with the X-axis
coming directly out of the page. However, we cannot
of course draw this.

In the diagram alongside the coordinate planes divide
space into 8 regions, with each pair of planes intersecting
on the axes.

The positive direction of each axis is a solid line
whereas the negative direction is ‘dashed’.

Any point P in space can be specified by an ordered
triple of numbers (z, y, z) where z, y, and z are the
steps in the X, Y, and Z directions from the origin
O, to P.

The position vector of P is

. 7
OP= |y | =xi+yj+ 2k
z
1 0 0
where i= [ 0|, j=| 1], and k= [ 0O
0 0 1

are the base unit vectors in the X, Y, and Z
directions respectively.

VECTORS IN SPACE
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1 0 0
The set of vectors {i, j, k} = O, |11],10
0 0 1

is the standard basis for the 3-dimensional (z, y, z) coordinate system.
To help us visualise the 3-D position of a point on our
2-D paper, it is useful to complete a rectangular prism

or box with the origin O as one vertex, the axes as sides
adjacent to it, and P being the vertex opposite O.

3-D POINT PLOTTER

T

THE MAGNITUDE OF A VECTOR

“ P(a, b, c) Triangle OAB is right angled at A
| ' s OB?=a*+b* .. (1) {Pythagoras}
Triangle OBP is right angled at B
" ¢ iy o, OP?=0B? + ¢ {Pythagoras}
’ OP? = a® +- b + 2 {using (1)}

X o OP=+/a? 4+ b% + 2

The magnitude or length of the vector v = | vo | is |v| = /v® + v + vl

) Self Tutor

Illustrate the points:
a A(0,2,0) b B(3,0,2) ¢ C(-1,2,3)
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THE VECTOR BETWEEN TWO POINTS

If A(z1, y1, 21) and B(za, Yo, 22) are two points in space then:
o To — 1 -— x-step
B=0OB—-0OA=| yoa—vy1 | — y-step

20 — 21 -— z-step

AB is called the “vector AB’ or the ‘position vector of B relative to A’.

The magnitude of ABis AB = V(@2 —21)2 + (y2 —y1)2 + (22 — 21)?  which is the
distance between the points A and B.

_Example 21 <) Self Tutor

. . — — —
IfPis (—3,1,2) and Qis (1, —1, 3), find: a OP b P ¢ |PQ|
-3 1—(-3) 4
— — —>
a OP= 1 b PQ= =l=1 = -2 ¢ |PQ|=+/42+(-2)2+12
2 3-2 1 = /21 units
VECTOR EQUALITY
Two vectors are equal if they have the same magnitude and direction.
ay b1
If a= as and b = by |, then a=b < a3 =0b1, ax = by, ag = bs.
as b3

If a and b do not coincide, then they are opposite sides of

a
/(/' a parallelogram, and lie in the same plane.

=) Self Tutor

ABCD is a parallelogram. Ais (—1,2,1), Bis (2,0, —1), and D is (3, 1, 4).
Find the coordinates of C.

Let C be (a, b, ¢).

A(-1,2,1) B(2,0,-1)
[AB] is parallel to [DC], and they have the same =
— —
length, so DC = AB
a—3 3 D(3,1,4) C(a,b,¢)

b—1 | =1 -2
c—4 —2
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a—3=3, b—1=-2, and c—4=-2
a =06, b= -1, and c=2

So, C is (6, —1, 2).

o . (3+2 140 44+-1 o (B A3
Check:  Midpoint of [DB] is ( T T3 ) which is (5, i, 5),

2 7 2 7 2

Midpoint of [AC] is (=552, 2222 222) whichis (3, 4. 3).

The midpoints are the same, so the diagonals of the parallelogram bisect. v

EXERCISE 12G
1 Consider the point T(3, —1, 4).

a Draw a diagram to locate the position of T in space. b Find OT.

¢ How far is it from O to T?

2 Illustrate P and find its distance from the origin O:

a P(0,0, —3) b P(0, -1, 2) ¢ P(3,1,4) d P(—1, -2, 3)
3 Given A(-3,1,2) and B(1,0, —1) find:
— — — —
a AB and BA b the lengths | AB| and | BA|.
- = —
4 Given A(3,1,0) and B(—1,1,2) find OA, OB, and AB.
5 Given M(4, —2, —1) and N(—1, 2, 0) find:
a the position vector of M relative to N b the position vector of N relative to M
¢ the distance between M and N.
6 Consider A(—1,2,5), B(2,0,3), and C(-3, 1, 0).
a Find the position vector OA and its length OA.
b Find the position vector AB and its length AB.
¢ Find the position vector AC and its length AC.
Find the position vector CB and its length CB.
e Hence classify triangle ABC.
7 Find the shortest distance from Q(3, 1, —2) to:
a the Y-axis b the origin ¢ the YOZ plane.
8 Show that P(0, 4, 4), Q(2,6,5), and R(1, 4, 3) are vertices of an isosceles triangle.

9 Use side lengths to classify triangle ABC given the coordinates:

a A(0,0,3), B(2,8, 1), and C(—9,6,18) b A(1,0,—3), B(2,2,0), and C(4, 6, 6).

10 The vertices of triangle ABC are A(5, 6, —2), B(6, 12, 9), and C(2, 4, 2).
a Use distances to show that the triangle is right angled.
b Hence find the area of the triangle.
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11 A sphere has centre C(—1, 2, 4) and diameter [AB] where A is (-2, 1, 3).
Find the coordinates of B and the radius of the sphere.

12 a State the coordinates of any general point A on the \Z
Y -axis.
b Use a and the diagram opposite to find the coordinates

of two points on the Y'-axis which are /14 units from
B(-1, -1, 2).

13 Find a, b, and c if:

a—4 1 a—>5 3—a
a b—-3 | = 3 b b—2]1=1|2-b
c+2 —4 c+3 5—c

14 Find k given the unit vector:
1

2

A unit vector
has length 1.

k
1
1

15 A(-1,3,4), B(2,5, 1), C(-1,2, —2), and D(r, s, t)
are four points in space.

— —
Find 7, s, and ¢ if: a AC=BD b AB=DC
16 A quadrilateral has vertices A(1, 2, 3), B(3, =3, 2), C(7, —4, 5), and D(5, 1, 6).

— —
a Find AB and DC.
b What can be deduced about the quadrilateral ABCD?

17 PQRS is a parallelogram. Pis (-1, 2,3), Qis (1, —2,5), and Ris (0, 4, —1).
a Use vectors to find the coordinates of S.
b Use midpoints of diagonals to check your answer.

5| OPERATIONS WITH VECTORS IN SPACE

The rules for algebra with vectors readily extend from 2-D to 3-D:

ay bl aj + b1 ayp — bl
If a=| as and b= | by | then a+b=|ax+by |, a—b=| ax—bs |,
as bs as + bs a3 — bs
k?(ll
and ka = | kaq for any scalar k.

ka3
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PROPERTIES OF VECTORS IN SPACE

There are several properties or rules which are valid for the addition of real numbers. For example,
we know that a+b =10+ a.

Our task is to identify some similar properties of vectors.

What to do:

ay b1 c1
1 Use general vectors a= | a2 |, b= [0y |, and c= | ¢ to find:
as b3 C3
a a+b and b+a b at+0
¢ a+ (—a) and (—a+ a) d (a+b)+c and a+ (b+c¢)
2 Summarise your observations from 1. Do they match the rules for real numbers?
aq bl
3 Prove that for scalar k and vectors a = | ao and b= | by
as b3
a |ka| = |k||a] b k(a+b)==Fka+ kb

From the Investigation you should have found that for vectors a, b, ¢ and k€ R:

° atb=b+a {commutative property}
e (a+hb)+c=a+(b+c) {associative property}
o a+0=0+a=a {additive identity}

e a+t(—a)=(—a)+a=0 {additive inverse}

e |ka|= |k| |a|] where ka is parallel to a
S~ =~

=4
length of ka T length of a
modulus of &

o k(a+b)=kFka+ kb {distributive property}

The rules for solving vector equations are similar to those for solving real number equations. However,
there is no such thing as dividing a vector by a scalar. Instead, we multiply by the reciprocal scalar.

For example, if 2x = a then x = %a and not %.

a . .
3 has no meaning in vector algebra.

Two useful rules are: e if x+a=Db then x=Db — a
e if kx=a then x = fa (k #0)

To establish these if x+a=Db and if kx =a

notice that: then x+a+ (—a)=b+ (—a) then %(kx) — %a
x+0=b—a

Ix=1a

x=b—a 1
X = Ea
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| Example 23| <) Self Tutor
Solve for x: a 3x—r=s b c—2x=d
a 3Xx—r=s b c—2x=d
3X=s+r ¢c —d=2x
Xx=21(s+r) fe—d)=x
| Example 24| <) Self Tutor
[2af =2]a]
-1
=24/(—1)% + 32 + 22
If a= 3 |, find |2a].
9 |22 =2v1+4+9+4
=2v14 units
| Example 25| ) Self Tutor
Find the coordinates of C and D: D
B(-1,-2,2)
©
A(-2,-5,3)
. —1—(-2) 1
B=|-2-(-5) | = 3
2-3 -1
— — — e
C=0A+ AC OD = OA + AD
— — —
= OA + 2AB = OA + 3AB
—2 2 0 —2 3 1
3 —2 1 3 -3 0
Cis (0,1,1) Dis (1,4, 0)
EXERCISE 12H
1 Solve the following vector equations for x:
a 2x=gq b ix=n ¢ -3x=p
d q+2x=r e 4s —bhx =t f4m—§x:n
-1 2
2 Suppose a = 2 and b= | -2 |. Find x if:
3 1
a 2a+x=>b b 3x—-a=2b ¢ 2b—2x=-a
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-2 — 1 —
3 If OA=| -1 and OB = 3 |, find AB and hence the distance from A to B.
1 -1

4 For A(—1,3,2) and B(3, —2,1) find:

— —
a AB in terms of i, j, and k b the magnitude of AB
1 -2
5 If a=1{0 and b = 1 |, find:
3 1
a |a b |b]| c 2|a| d |2a]
e —3|b]| f |—3b]| g |a—+b| h |a—Db]|

— — —
6 If AB=i—-j+k and BC= —-2i+j— 3k find AC in terms of i, j, and k.

7 Consider the points A(2, 1, —2), B(0, 3, —4), C(1, —2, 1), and D(-2, =3, 2).
— —
Deduce that BD = 2AC.

8 Find the coordinates of C, D, and E. B(2,3,-3)
A(-1,5,2) D
C E

9 Use vectors to determine whether ABCD is a parallelogram:
a A(3, 1), B(4,2), C(—1,4), and D(-2, 1)
b A(5,0,3), B(—1,2,4), C(4, —3,6), and D(10, —5, 5)
¢ A(2,-3,2), B(1,4, -1), C(-2,6, —2), and D(-1, —1, 2).

10 Use vector methods to find the remaining vertex of:

a b c
D Z(O, 4’ 6) Y(-?), _2’_2)
D C(8,-2) S(4,0,7) R
11 D In the given figure [BD] is parallel to [OA] and half its length.
A B Find, in terms of a and b, vector expressions for:
s — —
a BD b AB ¢ BA
a b — — —
d OD e AD f DA
O
-1 2 0
— —>
12 If AB = 3 |, AC=1| -1 |, and BD = 2 |, find
2 4 -3
— — —
a AD b C ¢ CD
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2 1 0
13 For a=| -1 |, b= 2 ], and ¢ = 1 |, find:
1 -3 -3
a a+b b a—b ¢ b+ 2¢
d c— 1a e a—b—c¢c f 2b—c+a
-1 1 -2
14 If a= 1 |, b= -3, and ¢ = 2 |, find:
3 2 4
a |aj b |b] c |b+c]
d |a—c]| e |a|b f ia
[a]
15 Find scalars a, b, and c:
1 b 1 2 0 -1
a 2|0 =|ec—-1 b all]+0D 0 +c| 1| = 3
3a 2 0 -1 1 3
2 1 7
cal -3+ 7)=1]-19
1 2 2

] PARALLELISM

/ / . are parallel vectors of different length.
3

Two non-zero vectors are parallel if and only if one is a scalar multiple of the other.

Given any non-zero vector v and non-zero scalar k, the vector kv is parallel to v.

e If a is parallel to b, then there exists
/ a scalar k£ such that a = kb.
/ e If a= kb for some scalar k, then

> ais parallel to b, and
> |a[=[k|[b].

| k| reads the modulus of

k, whereas |a| is the
length of vector a.




VECTORS (Chapter 12) 305

) Self Tutor

2 S
Find r and s given that a = | —1 is parallel to b = 2
r —3

Since a and b are parallel, a = kb for some scalar k.

2 S
-1 ]| =k 2
T -3

2=ks, —1=2k and r = -3k
Consequently, k= —% and .. 2= —%s and r = —3(—
3

D=
N~—

r== and s=—4

|

UNIT VECTORS
Given a non-zero vector v, its magnitude | v | is a scalar quantity.

1 . 1
—, we obtain the parallel vector — v.

If we multiply v by the scalar ‘ ]
v v

. . 1 1 . . . . .
The length of this vector is 'ﬁ' |v|= H =1, so I v is a unit vector in the direction of v.
v A\ v

. . .. . 1
e A unit vector in the direction of vis —v.

v

e A vector b of length £ in the same direction as ais b = — a.

a

k
e A vector b of length k& which is parallel to a could be b = :l:m a.

|_Example 27

If a=3i—j find:

a a unit vector in the direction of a

b a vector of length 4 units in the direction of a
¢ vectors of length 4 units which are parallel to a.

a |a|=+/324(-1)2 . the unit vector is \/%(?ﬁ —j)
=v9+1 .
| vokiv
= +/10 units

b This vectoris  —=(3i — )

&

¢ These vectors are i~ Ul and ~Tolt Ui




306  VECTORS (Chapter 12)

=) Self Tutor

2
Find a vector b of length 7 in the opposite direction to the vector a = | —1
1

1 L 2 2

The unit vector in the direction of a is m a= — —11 = ﬁ —11

We multiply this unit vector by —7. The negative
reverses the direction and the 7 gives the required

length.
[Check that |b| = 7.]
2

Thus b=—-2 | -1 ]. —
-
EXERCISE 121 i

2 —6
1T a=1[ -1 and b= r are parallel. Find r and s.
3 S
3 a
2 Find scalars a and b given that -1 and 2 are parallel.
2 b

3  What can be deduced from the following?

— P — — — —
a AB =3CD bRS:—%L ¢ AB = 2BC
3
4 The position vectors of P, Q, R, and S are 2 1,
. -1
respectively.

a Deduce that [PR] and [QS] are parallel.
b What is the relationship between the lengths of [PR] and [QS]?

5 If a= <i>, write down the vector:

a in the same direction as a and twice its length

b in the opposite direction to a and half its length.

6 Find the unit vector in the direction of:
a i+ 2j b 2i — 3k ¢ 2i—2j+k

7 Find a vector v which has:

a the same direction as ( _21 ) and length 3 units

b the opposite direction to < :i) and length 2 units.
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8 Ais (3, 2) and point B is 4 units from A in the direction ( jl )

— — — —  —
a Find AB. b Find OB using OB = OA + AB.
¢ Hence deduce the coordinates of B.

2
9 a Find vectors of length 1 unit which are parallel to a = | —1
—2
-2
b Find vectors of length 2 units which are parallel to b= | —1
2
10 Find a vector b in:
-1
a the same direction as 4 and with length 6 units
1
-1
b the opposite direction to —2 | and with length 5 units.
-2

"' THE SCALAR PRODUCT OF TWO VECTORS

For ordinary numbers a and b we can write the product of @ and b as ab or a x b. There is only one

interpretation for this product, so we can use power notation a? =axa, a®=axaxa, andsoon

as shorthand.

However, there are two different types of product involving two vectors. These are:

» The scalar product of 2 vectors, which results in a scalar answer and has the notation v e w
(read “v dot w”).

» The vector product of 2 vectors, which results in a vector answer and has the notation v x w
(read “v cross w”).

Consequently, for vector v, v or (v)? has no meaning and is not used, as it not clear which of the
vector products it would refer to.

In this course we consider only the scalar product.

SCALAR PRODUCT

The scalar product of two vectors is also known as the dot product or inner product.

U1 w1y
If v= | vs and w= | wy |, the scalar product of v and w is defined as
V3 ws

VeWw = vw+ vawsy + v3ws.
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ANGLE BETWEEN VECTORS

V1 w1

. \Y w
Consider the vectors / v= | v and \ w= | wy
U3 ws

We translate one of the vectors so that they both originate from the same point.

v
.  Thisvectoris —-v+w=w—vV
and has length |w — v|.
W
Using the cosine rule, lw—v]P=|v]P+|w[>=2|v||w]|cost

w1 U1 wy — V1

But w—v= Wy — V2 = Wo — Vg
w3 U3 w3 — U3

(w1 —v1)* 4 (wa—v2)? + (w3—1v3)? = v + 05 + v +wP +wy +wyid —2|v||w]|cos

viwy + vaws + vaws = | V|| w|cosé

vew=|v||w|cosb

The angle 6 between two vectors v and w can be found using
Vew

cosf) = ——
|v]|w]

ALGEBRAIC PROPERTIES OF THE SCALAR PRODUCT

The scalar product has the following algebraic properties for both 2-D and 3-D vectors:

Vew=weyv
2
Vvev=|v|

ve(W+X)=Vew-+Vex

vvyyvyy

(v+w e(x+y)=vex+vey+wex+wey

. v w
These properties are proven by ! !
. v=| vy and w= | wy

using general vectors such as:
U3 w3

Be careful not to confuse the scalar product, which is the product of two vectors to give a scalar answer,
with scalar multiplication, which is the product of a scalar and a vector to give a parallel vector. They
are quite different.
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GEOMETRIC PROPERTIES OF THE SCALAR PRODUCT

» For non-zero vectors v and w:
vew =0 < vandw are perpendicular or orthogonal.

> |[vew|=|v||w| < vandw are non-zero parallel vectors.

» If 0 is the angle between vectors v and w then: v e w = |v||w|cosf

If 0 is acute, cosf@ >0 andso vew >0
If 6 is obtuse, cosf <0 andso vew <O0.

\4
The angle between two vectors is always taken 0
as the angle 0 such that 0° < 0 < 180°, rather
than reflex angle a.
The first two of these results can be demonstrated as follows:
If v is perpendicular to w then 6 = 90°. If v is parallel to w then 6 = 0° or 180°.
vew=|v||w|cosb . vew=|v]||w]|cosf
=|v||w]cos90° =|v||w]|cos0° or |v]||w]|cos180°
=0 =x[v[|w]|

S vew[=v|[w]

To formally prove these results we must also show that their converses are true.

| DISCUSS

a Elaine has drawn a vector v on a plane which is a sheet of paper.
It is therefore a 2-dimensional vector.
i How many vectors can she draw which are perpendicular
/ to v?
ii Are all of these vectors parallel?
b Edward is thinking about vectors in space. These are

3-dimensional vectors. He is holding his pen vertically

m on his desk to represent a vector w.

i How many vectors
perpendicular to w?

there which are

ii If Edward was to draw a vector (in pencil) on his
desk, would it be perpendicular to w?

iii Are all of the vectors which are perpendicular to
w, parallel to one another?
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Example 29
2 -1

If p= 3 and q = 0 |, find: i
1 9 Since peq < 0
the angle is obtuse.
a pegq b the angle between p and q.

q b peq=|p||q|cosd \ ‘
. -1 - cosg =>4 =SS
- 3 |e| O Ipllq
~1 2 —4

T VATotiJit0+4 ) &
=2(-1)+3(0) + (-1)2 ey
=—240-2 /50
4 0 = cos™? (‘—740) ~ 119°
EXERCISE 12J)
3 -1 —2 )
1 Forp<2),q<5), and r(4>, find:
a qep b qer c qe(p+r) d 3regq
e 2pe2p f iep g qej h iei
2 -1 0
2 Fora=\|1], b= 1 |, and ¢e= | —1 |, find:
3 1 1
a aeb b bea ¢ |al?
d aea e ae(b+c) f aeb+taec
3 —2
3 If p=1[ -1 and q = 1 |, find: a pegq b the angle between p and q.
2 3

4  Find the angle between m and n if:

2 -1
a m=|[| -1 and n = 3 b m=2j—-—k and n=1i+ 2k
-1 2
5 Find: a (i+j—k e(2j+k) b iei c iej
6 Find pegq if:
a |pl=2 |q|]=5 6=060° b |p|=6, |q]=3, §=120°
7 a Suppose |v|=3 and |w|=4. State the possible values of v e w if v and w are:
i parallel ii at 60° to each other.
b Suppose aeb = —12 andb is a unit vector.

i Explain why a and b are not perpendicular.
ii Find |a| if a and b are parallel.
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¢ Suppose |c¢|=|d|=+/5. What can be deduced about ¢ and d if:
i ced=5 ii ced=-5
8 In the given figure: LY
a State the coordinates of P.
— —
b Find BP and AP.
. - - .
¢ Find AP eBP using b.

d What property of a semi-circle has been -

deduced in ¢? B(-1,0)
a1 b1 C1
9 Use a=|ax |, b=|ba |, and ¢ = | to prove that ae (b +c) =aeb +aec.
as b3 C3

Hence, prove that (a +b)e(c+d) =aec+aed+bec+bed

<) Self Tutor

Find ¢ such that a = (;1) and b = (?) are perpendicular.

Since a and b are perpendicular, a e b = 0 If two vectors are
perpendicular
— ° 2 =0 then their scalar
5 t product is zero.
(=1D)(2)+5t=0
—24+5t=0

cooht=2
Cop_ 2
. 5 .
N\
10 Find ¢ given that these vectors are perpendicular:
3 -2 t 3
ap_<t> andq_<1> br—<t+2> ands—<_4>
t 2 —3t
C a<t+2> and b< ' )

11 For each pair of vectors in question 10, find the value(s) of ¢ for which the vectors are parallel.

1 2
12 a Show that 1 and 3 are perpendicular. e ——
o -1 perpendicular if each one is
3 -1 1 perpendicular to all the
b Showthat a= | 1|, b= 1 |, and ¢ = 5 others.

2 1 —4
are mutually perpendicular. \
¢ Find t if the following vectors are perpendicular:
3 2t 3 1—t é
i a=| -1 and b= | -3 i t and -3 1. ’

t —4 -2 4
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m CORTA TR TLTd [ We do not need to check

Consider the points A(2, 1), B(6, —1), and C(5, —3). Use /]:B O AL 113C 0 AL
a scalar product to check if triangle ABC is right angled. If it is, ccause a triangle cannot

state the right angle. have more than one right
angle.

() s (2) - () J

ABeBC =4(—1)+(-2)(-2) = —4+4=0.

— —
AB 1 BC and so triangle ABC is right angled at B. ’,.‘

13 Use a scalar product to check if triangle ABC is right angled. If it is, state the right angle.
a A(-2,1), B(—2,5), and C(3,1) b A(4,7), B(1,2), and C(-1, 6)
c A(2,-2), B(5,7), and C(—1, —1) d A(10,1), B(5,2), and C(7, 4)

14 Consider triangle ABC in which A is (5, 1, 2), Bis (6, —1, 0), and C is (3, 2, 0). Using scalar

product only, show that the triangle is right angled.
15 A(2,4,2), B(—1,2,3), C(-3,3,6), and D(0, 5, 5) are vertices of a quadrilateral.
a Prove that ABCD is a parallelogram.
b Find | AB | and | BC |.  What can be said about ABCD?

¢ Find AC e BD. Describe what property of ABCD you have shown.

|_Example 32

Find the form of all vectors which are perpendicular to (Z) .

Are all of the vectors parallel?

(Z>' <_34> =-12+12=0

So, ( _34> is one such vector.

The required vectors have the form & ( _34 ), k #£ 0.

All of these vectors are parallel.

16 Find the form of all vectors which are perpendicular to:
5 -1 3 —4
O N ) R ) O

17 Find any two vectors which are not parallel, but which are both perpendicular to

SN

)

T
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18 Find the angle ABC of triangle ABC for A(3, 0, 1),

B(-3,1,2), and C(—2,1, —1). A
— —
Hint: To find the angle at B, use BA and BC. B 4
. . —_— —>
What angle is found if BA and CB are used? C
|_Example 33| <) Self Tutor

Use vector methods to

determine the measure of The vectors used must
ABC both be away from B (or

towards B). If this is not
m——g done you will be finding
' C the exterior angle at B.

AL

Placing the coordinate axes as illustrated,
Ais (2,0,0), Bis (0,4, 3), and Cis (1, 4, 0).

2 1
— —
BA=| -4 and BC = 0
-3 -3
Z = BA o 156
COSs (ABC) =0 ——
B |BA| |BC|
_ 21+ (=9)(0) + (=3)(=3)
3 VA+16+9v1+0+9
_ 11
9 & 4 V290
A Cc . Yot —1 11 ~ o
v 1 .. ABC = cos (m)~49.8
19 The cube alongside has sides of length 2 cm. p: R
Find, using vector methods, the measure of: P 4
a ABS b RBP ¢ PBS
AL J
20 [KL], [LM], and [LX] are 8, 5, and 3 units long Z v
respectively. P is the midpoint of [KL]. Find, using vector W X
methods, the measure of: e M
a YNX b YNP K b= :
P L
D(3,2,0)

21 Consider tetrahedron ABCD.
a Find the coordinates ofA M. C(2,2,2)
b Find the measure of DMA.

A(2,1,1)
B(1,3,1)
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22 a Findtif 2i+tj+ (t—2)k and ti+ 3j + tk are perpendicular.

1 2 ]
b Findr,s,andtif a= |2 |, b=[2], and ¢c= | ¢ are mutually perpendicular.
3 r 1
23 Find the angle made by:
1 -1
a iand [ 2 b j and 1
3 3
REVIEW SET 12A ON-CALCULATOR

1 Using a scale of 1 cm represents 10 units, sketch a vector to represent:

a an aeroplane taking off at an angle of 8° to a runway with a speed of 60 ms~*

b a displacement of 45 m in a north-easterly direction.

—_— = —_— = —
2 Simplify: a AB-CB b AB-+BC-—DC.
3 Construct vector a b
equations for: -
p
q
— —4 — =1l — 2 —
4 If PQ = ( 1 ), RQ = ( 9 ), and RS = (_3), find SP.
5 0 p A [BC] is parallel to [OA] and is twice its length.
Find, in terms of p and q, vector expressions for:
a i a AC b OM.
B
3 —12
6 Findmandnif | m and —20 are parallel vectors.
n 2
2 —6
— — —
7 If AB=| -7 | and AC = 1 |, find CB.
4 -3

8 pr:(_32),q:<_51), and r:<_43), find: a pegq b qe(p—1)

9 Consider points X(—2, 5), Y(3,4), W(—3, —1), and Z(4, 10). Use vectors to show that
WYZX is a parallelogram.

10 Consider points A(2, 3), B(—1,4), and C(3, k). Find & if BAC is a right angle.
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12

13

14

15

16

Find all vectors which are perpendicular to the vector < _54 ) .

In this question you may not assume any diagonal

properties of parallelograms. A B
OABC is a parallelogram with OA = p and x
OC = q. M is the midpoint of [AC]. P WM
a Find in terms of p and q: *
— — A
i OB ii OM o o
b Using a only, show that O, M, and B are collinear, q
and that M is the midpoint of [OB].
Suppose |a| =2, |b| =4, and |c|=5. i
Find: a aeb :
b bec 60
b
c aec

Find a and b if J(—4, 1, 3), K(2, =2, 0), and L(a, b, 2) are collinear.
Hint: Points J, K, and L are collinear < IK is parallel to KL.
[AB] and [CD] are diameters of a circle with centre O. If oC = q and OB = r, find:

— . AC
a DB in terms of q and r b AC in terms of q and r.
What can be deduced about [DB] and [AC]?

2—t t
a Find ¢ given that 3 and 4 are perpendicular.
t t+1
b Show that K(4, 3, —1), L(-3, 4, 2), and M(2, 1, —2) are vertices of a right angled

triangle.

REVIEW SET 12B CALCULATOR

2

3

Copy the given vectors and find geometrically:

a x+y b y— 2x

Show that A(—2, —1, 3), B(4, 0, —1), and C(—2, 1, —4) are vertices of an isosceles triangle.

If r:(%) and s:<_23> find: a |s] b |r+s| € |25 —r]

. -2 3 13
4 Find scalars r and s such that r ( 1 ) + s (_4) = (_24>.
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5 Given P(2,3, —1) and Q(—4, 4, 2), find:
a 1?)) b the distance between P and Q ¢ the midpoint of [PQ].

6 If A(4,2,—1), B(—1,5,2), C(3, =3, ¢) are vertices of triangle ABC which is right angled
at B, find the value of c.

2 -1
7 Suppose a= | —3 | and b= 2 |. Findx given a — 3x =bh.
1 3

8 Find the angle between the vectors a =3i +j — 2k and b =2i + 5j + k.

9 Find two points on the Z-axis which are 6 units from P(—4, 2, 5).

2

10 Determine all possible values of ¢ if < 3 _3 9 t> and (t _+ t > are perpendicular.

2
—4 =1l
11 If u= 2 and v = 3 |, find:
1 —2
a ueyv b the angle between u and v.
12 [AP] and [BQ)] are altitudes of triangle ABC. C
— —> —
Let OA=p, OB=gq, and OC =rr.
a Find vector expressions for AC and BC in terms of p, P
q, and r. 3
b Using the property ae (b —¢c) =aeb — aec,
deduce that qer=peq=per. A B
¢ Hence prove that [OC] is perpendicular to [AB].
13 Find a vector of length 4 units which is parallel to 3i — 2j + k.
14 Find the measure of DMC.
D(1,—4,3)
C(3,-3,2)
A(=2,1,-3)
M B(2,5,—1)
k
15 a Find & given that % is a unit vector.
—k
3
b Find the vector which is 5 units long and has the opposite direction to 2
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REVIEW SET 12C
1 Find a single vector which is equal to: a PR+RQ b PS+SQ+ QR
6 2 —1
2 For m= | -3 |, n= 3 |, and p = 3 |, find:
1 —4 6
am-n+p b 2n - 3p ¢ |m—+p|
3 What geometrical facts can be deduced from the equations:
— — — —
a AB=1CD b AB=2AC?
4 Given P(2, —5,6) and Q(—1,7,9), find:
a the position vector of Q relative to P b the distance from P to Q
¢ the distance from P to the X-axis.
. — —
5 P Q In the figure alongside, OP =p, OR =r, and
1@ = q. M and N are the midpoints of [PQ] and
p [QR] respectively.
q Find, in terms of p, q, and r:
— — — —
0 a 0Q b PQ ¢ ON d MN
r
R
—3 2 3
6 Suppose p = 1 |,q=| 4], and r=| 2 |. Findxift a p—3x=0
2 1 0 b 2q—x=r

7 Suppose |v|=3 and |w|=2. If v is parallel to w, what values might v e w take?

—4 t
8 Findt¢if | £t+2 | and | 1+¢ | are perpendicular vectors.
t —3

9 Find all angles of the triangle with vertices K(3, 1, 4), L(—2, 1, 3), and M(4, 1, 3).

5 k
10 Find k if the following are unit vectors: a ( 1}5’ ) b k
k

11 Use vector methods to find the measure of GAC E H

in the rectangular box alongside. E =
5 cm
@
b 4 cm

A 8 cm B
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12 Using p = <_32)’ q= (_52)’ and r = (_13), verify that:

pe(q—r)=peq—per.

— =9 — 5 — — — —
13 Suppose OM = ( 4 ), MP—< 1), MPePT =0, and | MP | = | PT|.

Write down the two possible position vectors OoT.
14 Given p=2i—j+4k and q= —i—4j+ 2k, find:
a peq b the angle between p and q.

15 Suppose u = 2i + j, v = 3j, and 6 is the acute angle between u and v.
Find the exact value of sin 6.



Vector applications

Syllabus reference: 4.1, 4.2, 4.3, 4.4

Contents: Problems involving vector operations

Lines in 2-D and 3-D

The angle between two lines

Constant velocity problems

The shortest distance from a line to a point
Intersecting lines

Relationships between lines

OMMmMoOUNW>
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OPENING PROBLEM

A yacht club is situated at (0, 0) and at 12:00 noon
a yacht is at point A(2, 20). The yacht is moving
with constant speed in the straight path shown in the
diagram. The grid intervals are kilometres.

At 1:00 pm the yacht is at (6, 17).
At 2:00 pm it is at (10, 14).
What to do: 10

a Find the position vectors of:
i A il B; ili B

20

. e . .
b Find AB;. Explain what it means.

¢ i How far does the yacht travel in one hour? \

b Y

12:00 noon
A
1:00 pm
Bitt
"",\2:00 pm
Bo

“
B3
A

sea

Sl

ii What is its speed?

. —_— — .
d Find AB,, AB3, and AB,. Hence write

— —
AB; in terms of AB;.

. ~——4
e What is represented by the vector OBy?

) 10 15

land

_ PROBLEMS INVOLVING VECTOR OPERATIONS

When we apply vectors to problems in the real world, we
often consider the combined effect when vectors are added
together. This sum is called the resultant vector.

We have an example of vector addition when two tug boats
are used to pull a ship into port. If the tugs tow with forces
F; and F5 then the resultant force is F; + Fs.

| Example 1|

In still water, Jacques can swim at 1.5 ms™1.
Jacques is at point A on the edge of a canal, and
considers point B directly opposite. A current
is flowing from the left at a constant speed of
0.5 ms— 1.

a If Jacques dives in straight towards B, and
swims without allowing for the current, what
will his actual speed and direction be?

direction?
il What will Jacques’ actual speed be?

o) Self Tutor

B
—_—
current
0.5ms™!
5
A

b Jacques wants to swim directly across the canal to point B.
i At what angle should Jacques aim to swim in order that the current will correct his
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Suppose ¢ is the current’s velocity vector,
s is the velocity vector Jacques would have if the water was still, and
f=c+ s isJacques’ resultant velocity vector.

a Jacques aims directly across the river, but the current takes him downstream to the right.

B I£12 = [c|* + [s|? tanﬁz?—'i
_ 2 2 .
N c =05%+15 c B~ 184°
current T =25
0.5 ms™! oo | f] =~ 1.58
Slo/t
i
A

I and his direction of motion is

Jacques has an actual speed of approximately 1.58 ms™
approximately 18.4° to the right of his intended line.

b Jacques needs to aim to the left of B so the current will correct his direction.

0 e 0.5
i sing = s
co o= 19.5° B
Jacques needs to aim approximately 19.5°
to the left of B. — c
. 2 2 2 current L
i P e = s osmst N\ gl
o |f>+05% =152 s
D) ul
S| ff=2 A
oo fl=141

In these conditions, Jacques’ actual speed towards B is approximately 1.41 ms—*.

Another example of vector addition is when an aircraft is
affected by wind. A pilot needs to know how to compensate
for the wind, especially during take-off and landing.

EXERCISE 13A

SIMULATION

s

An athlete can normally run with constant speed 6 ms~!. Using a vector diagram to illustrate each
situation, find the athlete’s speed if:

a he is assisted by a wind of 1 ms™! from directly behind him

b he runs into a head wind of 1 ms™!.

2 In still water, Mary can swim at 1.2 ms~*. She is standing P
at point P on the edge of a canal, directly opposite point
Q. The water is flowing to the right at a constant speed of —
0.6 ms—1. current
0.6 ms!

a If Mary tries to swim directly from P to Q without
allowing for the current, what will her actual velocity
be? Q

b Mary wants to swim directly across the canal to point Q.

i At what angle should she aim to swim in order that the current corrects her direction?
il What will Mary’s actual speed be?
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3 A boat needs to travel south at a speed of 20 kmh~!. However a constant current of 6 kmh~" is
flowing from the south-east. Use vectors to find:

a the equivalent speed in still water for the boat to achieve the actual speed of 20 kmh—!

b the direction in which the boat must head to compensate for the current.

4  As part of an endurance race, Stephanie needs to swim 20 m
from X to Y across a wide river. Y, O
. . 1. . 2 e
Stephanie swims at 1.8 ms—! in still water. T =
. . . t
The river flows with a consistent current of 0.3 ms™! S %8‘_‘?;“5—
as shown. .
a Find the distance from X to Y. X
b In which direction should Stephanie aim so that the current will push her onto a path directly

towards Y?
¢ Find the time Stephanie will take to cross the river.

5 An aeroplane needs to fly due east from one city to another at a speed of 400 kmh~!. However, a
50 kmh~! wind blows constantly from the north-east.

a How does the wind affect the speed of the aeroplane?

b In what direction must the acroplane head to compensate for the wind?

MARTE LINESIN 2-D AND 3-D

In both 2-D and 3-D geometry we can determine the equation of a line using its direction and any fixed
point on the line.

Suppose a line passes through a fixed point A with position DEMO
vector a, and that the line is parallel to the vector b. - ﬁ >
A (fixed point)

AN

Consider a point R on the line so that OR =r.

. — —_—  —
By vector addition, OR = OA + AR

r=a-+ H}{ R (any point)

—
Since AR is parallel to b,

—
AR =tb for some scalar t € R
r=a-+tb

O (origin) line

So, r=a+th, t&€R isthe vector equation of the line.

LINES IN 2-D

e In 2-D we are dealing with a line in a plane.

° <x> = <a1 ) +t (bl ) is the vector equation of the line
Yy a2 b2

where R(z, y) is any point on the line,
A(a1, az) is a known fixed point on the line,

and b= (21 ) is the direction vector of the line.
2
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e The gradient of the line is m = —.

e Since Ty (® + it , we can write the parametric equations of the line = = a; + byt
y as + bot

and y = ag + byt, where ¢t € R is the parameter.

Each point on the line corresponds to exactly one value of ¢.
e We can convert these equations into Cartesian form by equating ¢ values.
Tr —ap - Yy — as

we obtain bg.’L‘ — b1y = b2a1 — b1a2
b1 ba

which is the Cartesian equation of the line.

m ) Self Tutor

A line passes through the point A(1, 5) and has direction vector ( 3 ) Describe the line using:

Using t=

a a vector equation b parametric equations ¢ a Cartesian equation.

a The vector equationis r = a + tb where

o) v ()
(6)-()+(2) v

b r=1+4+3t and y=5+2t, teR

3 2
2z —2 =3y — 15
2z — 3y = —13

LINES IN 3-D

e In 3-D we are dealing with a line in space.

b1

x aq by b=| b

° y|=\|a | +t| b is the vector equation bs
z as b3 of the line / R(z, y, 2)

where R(z, y, 2) is any point on the line, Alar, as, as)

A(a1, ag,a3) is the known or fixed point on the line,

by We do not talk about the
and b= | by is the direction vector of the line. gradient of a line in 3-D.
bs We describe its direction

. . . only by its direction vector.
e The parametric equations of the line are: o freetion v

T = aj + tby \

y=ag +thy where t € R is called the parameter.
z = asz + tbs

Each point on the line corresponds to exactly one value of ¢. o~
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Find a vector equation and the corresponding parametric equations of the line
through (1, —2, 3) in the direction 4i + 5j — 6k.

The vector equationis r=a+tb

T 1 4
yl=1-2|+¢t|l 5 |, tekR
z 3 6

The parametric equations are:

r=14+4t, y=—-2+4+5 z=3-6t, teR.

NON-UNIQUENESS OF THE VECTOR EQUATION OF A LINE
Consider the line passing through (5, 4) and (7, 3). When

writing the equation of the line, we could use either point to (5, 4)
give the position vector a. (7,3)
- . 2
Similarly, we could use the direction vector 1) but we ( 2 )
- -1

could also use < _12 ) or indeed any non-zero scalar multiple

of these vectors.

We could thus write the equation of the line as

5 2 7 -2
x(4>+t<_1>, teR or x<3>+s(l>, s € R and so on.

Notice how we use different parameters ¢t and s when we write these equations. This is because the
parameters are clearly not the same: when ¢ =0, we have the point (5, 4)
when s =0, we have the point (7, 3).

In fact, the parameters are related by s =1 —1.

) Self Tutor

Find parametric equations of the line through A(2, —1, 4) and B(—1, 0, 2).

. . . . . e —
We require a direction vector for the line, either AB or BA.

—1-2 -3
.,
AB=[o0-—-1]=11

24 -2

Using point A, the equations are: = =2-3t, y=—-1+t, 2=4—-2t, te€ R

or using the point B, the equations are: =z =—-1—3s, y=s, 2=2—2s, s € R.
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EXERCISE 13B

1 Describe each of the following lines using:

i a vector equation ii parametric equations iii a Cartesian equation

a a line with direction <le> which passes through (3, —4)

b a line passing through (5, 2) which is perpendicular to (g)

¢ aline parallel to 3i + 7j which cuts the z-axis at —6
d a line passing through (—1, 11) and (-3, 12).

-]

A line passes through (—1, 4) with direction vector ( _21 )

a Write parametric equations for the line using the parameter ¢.
b Find the points on the line for which ¢ =0, 1, 3, —1, and —4.

1

3 a Does (3, —2) lie on the line with vector equation r = <2> +1 ( 13 ) ?

b (k, 4) lies on the line with parametric equations = =1—2¢{, y=1-+¢ Find k.

Line L has vector equation r = ( L ) +t ( -1 )

&=

5 3

a Locate the point on the line corresponding to ¢ = 1.
b Explain why the direction of the line could also be described by ( _13 )

¢ Use your answers to a and b to write an alternative vector equation for line L.

5 Describe each of the following lines using:

i a vector equation ii parametric equations
2
a aline parallelto [ 1 | which passes through (1, 3, —7)
3

b a line which passes through (0, 1, 2) with direction vector i+ j — 2k
¢ a line parallel to the X -axis which passes through (-2, 2, 1)
d aline parallel to 2i — j + 3k which passes through (0, 2, —1).

6 Find the vector equation of the line which passes through:
a A(1,2,1) and B(—1, 3, 2) b C(0,1,3) and D(3,1, —1)
¢ E(1,2,5) and F(1, —1,5) d G(0,1,—1) and H(5, —1, 3)

7 Find the coordinates of the point where the line with parametric equations * =1—1t¢, y=3+t,
and z=3—2{ meets:

a the XOY plane b the YOZ plane ¢ the XOZ plane.

8 Find points on the line with parametric equations =z =2 —t¢, y =3+ 2t, and z =1+1
which are 51/3 units from the point (1, 0, -2).
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"¢/ THE ANGLE BETWEEN TWO LINES

In Chapter 12 we saw that the angle between two vectors is

measured in the range 0° < 6 < 180°. We used the formula
cosf = b1 eb; b: o b1
|bi||ba]

In the case of lines which continue infinitely in both directions,
we agree to talk about the acute angle between them. For an
acute angle, cosf > 0, so we use the formula

|b1 .b2|

cos 0 =
|b1|[bz |

where b; and b, are the direction vectors of the given lines L;
and Lo respectively.

m ) Self Tutor

Find the angle between the lines L;: z=2-3t, y=—1+t¢t and

= () 2= (5)
-6+ 3]
V10V13

. cosf ~ 0.2631
0~ 74.7° (1.30 radians)

Lo: z=1+2s, y=—4+3s.

. cosb =

Consider two lines r; = a; +sby and ry; = as + ths.

e r; and ry are parallel if by, = kby for some scalar k. We write 1y || ro.

e r; and ry are perpendicular if b; e bo = 0. We write 1r; L rs.

) Self Tutor

Find the angle between the lines:

2 -3 1 -3

Li: mm=| -1 )] +s 1 and Ly ro=10 ]+t 1

4 —2 2 —2
-3 -3
b, = 1 and by = 1
—2 —2

Since b; = by, the lines are parallel and the angle between them is 0°.
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EXERCISE 13C

1 Find the angle between the lines Li: == -4+ 12t, y=3+5t
and Lo x = 3s, y=—6—4s

2 Consider the lines Li: z=2+5p, y=19—2p
Lot x=3+4r, y=T7+10r

Show that the lines are perpendicular.

3 The line L; passes through (—6, 3) and is parallel to ( _43 >

The line Ly has direction 5i + 4j and cuts the y-axis at (0, 8).
Find the acute angle between the lines.

4 a Find the angle between the lines:

8 3 15 3
Li: =19 | +s| —16 and Lot ro=129 | +t 8
10 7 5 -5
0
b A third line L3 is perpendicular to L; and has direction vector -3
x

Find the value of x.

| Example 7 ) Self Tutor

Find the measure of the acute angle between the lines 2z +y =5 and 3z — 2y =3S8.

2z +y=>5 has gradient —2 and .. direction vector ( _12) which we call a.

3z — 2y =8 has gradient % and .. direction vector (;) which we call b.

If the angle between the lines is 0, then

|aeb| [(1x2)+ (=2 x 3) .
cosf = = If a line h
lal|b| VITdyaTo e
4 gradient =, it has

T /BVI3 direction vector (Z) .

0 = cos! (\)%) ~ 60.3°

5 Find the measure of the angle between the lines:
a r—y=3 and 3x+2y=11 b y=2+2 and y=1-3z

¢ y+x=7 and z—-3y+2=0 d y=2—2 and xz—2y=7
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0 CONSTANT VELOCITY PROBLEMS

Consider again the yacht in the Opening Problem. ¥ A@ 20)

The initial position of the yacht is given by the position vector \:3

L (2
\20 ) R(z,y)

The direction of the yacht is given by the vector b = < :13 > .
Suppose that ¢ hours after leaving A, the yacht is at R(z, y). r

— —  —
OR = OA + AR

r:<220>+t<_43> for £30 — .
()= () (%)

is the vector equation of the yacht’s path.

If an object has initial position vector a and b
moves with constant velocity b, its position at A \R
time ¢ is given by
a
r=a-+tb for t>0. T
The speed of the objectis |b]|. &

=) Self Tutor

(‘z) = (;) Ry ( _3 4> is the vector equation of the path of an object.

The time ¢ is in seconds, ¢ > 0. The distance units are metres.
a Find the object’s initial position.
b Plot the path of the object for ¢ =0, 1, 2, 3.

¢ Find the velocity vector of the object. d Find the object’s speed.

e If the object continues in the same direction but increases its speed to 30 ms™1,

state its new velocity vector.

a At t=0, (m):<1> b Wy =0
Yy 9 ~ (1,9)
-, the object is at (1, 9). yt=1
5 . (45 5)
DEMO \ =9
5
o -
: 5 Y _3 T
i L(10,3)
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¢ The velocity vector is < _3 4 )

d The speed is ‘ <_34>‘ = /32 + (—4)2

- A N\ V

Velocity is a vector.
Speed is a scalar.

e Previously, the speed was 5 ms~! and the velocity vector was

. . 3 18
the new velocity vector is 6 ( _4> = ( o4 )

An object is initially at (5, 10) and moves with velocity vector 3i — j metres per minute. Find:
a the position of the object at time ¢ minutes
b the speed of the object
¢ the position of the object at ¢t = 3 minutes
d the time when the object is due east of (0, 0).

a r=a+tb

() (5)=(B)ne(3) e
- « ()= (62)

- > After ¢ minutes, the object is at (54 3t, 10 —1).

b The speed of the objectis |b|= \/m = /10 metres per minute.
¢ At t=3 minutes, 5+3t=14 and 10—¢=7. The objectis at (14, 7).
d When the object is due east of (0, 0), y must be zero.
10-t=0
t=10
The object is due east of (0, 0) after 10 minutes.

EXERCISE 13D

1 A particle at P(x(t), y(t)) moves such that «(t) =1+2t and y(t)=2-5¢ t=>0.
The distances are in centimetres and ¢ is in seconds.

a Find the initial position of P.

b Illustrate the initial part of the motion of P where ¢t =0, 1, 2, 3.
¢ Find the velocity vector of P.

d Find the speed of P.
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3

a Find the vector equation of a boat initially at (2, 3), which travels with velocity vector ( _45 ) .
The grid units are kilometres and the time is in hours.
b Locate the boat’s position after 90 minutes.
How long will it take for the boat to reach the point (5, —0.75)?
A remote controlled toy car is initially at the point

(=3, —2). It moves with constant velocity 2i + 4j. The
distance units are centimetres, and the time is in seconds.

a Write an expression for the position vector of the car
at any time t > 0.

b Hence find the position vector of the car at time
t=25.

¢ Find when the caris 1 due north ii due west of the observation point (0, 0).

d Plot the car’s positions at times ¢ = 0, %, 1, 1%, 2, 2%,
Each of the following vector equations represents the path of a moving object. ¢ is measured in
seconds and ¢ > 0. Distances are measured in metres. In each case, find:

i the initial position ii the velocity vector iii the speed of the object.

T —4 12
a (y>_<3>+t<5> b vr=3+4+2t, y=—-t, z=4-2t

Find the velocity vector of a speed boat moving parallel to:

a (_43> with a speed of 150 kmh—! b 2i +j with a speed of 50 kmh~?!.

Find the velocity vector of a swooping eagle moving in the direction —2i + 5j — 14k with a
speed of 90 kmh~1!.

Yacht A moves according to  z(t) =4+1¢, y(t) =5—2t where the distance units are kilometres
and the time units are hours. Yacht B moves according to z(t) =1+42t, y(t) = -8+t t=>0.
a Find the initial position of each yacht.
b Find the velocity vector of each yacht.
¢ Show that the speed of each yacht is constant, and state these speeds.
d Verify algebraically that the paths of the yachts are at right angles to each other.

Submarine P is at (—5, 4) and fires a torpedo with velocity vector ( _31 ) at 1:34 pm.

Submarine Q is at (15, 7) and a minutes later fires a torpedo with velocity vector < :g >

Distances are measured in kilometres and time is in minutes.

a Show that the position of P’s torpedo can be written as P(z1(¢), wy1(t)) where
1’1(t> =-—-5+3t and yl(t) =4 —t.

b  What is the speed of P’s torpedo?
Show that the position of Q’s torpedo can be written as Q(z2(t), y2(t)) where
x2(t) =15 —4(t —a) and y2(t) =7—3(t — a).

d Q’s torpedo is successful in knocking out P’s torpedo. At what time did Q fire its torpedo and
at what time did the explosion occur?
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9 A helicopter at A(6, 9, 3) moves with constant velocity in a straight line. 10 minutes later it is at
B(3, 10, 2.5). Distances are in kilometres.

a Find AB. b Find the helicopter’s speed.

¢ Determine the equation of the straight line path of the helicopter.

d The helicopter is travelling directly towards its helipad, which has z-coordinate 0. Find the
total time taken for the helicopter to land.

E SHORTEST DISTANCE FROM
A LINE TO A POINT

A ship R sails through point A in the direction b and continues
past a port P. At what time will the ship be closest to the port?

The ship is closest when [PR] is perpendicular to [AR].
PReb=0

V R

P

A

In this situation, point R is called the foot of the perpendicular from P to the line.

=) Self Tutor

A line has vector equation (z) = (;) +t ( 3 ), t € R. Let P be the point (5, —1).

-1
Find exactly the shortest distance from P to the line.

Let N be the point on the line closest to P.
N has coordinates (14 3¢, 2 —¢) for some ¢, and PN is (21_—:3_t (ii)) — (3;:;1)

3

. (3t—4) ( 3)_0
ol )\ 1) 7
. N(1+3t,2—1)

3(3t—4)— (3—t)=0 T Tre——

SN 3 . L .
Now PNe ( 1 ) =0 {as ( 1 ) is the direction vector of the line}

9t—12—-3+t=0 ’(3)
: -1
10t = 15 ]
=1 _ 3 ]
102 *Pp(5,-1)

s (3
Thus PN = 3

—

and |PN|=3%
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EXERCISE 13E
1 Find the shortest distance from:
a P(3,2) to the line with parametric equations =2+t y=3+2t, teR
b Q(—1,1) to the line with parametric equations =z =t¢t, y=1—1¢ teR

¢ R(—3, —1) to the line <z>—<§)+s<_11), seR
. x 2 3
d S(5, —2) to the line <y>_<5>+t<7>’ teR.

|_Example 11

On the map shown, distances are measured in kilometres.

sea

Ship R is moving in the direction (i) at 10 kmh—1!,

a Write an expression for the position of the ship in
terms of ¢, the number of hours after leaving port A.

b Find the time when the ship is closest to port
P(10, 2).

land

|-

Since the speed is 10 kmh ™!, the ship’s velocity vector must be 2 (Z) = <g>

e — —
Now OR = OA + AR

()-(3)()

the position of ship R is (—8 + 6¢, 3 + 8¢).

o =% 3
b The ship is closest to P when PR L ( 4>

a 1l b means “ais
perpendicular to b”

e () =0
(58D = !

3(6t—18) +4(1+8t) =0
18t —54+4+32t=0
50t — 50 =0
Lt=1
So, the ship is closest to port P one hour after leaving A.
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2 An ocean liner is at (6, —6), cruising at 10 kmh ™! in the direction <_43 )

A fishing boat is anchored at (0, 0). Distances are in kilometres.

a
b

<
d

3 Let i represent a displacement 1 km due east
and j represent a displacement 1 km due north. 100
The control tower of an airport is at (0, 0). Aircraft
within 100 km of (0, 0) are visible on the radar screen
at the control tower. -

Find, in terms of i and j, the initial position vector of the liner from the fishing boat.

Write an expression for the position vector of the liner at any time ¢ hours after it has sailed
from (6, —6).

When will the liner be due east of the fishing boat?

Find the time and position of the liner when it is nearest to the fishing boat.

‘Y

s

At 12:00 noon an aircraft is 200 km east and 100 km —100 100

north of the control tower. It is flying parallel to the
vector b = —3i — j with a speed of 401/10 kmh~1.

a
b

<
d
e

4 The diagram shows a railway track that has equation
2z 4 3y = 36.
The axes represent two long country roads.

. . . —100
Write down the velocity vector of the aircraft. \

Write a vector equation for the path of the aircraft using ¢ to represent the time in hours that
have elapsed since 12:00 noon.

Find the position of the aircraft at 1:00 pm.
Show that the aircraft first becomes visible on the radar screen at 1:00 pm.

Find the time when the aircraft is closest to the control tower, and find the distance between
the aircraft and the control tower at this time.

At what time will the aircraft disappear from the radar screen?

"

All distances are in kilometres. R(z,y)

a
b

5 Boat A’s position is given by xz(t) =3 —1t, y(t) =2t —4,
and boat B’s position is given by z(t) =4 — 3¢,
y(t) = 3 — 2t. The distance units are kilometres, and the
time units are hours.

b
<
d

Find the coordinates of A and B.

R(z, y) is a point on the railway track. A T
Express the coordinates of point R in terms of x
only.

Some railway workers have set up a base camp at P(4, 0). Find PR and AB.

Find the coordinates of the point on the railway track that is closest to P. Hence, find the
shortest distance from the base camp to the railway track.

Find the initial position of each boat.
Find the velocity vector of each boat.
What is the acute angle between the paths of the boats?

At what time are the boats closest to each other?
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| Example 12 | =) Self Tutor

Consider the point P(—1, 2, 3) and the line with parametric equations z = 1+2t, y = —4+ 3t,
7 = &kt

a Find the coordinates of the foot of the perpendicular from P to the line.

b Find the shortest distance from the point to the line.

2
a The line has direction vector b = | 3
1
Let A(1+2t, -4+ 3t, 3+t) be any point on the given line.
. 1+2t—(-1) 242¢
PA=| —4+3t-2 | = -6+3t b
3+t—3 t A(1+2t, -4 +3t, 3 +1)

If A is the closest point on the line to P, then PA and b
are perpendicular.

ﬁobzo P(—1,2,3)
2+ 2t 2
—6+3t e 3| =0
t 1
2(2+2t) +3(—6+3t) +1(t) =0
4+4t—-184+9t+t=0
14t = 14
t=1
Substituting ¢ = 1 into the parametric equations, we obtain the foot of the perpendicular
(3, -1, 4).
2+2 4
=
b When t=1, PA=| —6+3 )= -3
1 1

. PA = /42 + (—3)2 + 12 = /26 units

the shortest distance from P to the line is 4/26 units.

6 a Find the coordinates of the foot of the perpendicular from (3, 0, —1) to the line with parametric
equations z =243t y=—-1+2t, z=4+14
b Find the shortest distance from the line to the point.

7 a Find the coordinates of the foot of the perpendicular from (1, 1, 3) to the line with vector

T 1 2
equation yl|l=\|-1]+t|3
z 2 1

b Find the shortest distance from the point to the line.
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I INTERSECTING LINES

Vector equations of two intersecting lines can be solved simultaneously to find the point where the lines

meet.
) + s ( ) and

) +t (_4), where s and t are scalars.

Line 1 has vector equation (z)
1
Use vector methods to find where the two lines meet.

(¥

15
)

3
2

line 2 has vector equation (z) = (

. -2 3 15 —4
The lines meet where (1>+s(2)—(5>+t(1)
—2+3s=15—4¢ and 1+2s=5+1¢
3s+4t=17 ... (1) and 2s—t=4 ...(2)
3s+ 4t =17 {(D}
8s — 4t =16 {(2) x 4}
11s =33
s=3
Using (2), 23) —t=4
N 98 —2 3 7
Using line 1, (y)_( 1 ) (2 _(7)
L T 5 —4 7
Checking in line 2, (y) (5) ( 1 )_<7)

the lines meet at (7, 7).

EXERCISE 13F
1 Triangle ABC is formed by three lines:

. . T -1
Line 1 (AB) is (y) (

6

and line 3 (BC) is (z) = (

10
-3

)+7’(_32), line 2 (AC) is (g)

)+

0
2

(2)

-2
where r, s, and t are scalars.

3

2 an O o

Draw the three lines accurately on a grid.
Hence, find the coordinates of A, B and C.
Prove that AABC is isosceles.

Use vector methods to check your answers to b.

1
1

)
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2 A parallelogram is defined by four lines as follows:

Line (AB) is <;>=<64)+r<§>. Line (AD) is (;)=(64>+5<é).
Line (CD) is <‘;>:<§§>+t<:;> Line (CB) is <z>:<;§>+u<:;>

r, s, t, and u are scalars.
a Draw an accurate sketch of the four lines and the parallelogram formed by them. Label the
vertices.
b From your diagram find the coordinates of A, B, C, and D.

Use vector methods to confirm your answers to b.

3 An isosceles triangle ABC is formed by these lines:

e ()-(2) () moe ()-(2)(2)
and (AC) is (;) = <g>+t(_11>, where 7, s and t are scalars.

a Use vector methods to find the coordinates of A, B, and C.
b  Which two sides of the triangle are equal in length? Find all side lengths.

4 (QP)is (‘;)—(_:)’1)“(13) (QR) is (;)—(_1)’1)“(%) and

. T 0 5
(PR) is <y> = <18> +t (_7>, where 7, s, and ¢ are scalars.

a Use vector methods to find the coordinates of P, Q, and R.
. — — — —
b Find vectors PQ and PR and evaluate PQ e PR.

Hence, find the size of QﬁR.
Find the area of APQR.

o n

5 Quadrilateral ABCD is formed by these lines:
s ()= ()1 w0 (2)-(5) ()
(CD) is <;>:<;g>+t<:g> and (AD) is <§)=<i>+u<1§>

where r, s, t, and u are scalars.
a Use vector methods to find the coordinates of A, B, C, and D.
b Write down vectors AC and DB and hence find:
— — — —
i |AC| ii |DB] iii ACeDB
¢ What do the answers to b tell you about quadrilateral ABCD?
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THEORY OF KNOWLEDGE

In his 1827 book entitled The Barycentric Calculus, German mathematician August Mobius
demonstrated the use of directed line segments in projective geometry. He discussed the addition
and scalar multiplication of directed line segments, but he did not name them vectors.

Gauss, Hamilton, Grassmann, Laplace, and Lagrange all helped in
the evolution of vectors and vector analysis as we know them today.
In particular, in 1843 Sir William Hamilton defined a quaternion as
the quotient of two directed line segments.

The American mathematician Josaiah Willard Gibbs (1839 - 1903)
began teaching a course on vector analysis at Yale University in 1879.
He published Elements of Vector Analysis in two halves, and in 1901
his work was summarised by his student Edwin Wilson in the book
Vector Analysis.

Oliver Heaviside (1850 - 1925) developed vector analysis separately
from Gibbs, receiving a copy of Gibbs’ work later, in 1888. Heaviside
wrote:

Sir William Hamilton

... the invention of quaternions must be regarded as a most remarkable feat of human ingenuity.
Vector analysis, without quaternions, could have been found by any mathematician by carefully
examining the mechanics of the Cartesian mathematics; but to find out quaternions required a

genius.”

1 Are geometry and algebra two separate domains of knowledge?

2 When Gibbs and Heaviside developed vector analysis independently, who can claim to

be the founder of this field?

3 Does mathematics evolve?

&0/ RELATIONSHIPS BETWEEN LINES

We have just seen how the intersection of two lines can be found by vector methods. We have also seen

how to determine whether two lines are parallel.

We can now summarise the possible relationships between lines in 2 and 3 dimensions.

LINE CLASSIFICATION IN 2 DIMENSIONS

intersecting parallel
one point of intersection lines do not meet

unique solution no solutions

coincident

-

the same line
infinitely many solutions
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LINE CLASSIFICATION IN 3 DIMENSIONS

Lines are coplanar if they lie in the same plane.
If the lines are not coplanar then they are skew.

e If the lines are coplanar, they may be intersecting, parallel, or coincident.
e If the lines are parallel, the angle between them is 0°.

e If the lines are intersecting, the angle between

them is 6, as shown. f

|

point of intersection

e If the lines are skew, we suppose one line line 1
is translated to intersect with the other. The —_—
angle between the original lines is defined as

Fhe angle between the intersecting lines, which /\
is the angle 6. <N line 2

line 1
translated

lines 1 and 2 are skew

=) Self Tutor

Line 1 has equations x=—-1+4+2s, y=1-—2s, and z=1+4s.
Line 2 has equations z=1—t y=t and z=3—2t.

Show that the lines are parallel but not coincident.

at 1 2 2
Line 1 is y | = 1 +s| —2 with direction vector —2
z 1 4 4
a8 1 —1 —1
Line 2 is y|l=10]+¢t] 1 with direction vector 1
z 3 =2 —2
If a= kb for some
2 —1 [scalar k, then a || b]
Since —2 | =-2| 1 |, the lines are parallel.
4 -2

When s =0, the point on line 1is (-1, 1, 1).

For line 2, y =, so the unique point on line 2 with y-coordinate 1 is
the point where ¢ = 1. This point is (0, 1, 1).

Since (0, 1, 1) # (=1, 1, 1), the lines are not coincident.

To help visualise the relationship between lines in 3 dimensions, click on the icon.  3p GRAPHING

R
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m ) Self Tutor

Line 1 has equations = =—-14+2s, y=1-—2s, and z=1-+4s.

Line 2 has equations z=1—-t¢ y=t and z=3-—2t
Line 3 has equations z=1+2u, y=—-1—wu, and z =4+ 3u.

a Show that line 2 and line 3 intersect and find the angle between them.

b Show that line 1 and line 3 are skew.

a Equating x, y and z values in lines 2 and 3 gives

1—t=142u t=—-1—u and 3—2t=4+3u
t=—2u Sot=—-1—w and 3Bu+2t=-1 .. (1)
Solving these we get —2u=—1—u
=u ==l
u=1 andso t=—2
Checking in (1): 3u+2t=3(1)+2(-2)=3-4=-1 /
u =1, t=—2 satisfies all three equations, a common solution.
Using w =1, lines 2 and 3 meet at (14 2(1), —1 — (1), 4+3(1)) whichis (3, =2, 7).
-1 2
Direction vectors for lines 2 and 3 are a = 1 and b= | —1 respectively.
—2 3
If 4 is the acute angle between a and b, then cosf = laeb| _ =216
lal[b] V1I4+1+4V/4+1+9
__9
V84
0 ~ 10.89°
the angle between lines 2 and 3 is about 10.9°.
b Equating z, y, and z values in lines 1 and 3 gives
—142s=1+2u 1-2s=—-1—wu and 1+4s=4+3u
25 —2u =2 S —2s4+u=-2 and 4s—3u=3 ...(2)

Solving these we get 2s —2u =2
—2s+u=—2

—u=0 {adding them}

2s=2 andso s=1

Checking in (2), 4s —3u=4(1) —3(0) =4 #3

So, there is no simultaneous solution to all 3 equations.
the lines do not intersect.

2 2 2
The direction vector for line 1 is =2 and -2 | #k|[| -1 for any ke R.
4 4 3

lines 1 and 3 are not parallel.
Since they do not intersect and are not parallel, they are skew.
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EXERCISE 13G

1 Classify the following line pairs as either parallel, intersecting, coincident, or skew. In each case
find the measure of the acute angle between them.

a x=1+4+2t, y=2—t, z=3+t and z=-2+3s, y=3—5, 2=1+4+2s
r=—-142t, y=2—-12t, 2=4+12t and z=4s—-3, y=3s+2, z=—s—1
r=6t, y=3+8t z2=—1+2t and x=2+4+3s, y=4s, z=1+s
r=2—y=2z+2 and x=1+3s, y=—-2—2s, z:2s—|—%
r=1+t y=2—t, 2z=3+2t and z=2+3s, y=3—2s, 2=5—5H
r=1-2t, y=8+t, z=5 and x=2+4s, y=—-1—2s, z=3
r=1+2t, y=—t, z=1+43t and z=3—4s, y=—1+2s, 2z=4—06s

REVIEW SET 13A NON-CALCULATOR

1 For the line that passes through (—6, 3) with direction ( _43 ) , write down the corresponding:

W - ® O A O

a vector equation b parametric equations ¢ Cartesian equation.

2 (—3, m) lies on the line with vector equation (z) = ( 18 ) +1 <_7). Find m.

-2 4
. . 3 2
3 Line L has equation r=<_3)+t(5).

a Locate the point on the line corresponding to ¢ = 1.

b Explain why the direction of the line could also be described by < 140 ) .

¢ Use your answers to a and b to write an alternative vector equation for line L.
4 P(2,0,1), Q(3,4, —2), and R(—1, 3, 2) are three points in space.

a Find parametric equations of line (PQ).

b Show that if 6 — POR, then cosf — —2

V26v/33°

5 Triangle ABC is formed by three lines:

Line (AB) is (”;):(_41)“(;). Line (BC) is (;):(Z>+s(_11>.
Line (AC) is (2) = <_01) +u (i’) s, t, and w are scalars.

a Use vector methods to find the coordinates of A, B, and C.
. — — —

b Find |AB|, |BC]|, and | AC|.

¢ Classify triangle ABC.

6 a Consider two unit vectors a and b. Prove that the vector a + b bisects the angle between
vector a and vector b.

b Consider the points H(9, 5, —5), J(7, 3, —4), and K(1, 0, 2).
Find the equation of the line L that passes through J and bisects HIK.
¢ Find the coordinates of the point where L meets (HK).
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7 2®+y?>+ 22 =26 is the equation of a sphere with centre (0, 0, 0) and radius /26 units.
Find the point(s) where the line through (3, —1, —2) and (5, 3, —4) meets the sphere.
8 When an archer fires an arrow, he is suddenly aware of a breeze which pushes his shot off-target.
The speed of the shot | v | is not affected by the wind, but the arrow’s flight is 2° off-line.
a Draw a vector diagram to represent the situation.
b Hence explain why:

i the breeze must be 91° to the intended direction of the arrow
ii the speed of the breeze must be 2 |v|sin 1°.

REVIEW SET 13B CALCULATOR

1 Find the vector equation of the line which cuts the y-axis at (0, 8) and has direction 5i + 4j.

2 A yacht is sailing with constant speed 5v/10 kmh~" in the direction —i — 3j. Initially it is at
point (—6, 10). A beacon is at (0, 0) at the centre of a tiny atoll. Distances are in kilometres.
a Find in terms of i and j :
i the initial position vector of the yacht
ii the direction vector of the yacht
iii the position vector of the yacht at any time ¢ hours, ¢ > 0.

b Find the time when the yacht is closest to the beacon.
¢ If there is a reef of radius 8 km around the atoll, will the yacht hit the reef?

3 Write down i vector equation 1ii parametric equations for the line passing through:
a (2, —3) with direction (_41> b (—1,6,3)and (5, —2, 0).

4 A small plane can fly at 350 kmh~? in still conditions.
Its pilot needs to fly due north, but needs to deal with
a 70 kmh~! wind from the east.

a In what direction should the pilot face the plane

in order that his resultant velocity is due north? ﬂw/’% _4

b What will the speed of the plane be?

5 Find the angle between line L, passing through (0, 3) and (5, —2), and line Ly passing through
(—2,4) and (-6, 7).

6 Submarine X23 is at (2, 4). It fires a torpedo with velocity vector ( _1

3) at exactly 2:17 pm.

Submarine Y18 is at (11, 3). It fires a torpedo with velocity vector <a1> at 2:19 pm to

intercept the torpedo from X23. Distance units are kilometres. ¢ is in minutes.
a Find z1(¢) and y;(¢) for the torpedo fired from submarine X23.
b Find z5(¢) and yo(t) for the torpedo fired from submarine Y18.
¢ At what time does the interception occur?
d

What was the direction and speed of the interception torpedo?
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7

Classify the following line pairs as either parallel, intersecting, or skew. In each case find the
measure of the acute angle between them.

a r=2+4+t y=—1+2t, 2=3—-t and z=-8+4s, y=s, 2=7—2s
b vr=3+¢ y=5—-2t, 2=—-1+3t and z=2—-3s, y=1+3s, 2=4+s

REVIEW SET 13C

1
2

Find the velocity vector of an object moving in the direction 3i — j with speed 20 kmh™1!.
A moving particle has coordinates P(z(t), y(t)) where x(t) = —4+ 8t and y(t) = 3 + 6t.
The distance units are metres, and ¢ > 0 is the time in seconds. Find the:

a initial position of the particle b position of the particle after 4 seconds

¢ particle’s velocity vector d speed of the particle.
Trapezium KLMN is formed by the following lines:

e () (3)r(5) owe (5)-(2) ()
e (5)-() (k) o (5)-(5)+()

p, q, T, and s are scalars.

a Which two lines are parallel? Explain your answer.

b Which lines are perpendicular? Explain your answer.

¢ Use vector methods to find the coordinates of K, L, M, and N.

d Calculate the area of trapezium KLMN.
Find the angle between the lines:

Li: z=1—-4t, y=3t and Ls: x=2+bs, y=>5—12s.
Consider A(3, —1, 1) and B(0, 2, —2).
—
a Find | AB|.
b Show that the line passing through A and B can be described by
r=2j — 2k + A\(—i + j — k) where X is a scalar.
¢ Find the angle between (AB) and the line with vector equation #(i + j + k).

Let i represent a displacement 1 km due east

and j represent a displacement 1 km due north. 20 “ Y B
Road A passes through (—9, 2) and (15, —16). H(411) (21,18)
Road B passes through (6, —18) and (21, 18). 101

a Find a vector equation for each of the roads.

b An injured hiker is at (4, 11), and needs to travel
the shortest possible distance to a road.
Towards which road should he head, and how far
will he need to walk to reach this road?

Given the points A(4, 2, —1), B(2, 1, 5), and C(9, 4, 1):
— —
a Show that AB is perpendicular to AC.
b Find the equation of the line through: i AandB i A and C.
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OPENING PROBLEM

In a BASE jumping competition from the Petronas Towers in Kuala Lumpur, the altitude of a
professional jumper in the first 3 seconds is given by f(t) = 452 — 4.8t> metres, where
0 <t <3 seconds.

Things to think about:
a What will a graph of the altitude of the jumper in the
first 3 seconds look like?
b Does the jumper travel with constant speed?
¢ Can you find the speed of the jumper when:
i t=0 seconds ii t=1second
iii ¢ =2 seconds iv t =3 seconds?

Calculus is a major branch of mathematics which builds on algebra, trigonometry, and analytic geometry.
It has widespread applications in science, engineering, and financial mathematics.

The study of calculus is divided into two fields, differential calculus and integral calculus. These fields
are linked by the Fundamental Theorem of Calculus which we will study later in the course.

HISTORICAL NOTE

Calculus is a Latin word meaning ‘pebble’.

Ancient Romans used stones for counting. —"—‘1;,‘,—7"""""“.-; 15.“1 S TTRRA L) SRR A -1{;1
o 5 o A o A=) y-tity B Bloralesatald

The history of calculus begins with the Egyptian LWy AR =)
T8 % 1 Lo o3 LT
Moscow papyrus from about 1850 BC. “‘L-—i' 23 L ?‘; l;,?ti.té!h'!dl\_ AL
. . . oy e T m - STV
The Greek mathematicians Democritus, Zeno R :f 3 :nl;;u‘...:-m?ﬁa:j"-jl
of Elea, Antiphon, and Eudoxes studied S kbl & Y e U0
ST . . . . » — 718 ~ &
infinitesimals, dividing objects into an infinite ‘i::‘_':}}-g... a8 u;"‘; :‘i}é‘{;‘
number of pieces in order to calculate the area ,ﬂ]rq,r_;,z..- e T e ﬁ“W‘wF

S Y [ 11 441
== N CS 2o TN G W el <oy ol
=) ;? !:-ll.‘-’? ‘.‘m "&Qjaq
i naLSak lmf?mmgw&
b\ —

of regions, and volume of solids.

Archimedes of Syracuse was the first to find the {E

tangent to a curve other than a circle. His methods - LA Vet SR L T e
. i e -~ AAEE lioe - »
were the foundation of modern calculus developed “‘T LS _"‘ J"E“ 4 "rl" A
almost 2000 years later. : -@@ ST }.,r;WLw
R Ry e LR B
M pa Nawld P

{ Weenssd o <
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N LIMITS

The concept of a limit is essential to differential calculus. We will see that calculating limits is necessary
for finding the gradient of a tangent to a curve at any point on the curve.

Consider the following table of values for f(x) = x>

closer and closer to 2:

where x is less than 2 but increasing and getting

0 1 (19 1.99 1.999 1.9999
f(z) | 1 | 3.61 | 3.9601 | 3.99600 | 3.99960

We say that as = approaches 2 from the left, f(x) approaches 4 from below.

We can construct a similar table of values where x is greater than 2 but decreasing and getting closer
and closer to 2:

z | 3] 21 200 [ 2001 [ 20001
f(z) | 9 | 4.41 | 4.0401 | 4.00400 | 4.00040

In this case we say that as = approaches 2 from the right, f(x) approaches 4 from above.

In summary, we can now say that as = approaches 2 from either direction, f(z) approaches a limit of
4, and write
lim z? = 4.

r—2

INFORMAL DEFINITION OF A LIMIT

The following definition of a limit is informal but adequate for the purposes of this course:

If f(xz) can be made as close as we like to some real number A by making « sufficiently close to
(but not equal to) a, then we say that f(x) has a limit of A as x approaches a, and we write

lim f(z) = A.
r—a
In this case, f(z) is said to converge to A as x approaches a.

It is important to note that in defining the limit of f as = approaches a, z does not reach a. The limit
is defined for x close to but not equal to a. Whether the function f is defined or not at = = a is not
important to the definition of the limit of f as x approaches a. What is important is the behaviour of the
function as x gets very close to a.

2
For example, if f(x) = prtw and we wish to find the limit as = — 0, it is tempting for us to
€T

simply substitute =0 into f(z).

Not only do we get the meaningless value of %, but also we destroy the basic limit method.

2

Observe that if f(;c):5$+m _z(5+72)
x T
542 if x#£0

then f(x)= {

is undefined if x = 0.
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The graph of y = f(x) is shown alongside. It is the straight
line y=x+5 with the point (0, 5) missing, called a point
of discontinuity of the function.

However, even though this point is missing, the limit of f(x)

L

\ missing

oint
as x approaches 0 does exist. In particular, as * — 0 from P
either direction, y = f(x) — 5.
2 - -
We write lim et _ 5 which reads: x
z—0 x
2
“the limit as = approaches 0, of f(x) = b T , is 5”. \
x
In practice we do not need to graph functions each time to determine limits, and most can be found
algebraically.
| Example 1| ) Self Tutor
2 2 _
Evaluate: a lim z? b lim 37 ¢ lim =2
-9 £—0 T z—3 x—3
a 2 can be made as close as we like to 4 by making x sufficiently close to 2.
lim z2? = 4.
x—2
2 2_9
b lim 237 ¢ lim 2
z—0 x z—3 r—3
R — [y, (2trElE=8)
z—0 3 z—3 z—3
= lin}) (x+3) since = #0 = lim3 (x+3) since = #3
T— T—
EXERCISE 14A
1 Evaluate:
a lim (z+4) b lim (5—2z) ¢ lim (3z—1)
T—3 r——1 r—4
d lim (522 — 3z +2) e lim h%(1—h) f lim (2% +5)
r—2 h—0 z—0
2 Evaluate:
a lim 5 b lim 7 ¢ lim ¢, c¢ a constant
z—0 h—2 r—0
3 Evaluate:
2 2 _
a lim 37 b lim 2% ¢ lim 21 d lim %
z—1 x h—2 h z—0 x4+ 1 z—0 x
4 Evaluate the following limits:
2 2 2 _
a lim &% b lim 57 ¢ lim 227
z—0 x x—0 x z—0 x
2 2 3_
d lim 207 1 6h e lim sh” — 4h f lim W —8h
h—0 h h—0 h h—0 h
2 _ 2 _ 2 _ g
g lim = —C h lim & —22 i lim & —==6
z—1 x—1 z—2 x— 2 z—3 z—3
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THEORY OF KNOWLEDGE

The Greek philosopher Zeno of Elea lived in what is now southern Italy, in the 5th century BC. He
is most famous for his paradoxes, which were recorded in Aristotle’s work Physics.

The arrow paradox

“If everything when it occupies an equal space is at rest, and if that which is in locomotion is
always occupying such a space at any moment, the flying arrow is therefore motionless.”

This argument says that if we fix an instant in time, an arrow appears motionless. Consequently, how
is it that the arrow actually moves?

The dichotomy paradox
“That which is in locomotion must arrive at the half-way stage before it arrives at the goal.”

If an object is to move a fixed distance then it must travel half that distance. Before it can travel a
half the distance, it must travel a half zhat distance. With this process continuing indefinitely, motion
is impossible.

Achilles and the tortoise

“In a race, the quickest runner can never overtake the slowest, since the pursuer must first reach
the point whence the pursued started, so that the slower must always hold a lead.”

According to this principle, the athlete Achilles will never be able to catch the slow tortoise!

1 A paradox is a logical argument that leads to a contradiction or a situation which defies
logic or reason. Can a paradox be the truth?

2 Are Zeno’s paradoxes really paradoxes?
Are the three paradoxes essentially the same?

4 We know from experience that things do move, and that Achilles would catch the tortoise.
Does that mean that logic has failed?

5 What do Zeno’s paradoxes have to do with limits?

Bl N LIMITS AT INFINITY

We can use the idea of limits to discuss the behaviour of functions for extreme values of x.

We write = — oo to mean when = gets as large as we like and positive,
and x — —oo  to mean when x gets as large as we like and negative.

We read x — oo as “x tends to plus infinity” and x — —oo as “z tends to minus infinity”.
. 1
Notice that as z — oo, 1<z <z? <z3 < ... andas x gets very large, the value of — gets very
x

small. In fact, we can make 1 as close to 0 as we like by making x large enough. This means that
x

lim 1o 0 even though 1 never actually reaches 0.
T—00 T €T
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Similarly, lim % = lim i xg
= lim % {since z # 0}
=0
1] LIMITS IN NUMBER SEQUENCES

The sequence 0.3, 0.33, 0.333, .... can be defined by the general term x,, = 0.333....3 where
there are n 3s after the decimal point, n € ZT.

What to do:

1 Copy and complete the table alongside:

n 9B 3T, 1—3z,
2 Consider x99 which contains 100 3s. In the number 1
(1—3x100), how many Os are there between the decimal 9
point and the 1? 3
3 In the limit as n tends to infinity, x, contains an 4
increasingly large number of 3s. In the number 5
(1 —3xy,), how many 0s will there be before the 1? 10

4 Using your answer to 3, state lim 1 — 3z,.
n—oo

5 Hence state lim x,,, which is the exact value of 0.3.
n—oo

ASYMPTOTES

In Chapter 2 we studied rational functions, and saw how they are characterised by the presence of
asymptotes.

. . 2x 4+ 3 . .
the funct = hich has d 2
Consider the function f(x) ——, Which has domain Uh 2 =4X f(z) = ;j43
{z|z#4, zeR}
From the graph of y = f(z), we can see the function has 2l T y=2
: _ ; pa— >
a vertical asymptote = = 4, and a horizontal asymptote N 1
y=2. 2 \
Both of these asymptotes can be described in terms of limits: v
As x — 4+, flz) = —o0 x — 47 reads “z tends
As z— 47, f(x) — 400 to 4 from the left”.
As & — —oo, f(z) =2 f(z) — 27 reads “f(x)
As x — o0, flz) —2F tends to 2 from below”.

Since f(x) converges to a finite value as = — —o0, \

we write  lim  f(x) = 2.
r——00

Since f(x) converges to a finite value as = — +o0,
we write  lim f(z) = 2. -
T— 00
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equations.

State the values of lim f(z) and

T——00

a Discuss the behaviour of f(z) = i;x
x

o) Self Tutor

near its asymptotes, and hence deduce their

lim f(z) if they exist.

T— 00

a As z—-17, f(z)—> -
As z— —17, f(z) — oo
As ¢ — —oc0, f(z)— —1"
As x — oo, flz) —» —17
The vertical asymptote is z = —1.

The horizontal asymptote is y = —1.

b lim f(z)=-1 and lim f(z)=—1.
r——00 r— 00
Example 3 o) Self Tutor
Find, if possible, lim (3 —e*) and lim (3—e 7).
T— — 00 T— 00
LY As £ — —00, 3—€e % — —o0.
=3
3 S Since 3 —e~* does not approach a finite
2 /_> value, lim (3 —e~®) does not exist.
r—— 00
- / - As x — 00, 3—e *—3"
/ lim 3—e®)=3
Tr— 00
y=3—-¢e Y

EXERCISE 14B

1 For each of the following functions:

i discuss the behaviour near the asymptotes and hence deduce their equations

ii state the values of lim f(z) and lim f(x).
r——00 r— 00

a flz) == b flz)=
d flr)= e f(x)=
2 a Sketch the graph of y =e” —6.

o

i lim (e*—6)
r——00

3 Find, if possible, lim (2¢~* —3) and

r——00

Hence discuss the value and geometric interpretation of:

3z — 2 1—2x
z 13 ¢ 1) =573
22 —1 x
2 +1 f f(x)icc2+l
i lim (e* —6)
T— 00
lim (2e~* — 3).

Tr—r 00
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cl B RATES OF CHANGE

A rate is a comparison between two quantities with different units.

We often judge performances by using rates. For example:

e Sir Donald Bradman’s average batting rate at Test cricket level was 99.94 runs per innings.
e Michael Jordan’s average basketball scoring rate was 20.0 points per game.
e Rangi’s average typing rate is 63 words per minute with an error rate of 2.3 errors per page.

Speed is a commonly used rate. It is the rate of change in distance per unit of time. We are familiar
with the formula

distance travelled
time taken

average speed =

However, if a car has an average speed of 60 kmh~' for 4 distance travelled
a journey, it does not mean that the car travels at exactly

60 kmh~? for the whole time.
In fact, the speed will probably vary continuously throughout 560 km

the journey. 1h

So, how can we calculate the car’s speed at any particular time?

Suppose we are given a graph of the car’s distance travelled 4 gistance travelled
against time taken. If this graph is a straight line, then we know
the speed is constant and is given by the gradient of the line.

If the graph is a curve, then the car’s instantaneous speed is distance

given by the gradient of the tangent to the curve at that time. fime

time

The instantaneous rate of change of a dependent variable with respect to the independent variable at
a particular instant, is given by the gradient of the tangent to the graph at that point.

HISTORICAL NOTE

The modern study of differential
calculus originated in the 17th century
with the work of Sir Isaac Newton
and Gottfried Wilhelm Leibniz. They
developed the necessary theory while
attempting to find algebraic methods
for solving problems dealing with the
gradients of tangents to curves, and
finding the rate of change in one
variable with respect to another.

Isaac Newton 1642 — 1727 Gottfried Leibniz 1646 — 1716
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INSTANTANEOUS SPEED

A ball bearing is dropped from the top of a tall building.
The distance it has fallen after ¢ seconds is recorded, and the \\\\ \\ \ [P "
following graph of distance against time obtained. \ e 1)

We choose a fixed point F on the curve when ¢ = 2 seconds.
We then choose another point M on the curve, and draw in the
line segment or chord [FM] between the two points. To start
with, we let M be the point when ¢ = 4 seconds. .

AD
80 M(4,80) The average speed in the time interval 2 <t <4 is
__ distance travelled
60 chord — - time taken
10 '« curve _ (80—20)m
(4—2)s
60 . —1
=% ms
20 F(2,20) y
. =30 ms™!
© 2 1 6

However, this does not tell us the instantaneous speed at any particular time.
In this investigation we will try to measure the speed of the ball at the instant when ¢ = 2 seconds.

What to do:

q . . DEMO
1 Click on the icon to start the demonstration. - ﬁ -

F is the point where ¢ = 2 seconds, and M is another point on the curve.
To start with, M is at ¢ = 4 seconds.
The number in the box marked gradient is the gradient of the chord [FM]. This is the average

speed of the ball bearing in the interval from F to M. For M at ¢ = 4 seconds, you should see

the average speed is 30 ms—".

2 Click on M and. drag.it slowly tqwards F. Copy and complete + gradient of [FM]
the table alongside with the gradient of the chord [FM] for M
being the point on the curve at the given varying times ¢. 3
2.5
3 Observe what happens as M reaches F. Explain why this is so. 2.1
4 For t= 2 seconds, what do you suspect will be the 2.01
instantaneous speed of the ball bearing?
5 Move M to the origin, and then s.lide it towz'irds F from the + gradient of [FM]
left. Copy and complete the table with the gradient of the chord
[FM] for various times t. 0
1.5
6 Do your results agree with those in 4? 1.9
1.99
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THE TANGENT TO A CURVE

A chord of a curve is a straight line segment which joins any two
points on the curve.

The gradient of the chord [AB] measures the average rate of change
of the function values for the given change in z-values.

A tangent is a straight line which touches a curve at a single point.

The gradient of the tangent at point A measures the instantaneous rate
of change of the function at point A.

As B approaches A, the limit of the gradient of the chord [AB] will
be the gradient of the tangent at A.

tangent

The gradient of the tangent to y = f(x) at x = a is the instantaneous rate of change in f(x)

with respect to x at that point.

1] THE GRADIENT OF A TANGENT

A(1,1)

What to do:
1 Suppose B lies on f(x) = 2> and B has

coordinates (x, x?).
a Show that the chord [AB] has gradient
f@) -1 o a?-1

r—1 z—1"

Y4 flz)=2a2 Given a curve f(x), we wish to find the gradient of the
tangent at the point (a, f(a)).

For example, the point A(1, 1) lies on the curve
f(x) = 2% What is the gradient of the tangent at A?

DEMO

-

B(z, %)

A(1,1)

Ky

b Copy and complete the table alongside:

Point B | gradient of [AB]

x
¢ Comment on the gradient of [AB] as = gets 5
closer to 1. 3
2 Repeat the process letting = get closer to 1, but from 2
the left of A. Use the points where = = 0, 0.8, 0.9, 1.5
0.99, and 0.999. 11

3 Click on the icon to view a demonstration of the 1.01

process. 1.001

(5, 25) 6

4 What do you suspect is the gradient of the tangent
at A?
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Fortunately we do not have to use a graph and table of values each time we wish to find the gradient of
a tangent. Instead we can use an algebraic and geometric approach which involves limits.

22 -1

From Investigation 3, the gradient of [AB] =

z—1"
As B approaches A, x — 1 and
the gradient of [AB] — the gradient of the tangent at A.

B;
B So, the gradient of the tangent at the point A is
2
m, — lim &= As B hes A
r = — s B approaches A,
rob el the gradient of [AB]
= lim (z+1(z—-1) approaches or
z—1 z—1 converges to 2.
=lim (x +1) since z #1
. tangent at A o=l
= 2 \
A

EXERCISE 14C

1 Use the method in Investigation 2 to answer the Opening Problem on page 344.

2 a Use the method in Investigation 3 to find the gradient of the tangent to 3 = 2% at the point
(2, 4).

. xQ —
b Evaluate lim
r—2

50 THE DERIVATIVE FUNCTION

For a non-linear function with equation y = f(x), the gradients Ay
of the tangents at various points are different.

4 . . . .
> and provide a geometric interpretation of this result.

y=f(x)
Our task is to determine a gradient function which gives the
gradient of the tangent to y = f(z) at z = a, for any point a
in the domain of f.

2y

The gradient function of y = f(x) is called its derivative function and is labelled f’(z).
We read the derivative function as “eff dashed z”.

The value of f’(a) is the gradient of the tangent to y = f(z) at the point where z = a.
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For the given graph, find f’(4) and f(4).

Ay

) Self Tutor

The graph shows the tangent to the curve
y = f(z) at the point where = = 4.

The tangent passes through (2, 0) and (6, 4),
so its gradient is  f’(4) = 2%(2) =1.

The equation of the tangent is 6= g =1

Y=x—2

When z =4, y =2, so the point of contact
between the tangent and the curve is (4, 2).

f4) =2

EXERCISE 14D
1 Using the graph below, find:
a f(2) b f(2)

3 y=f(x)

Y

3 Consider the graph alongside.
Find f(2) and f/(2).

2 Using the graph below, find:

a f(0) b f(0)

The software on the CD can be used to find the gradient of the function f(x) at any
point. By sliding the point along the graph we can observe the changing gradient of

GRADIENT FUNCTIONS

GRADIENT
FUNCTIONS
-« >

the tangent. We can hence generate the gradient function f(z).

What to do:

1 Consider the functions f(z) =0, f(z)=2, and f(z)=4.

a For each of these functions, what is the gradient?

b Is the gradient constant for all values of x?

2 Consider the function f(z) = mx + c.
a State the gradient of the function.

b Is the gradient constant for all values of x?
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¢ Use the CD software to graph the following functions and observe the gradient function
f'(z). Hence verify that your answer in b is correct.

i flx)=x-1 il f(zr)=3x+2 ili f(z)=—-2r+1

3 a Observe the function f(x) = x? using the CD software. What type of function is the
gradient function f’(x)?
b Observe the following quadratic functions using the CD software:
i flz)=2?+z-2 i f(z)=22%-3
i f(x)=—-22+2z-1 iv f(z)=-322-3z+6
¢ What type of function is each of the gradient functions f’(z) in b?
4 a Observe the function f(z) =Inz using the CD software.
What fype of function is the gradient function f’(x)?
What is the domain of the gradient function f/(z)?

5 a Observe the function f(z) =e” using the CD software.
What is the gradient function f’(x)?

E_IATION FROM FIRST PRINCIPLES

Consider a general function y = where A is the point (z, f(z)) and B is the point
(x + h, f(z+h)).

AY
y= f(z) - flz+h) - fz)
Fla+h) B The chord [AB] has gradient = B e—
X _ f@4h) — i)
e "
o If we let B approach A, then the gradient of [AB]
approaches the gradient of the tangent at A.
« <~ h— .
v x z+h T

¢ feth) i@

So, the gradient of the tangent at the variable point (x, f(z)) is the limiting value o -

as h approaches 0, or hmo w .

This formula gives the gradient of the tangent to the curve y = f(x) at the point (z, f(z)), for any
value of the variable x for which this limit exists. Since there is at most one value of the gradient for
each value of z, the formula is actually a function.

The derivative function or simply derivative of y = f(x) is defined as

o f(xz+h)— f(z)
f(m)—llr% =

When we evaluate this limit to find a derivative function, we say we are differentiating from first
principles.
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| Example 5

Use the definition of f/(z) to find f(x) = %in}) feth - i@ h})L — /(@)
) . _ .2 -
the gradient function of f(z) = z=. . (z+h)?—a?

= lim
h—0 h

. 22 + 2hx + h2 — 22
= lim
h—0 h
. K2z +h)
= |l _
st K

:Aiir%)(%:—i-h) {as h #0}

= Dz

ALTERNATIVE NOTATION

If we are given a function f(x) then f/(x) represents the derivative function.

. . d ..
If we are given y in terms of = then 3’ or d—y are commonly used to represent the derivative.
X

d .. .

d_y reads “dee y by dee 7 or “the derivative of y with respect to z”.
i

dy . . . dy .

= B not a fraction. However, the notation 5, 5@ Ay
T XL

result of taking the limit of a fraction. If we replace h by
b6x and f(x+h)— f(x) by by, then

f'(z) = lim et h) =@ ecomes
h—0 h
oy by
/ (.Z') N 65%0 bx
dy
T de’

THE DERIVATIVE WHEN z =a

The gradient of the tangent to y = f(x) at the point where z = a is denoted f’(a), where

fla+h) — f(a)
h

%) Self Tutor

Use the first principles formula f’(a) = }}irrb w

instantaneous rate of change in  f(z) = 22 + 2z  at the point where z = 5.

f'(a) = lim

to find the

f(5) =5%+2(5) =35

rey 1. F(B+h)— f(5)

e S S =
~ lim (5+h)2+2(5+h)—35
" h—0 h
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2 _
h—0 h
. hZ+4+12h
= lim ————
h—0 h
. H(h+12)
) K, {as h 70}
= 12
the instantaneous rate of change in f(z) at = =5 is 12.

You can also find the gradient of the tangent at a given point on a function (\,
using your graphics calculator. Instructions for doing this can be found on your GRAPHICS
CD. CALCULATOR

INSTRUCTIONS

EXERCISE 14E

1 a Find, from first principles, the gradient
function of f(z) where f(x) is:

i z ii 5
i 28 iv z?

b Hence predict a formula for f’(z) [Remember the binomial]
where f(z) =2", neN. expansions.

2 Find f’(x) from first principles, given that f(z) is:

a 2x+5 b 2?3z ¢ —22+5x—3

3 Find 3_y from first principles given:
X

a y=4—-=z b y=2224+1-1 ¢ y=a3—-222+3
4 Use the first principles formula  f/(a) = Ain}) M to find:

a f'(2) for f(z)=a3 b f(3) for f(z)=a
5 Use the first principles formula to find the gradient of the tangent to:

a f(r)=3z+5 at x =-2 b f(x)=5-222 at =3

¢ f(z)=22+3x—4 at z=3 d f(z)=5-2r—32% at v = -2

6 a Given y=2%— 3z, find j_y from first principles.
i

b Hence find the points on the graph at which the tangent has zero gradient.

REVIEW SET 14A ALCULATOR

1 Evaluate:
. . 2h%— . 2 _16
a lim (6z—7) b lim 2" ¢ lim =2
rz—1 h—0 h r—4 x—4

2 Find, from first principles, the derivative of:
a f(z)=2%+2x b y=4-322
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3 Given f(z)=>5z— 22 find f/(1) from first principles.

4 In the Opening Problem, the altitude of the jumper is given by f(t) = 452 — 4.8t metres,
where 0 <t < 3 seconds.

a Find f/(t)=1 O—f(t+h}1 f(t).

b Hence find the speed of the jumper when ¢ = 2 seconds.

REVIEW SET 14B CULATOR

Discuss the behaviour of y = near its asymptotes. Hence deduce their equations.

3sc+2

b State the values of  lim and  lim 2"
z——o0 3 + 2 z—00 3r+2°

2 a Sketch the graph of y=e®"2 —3.
Hence find, if possible,  lim (e*72 —3) and lim (e*2 —3).

T— —00 T— 00
¢ State the equation of the asymptote of y = e*~2 — 3.
3 Consider f(z)= 222
a Show that w — 4242k provided h 0.

fB+h) = f(3)
h
i h=0.1 ii h=0.01 iii in the limit as A approaches zero.

b Hence evaluate when:

¢ Give a geometric interpretation of your result from b.

2z + 3

4 The horizontal asymptote of the function y = 1 is y=-—2.

Justify this statement using a limit argument.

REVIEW SET 14C

1 Evaluate the limits:

. h3—3h . 2 — . 2 — 2
a lim 3 b lim E ¢ lim 2272 Sz +
h—0 h z—1 x—1 z—2 2—zx
2
2 a Sketch the graph of y = + Z
P
b Discuss the behaviour of the graph near its asymptotes, and hence deduce their equations.
. 2 . 2
¢ State the values of  lim Kk and lim i z
z——00 * — 4 T—00 T —

3 Given f(z)=a*—2z, find f/(1) from first principles.
4 a Given y=22%2-1, find % from first principles.
T

b Hence state the gradient of the tangent to y = 222 — 1 at the point where x = 4.

¢ For what value of x is the gradient of the tangent to y = 222 —1 equal to —12?



Rules of differentiation

Syllabus reference: 6.2

Contents: A Simple rules of differentiation
B  The chain rule
€ The product rule
D The quotient rule
. E Derivatives of exponential functions
RS F  Derivatives of logarithmic functions
\\ G Derivatives of trigonometric functions
N H Second and higher derivatives
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OPENING PROBLEM

Consider the curve y = 2. y
In the previous chapter we found that the gradient function = o
of this curve is dy _ 245,

dx T

Things to think about: I

2 onto y = x2 + 3.

a Consider the transformation of y = x
i What transformation has taken place?
ii For a given value of x, has the gradient of the tangent to the function changed?
iii What is the gradient function of y = 2% + 3?

DEMO

2 2

b Consider the transformation of y = 2® onto y = (x — 2)=. < >
i What transformation has taken place? ﬁ
iil How does the gradient function of y = (x — 2)? relate to the gradient
function of y = 22?
iii Can you write down the gradient function of y = (z —2)2?

" SIMPLE RULES OF DIFFERENTIATION

Differentiation is the process of finding a derivative or gradient function.

Given a function f(z), we obtain f’(z) by differentiating with respect to the variable z.

There are a number of rules associated with differentiation. These rules can be used to differentiate more
complicated functions without having to resort to the sometimes lengthy method of first principles.

INVESTIGATION 1 SIMPLE RULES OF DIFFERENTIATION

In this investigation we attempt to differentiate functions of the form z™, cz™ where c is a constant,
and functions which are a sum or difference of polynomial terms of the form cz™.

What to do:
1 Differentiate from first principles: a z b 3 < z

2 Consider the binomial expansion:
(@+h)"=(3)z"+(})a" "h+ (5)a"*h>+ ..+ (D) R

=2" +na" th+ (’2‘) ) Ry S
f(z+h) = f(z)
h

Use the first principles formula f’(z) = lim to find the derivative of

h—0
f(z) =2z™ for z € N.

3 Find, from first principles, the derivatives of: a 4a2? b 22°
By comparison with 1, copy and complete: “If f(x)=ca™, then f'(z)=.... ”?
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4 Use first principles to find f’(z) for:
a f(z)=12*+3x b f(z)=2®—22?
5 Copy and complete: “If f(z) =wu(z)+v(z) then f'(z)=...."

The rules you found in the Investigation are much more general than the cases you just considered.

For example, if f(z) = 2™ then f’(z) = nz"~! is true not just for all n € N, but actually for all
n e R

We can summarise the following rules:

f(x) I (x) Name of rule
c (a constant) 0 differentiating a constant
z nz" ! differentiating =™
cu(x) cu/(z) constant times a function
u(z) +v(z) | v(z)+ () addition rule

The last two rules can be proved using the first principles definition of f/(z).
o If f(x) =cu(x) where cis a constant then f’(z) = cu'(x).

Proof:

h—0 h

— lim cu(z + h) — cu(z)
h—0 h

— lim ¢ [u(x +h) — u(m):|
h—0 h

— ¢ lim u(z + h) — u(zx)

h—0 h
= cu'(z)

o If f(z)=u(z)+v(z) then f'(z)=1u/(z)+v'(z)

fl(fE) = Fmm f(z+h) - f(z)

Proof:

h—0 h

— lim (U(w +h)+o(@+h) - fu() + U($)]>
h—0 h

— lim (u($+h)fu(x)+'v(m+h)fv(w))
h—0 h

— lim u(z + h) — u(zx) 4 lim v(z + h) —v(x)
h—0 h h—0 h

='(z) +v'(2)

Using the rules we have now developed we can differentiate sums of powers of z.
For example, if f(z)=32"+22% — 52> + 72 +6 then
f'(x) = 3(42®) + 2(32?) — 5(2z) +7(1) +0
=122° 4 62% — 10z + 7
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[ Example 1 | =) Self Tutor

If y=32z2— 4z, find Z—y and interpret its meaning.
X

As y =322 — 4, %zﬁx—zl.

T

dy is: e the gradient function or derivative of y = 3z2 — 42 from which the gradient of

du the tangent at any point can be found

e the instantaneous rate of change of y with respect to x.

) Self Tutor

Find f/(z) for f(z) equal to: & 5a®+622—3x+2 b To——+ >
48 T

a  f(z)=5z%+6z> 3z +2 b f(m):7m_%+%
. f'(z) = 5(32°) + 6(2z) — 3(1) —Tr— Ap—' 4 333
= 1522 + 122 -3

() =7(1) — 4(=1272) + 3(-3z7%)

‘ —T4+4p72 g
=0 o A9
=l E =

Remember that
1

— — 2

mn

—n

m ) Self Tutor

Find the gradient function of y = z? — 4 and hence find the gradient of the tangent to the
T

function at the point where z = 2.

y= 372 é @ = 92 4(71:6—2)
T dzr iy L
=% — 4z~ ! —9p + dp~2 When z =2, o =4+ — 5.
=2z + iz So, the tangent has gradient 5.
x

You can also use your graphics calculator to evaluate the gradient of the tangent
to a function at a given point.
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m ) Self Tutor

Find the gradient function for each of the following:
_ 2 S S
a f(m)—?)\/f—i—x b g(z) == 7
a f(x)z?;ﬁ—l—z b g(a:)z:l:2—i
B
1
=327 + 27! =2 — 4272
1 3
£(2) = 3(ka”F) +2(~1a7?) J(@) = 22— 4(~da )
1 3
=3277 2277 =2x+2z ?
_3 2 Copy 2
2z 22 /T
EXERCISE 15A
1 Find f'(x) given that f(z) is:
a =8 b 223 ¢ 72 d 6z
e 3z f 22+ g 4—22° h z2+3z-5
_ _ 3
xX x x
> +x—3 1 9 3
s = % — 1 p
m " n 7 o (2z-1) P (z+2)
2 Find dy for:
dx
1
a y=25r3—1422-1.3 b y=ma? € Yy=i3
d y =100z e y=10(x+1) f y=dnz3
3 Differentiate with respect to x:
2 _ g4
a 6xr+2 b zz ¢ (5—x)? d %
e (z+1)(z—2) I =467 g do- o h z(z+1)(2z —5)
x
4 Find the gradient of the tangent to:
a y=2% at x=2 b y::% at the point (9, &)
9 222 — 5 . 3
¢ y=2z°—-3x+7 at x=-1 d y= at the point (2, 3)
2 _ 3 _ _
e y="1 5 at the point (4, 3) f y:L;S at z=—1
xX X

Check your answers using technology.

5 Suppose f(z)=22+(b+1)x+2c, f(2)=4, and f/(-1)=2.
Find the constants b and c.
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6 Find the gradient function of f(x) where f(z) is:

3 —
a 4/r+z b Yx < 7 d 2z—x
e 7 5 f 32° —xx g Ny h 2z oTe

7 alf y=4z— é, find % and interpret its meaning.
xX X
b The position of a car moving along a straight road is given by S = 2¢% + 4t metres where

. . . . ds . . .
t is the time in seconds. Find o and interpret its meaning.

¢ The cost of producing x toasters each week is given by C = 1785 + 3z + 0.002z2 dollars.

Find Z—C and interpret its meaning.
T

DO THE CHAIN RULE

In Chapter 2 we defined the composite of two functions g and f as (go f)(z) or g(f(x)).
We can often write complicated functions as the composite of two or more simpler functions.

For example y = (22 +32)* could be rewritten as y = u* where wu =22+ 3z, or as

y=g(f(z)) where g(z)=2z* and f(z)=2?+ 3z

Example 5 m
Find: a g(f(x)) if g(x) = \/E and f(z)=2-3z [There are several possible]
for b.
b g(z) and f(z) such that g(f(z)) answers for

z— a2’ \
s g(f@) b (@)= =0 = 75
=g(2 - 3z) 1 %
Yy cooog(x) = - and f(z)=2—x
EXERCISE 15B.1
1 Find g(f(x)) if:
a glx)=22 and f(z)=2x+7 b g(x)=2x+7 and f(x) =22
¢ g(z)=+x and f(z)=3—4x d g(z)=3—4z and f(z)=x
e g(z) :% and f(z) =% +3 f g(z)=22+3 and f(z) :%
2 Find g(x) and f(x) such that g(f(x)) is:
1 10

¢ Va2 -3z

3 e —
a (3z+10) b — L
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DERIVATIVES OF COMPOSITE FUNCTIONS

The reason we are interested in writing complicated functions as composite functions is to make finding
derivatives easier.

DIFFERENTIATING COMPOSITE FUNCTIONS

The purpose of this investigation is to gain insight into how we can differentiate composite functions.

Based on the rule “if y = z™ then Z—y = na" 1", we might suspect that if y = (22 + 1)? then
XL

3_1/ =2(2z + 1)!. But is this so?

L

What to do:

1 Expand y = (22 +1)? and hence find %
X
2 Expand y = (3z+ 1)? and hence find dy

T

. How does this compare with 2(2x + 1)'?
. How does this compare with 2(3z + 1)'?
3 Expand y = (az + 1)> where a is a constant, and hence find 3_@; How does this compare
X
with 2(az + 1)1?
4 Suppose y = u?.
a Find .
du

b Now suppose u=az+1, so y= (azx+1)2.

i Find d—u ii Write dy from a in terms of x.
dx du
dy du q .
iii Hence find = X = iv Compare your answer to the result in 3.
u XL

. . d .
¢ If y=wu? where u is a function of z, what do you suspect d—y will be equal to?
X

5 Expand y = (2? + 3z)? and hence find Z—y

X
Does your answer agree with the rule you suggested in 4 ¢?

6 Consider y = (22 +1)3.

a Expand the brackets and then find Z—y

X

b Ifwelet w=2x+1, then y=u?

i Find d—u ii Find ﬂ, and write it in terms of x.
dx du
dy du . .
iii Hence find 7 iv Compare your answer to the result in a.
u X

7 Copy and complete: “If y is a function of u, and » is a function of z, then dy _ ?
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THE CHAIN RULE

d dyd
If y=g(u) where u = f(x) then U PR
de dudz

This rule is extremely important and enables us to differentiate complicated functions much faster.

For example, for any function f(x):

I y=[f@I" then = nlf@)]" x 1(@)

=) Self Tutor

Find dy if:
dx
4
2 4 4
a y = (z° — 2x) b y = —
y=u' where u=a?—2x 1
= Ay Z h =1-2
Now U — dydu {chain rule} dy dU d e ’
dz  du dx Now ¥ -2 {chain rule}
3 dx du dx
= 4u”(2z — 2)
The brackets B =
around 2z —2 | = 4(z® — 22)*(2z — 2) =4x(—3u ?) x(-2)
are essential. 4 _g
=4u
2
=4(1—2x) 2
EXERCISE 15B.2
1 Write in the form au”, clearly stating what v is:
1 2
P — b a2 - c —
(2z — 1)2 S V2 — a2
4 10
33 _ .2 _* f 0
d Vz3—=x e RSB =3
2 Find the gradient function Z—y for:
X
a y=(4z —5)? b y:512 ¢ y=+3zx—a?
— 4T
d y=(1-3z)* e y=6(5—1x)3 fy= 223 — a2
6 4 . PA
s v (5z — 4)2 y 3z — x2 'y JZ x
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3 Find the gradient of the tangent to:

a y=v1-22 at =1 b y=(3z+2)% at z=-1
< y:; at z=1 d y=6x+v/1—2x at =0
(2z — 1)4
t 1y’

Check your answers using technology.

4 The gradient function of f(z) = (22 —b)* is f'(z) = 2422 — 24z + 6.
Find the constants a and b.

5 S ose Yy = a here a and b are constants.
Find a and b given that when z =3, y =1 and Z—y = —%.
X
1
6 If y=2a3 then z =y?.
a Find dy and dz and hence show that 4y X do _ 1.
dx dy dr dy

dzr

b Explain why Z—y X = 1 whenever these derivatives exist for any general function y = f(z).
&z Y

Ml THE PRODUCT RULE

We have seen the addition rule:
If f(z)=u(z)+v(z) then [/(z)=1u/(z)+ v (x).

We now consider the case f(z) = u(z)v(z). Is f'(z) =u'(z)v (x)?

In other words, does the derivative of a product of two functions equal the product of the derivatives of

the two functions?

INVESTIGATION 3 THE PRODUCT RULE

Suppose u(z) and w(xz) are two functions of z, and that f(x) = u(z)wv(z) is the product of

these functions.

The purpose of this investigation is to find a rule for determining f/(z).

What to do:
1 Suppose u(z) =z and v(z) ==z, so f(z)=z%
a Find f'(x) by direct differentiation. b Find «/(z) and o'(x).

¢ Does f'(z)=u'(z)v(z)?

3
2 Suppose u(z) =z and v(z) =+/z, so f(z)=x\z=12>.
a Find f/(x) by direct differentiation. b Find u/(z) and o'(z).
¢ Does f'(z) =u'(z)v'(z)?
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3 Copy and complete the following table, finding f’(x) by direct differentiation.

f(x) f'(@) | u(@) | v@) |W(2) | (2) | v (2)v() +u(z)v'(z)
x? x x
x(x+1) x x+1
(x —1)(2 — 2?) r—1]|2—2°

4 Copy and complete:

“If u(z) and wv(x) are two functions of x and f(z) = u(x)v(x), then f'(z)=...."

THE PRODUCT RULE

If u(xz) and wv(z) are two functions of z and f(x) = u(z)v(x), then
f(z) = w'(z) v(z) 4 u(z) ' ().

Alternatively if y

dy du
—uv then — = —w
dx dx

dv

u—.
dx

Example 7

Find S
d

X

a y=x(2z+1)>3

b y=2x%=%-2x)*

) Self Tutor

1

v =2z and

dy

u'=322"7 and v =32z +1)* x 2

v =4(z? — 22)3(2x — 2)

Now —= = v'v+uww’  {product rule}
T

a y=+x(2z+1)3 is the product of u =22 and v = (22 +1)>

{chain rule}

=6(22 +1)?
dy /
Now <, —wvtuv {product rule}
X

1 1

=127722+1)* + 27 x 6(2z + 1)*
1 1

=1277(22 + 1) + 627 (22 + 1)°

b y=2a%(x?—2z)? is the product of u =22 and v= (2% — 2z)*

{chain rule}

= 2z(x? — 22)* + 2% x 4(z% — 22)3(2z — 2)
= 2x(z? — 22)* + 42%(2? — 22)3(2z — 2)
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EXERCISE 15C
1 Use the product rule to differentiate:

a f@)=a(o—1) b f(x) = 200 +1) ¢ f(@)=a?VETT

2 Find Z—y using the product rule:
X

a y=a%2xr-1) b y=4z(2z+1)3 c y=23/3—x

d y=z(x - 3)? e y=>5z%(32% - 1)2 f y=z(x—2?)3
3 Find the gradient of the tangent to:

a y=a*1-22)? at z=-1 b y=o(2?>-2+1)? at z=4

¢ y=xy1 -2z at v =—4 d y=23V5—-22 at z=1

Check your answers using technology.

4 Consider y=/z(3 —x)%
dy _ (3—2)(3—5z)

a Show that = NG
b Find the z-coordinates of all points on y = /z(3 — x)? where the tangent is horizontal.
¢ For what values of x is Z—y undefined?
X
d Are there any values of x for which y is defined but Z—y is not?
X

e What is the graphical significance of your answer in d?

5 Suppose y= —2x%(x+4). For what values of = does ;l—y =107

T

CINET THE QuOTIENT Rue

2 3
2+ 1 ’ VT . and T

20 —5 1—3z (x —x2)4
division of one function by another.

Expressions like are called quotients because they represent the

Quotient functions have the form Q(x) = uéw)) .
v\r

Notice that u(x) = Q(z) v(x)
and by the product rule u'(z) = Q' (z) v(x) + Q(z) v'(z)
W (2) = Q(z)v'(z) = Q'(z) v(2)
Q@)@ =) - 2DV (@)
Q' (z)v(z) = ul(x)v(xl(;;t(m) viz)
Q'(z) = W) vlz) - u(z) v(z) when this exists.

[v(z)]?
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THE QUOTIENT RULE

u(x v (z) v(z) — u(x) v'(x
Q) = 2 e @) = VY@ — 4@ V(@)
v() [v(x)]
) u ) dy u'v — uv’
orif y = — where v and v are functions of z then — = ———
v p) v2
Example 8 o) Self Tutor
c dy .. _ 1+3z . N3
Use the quotient rule to find e if: a y=— = b y= T2
a y=— is a quotient with u=14+3x and v=z"+1
w45 1l p p
u =3 and v =2z
Noy Gl = Hoom {quotient rule}
do v2 d
_ 3(#2+1)— (1+3z)2
o (22 +1)2
322 +3— 2z — 622
o (22 +1)2
_ 3—2z— 322
T (@2 41)2
Y . . . _ = — ] — D
b y= TEETE isaquotient with u == 1 and v=(1-2z)
w'=1277 and v/ =2(1—22)" x (—2) {chain rule}
= —4(1 — 2x)
Now & _wv—uw {quotient rule}
do v2 d
4 L
2z 2(1-2x)2 — 22 x (—4(1 - 2))

(1—2z)4
B 1
ST 2(1—27)% 4422 (1 — 22)

(1—2z)4
(1—27) [1_29” Ay (2L }
= 2z ‘ (2\/7) {look for common factors}
(1 —2z)43
_ 1-2zx+8x
T 2y@(1 — 2x)3
_ 6z + 1
T 2y@(1 — 2x)3
dy

Note: Simplification of < s in the above example is often time consuming and unnecessary,
X

especially if you simply want to find the gradient of a tangent at a given point. In such cases
you can substitute a value for = without simplifying the derivative function first.
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EXERCISE 15D

1 Use the quotient rule to find ;l—y if:
XL
1+ 3z z2 x
y 2—x y 2z +1 y z2 -3
2_3 T
d y= a e y=— fy=—no
y 1-—2x 3z — 2 y Vv1—3z

2 Find the gradient of the tangent to:

at x =1 b y=—2_ at z=-1
1—2x Yy 22 +1

2
VT st a4 d e
2x + 1

a y=

Cy

Check your answers using technology.

3 alf y:ﬁ, show that ¥ — 21
1-—= drz  J/z(l —z)?
b For what values of z is Z—y i zero ii  undefined?
X
2 _ 2 _
b oa If y=""32F1 Gowthat P _+42-T
T+ 2 dx (z + 2)2
b For what values of z is Z—y i zero ii  undefined?
X

¢ What is the graphical significance of your answers in b?

"5 | DERIVATIVES OF EXPONENTIAL FUNCTIONS

In Chapter 3 we saw that the simplest exponential functions have the form f(z) = b where b is any
positive constant, b # 1.

The graphs of all members of the For example:
exponential family f(xz) = b* have
the following properties:

e pass through the point (0, 1)

e asymptotic to the z-axis at one
end

e lie above the x-axis for all x.
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THE DERIVATIVE OF y = b